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Abstract

In this study, we consider two problems. The first one is the problem of computing hedging
portfolios for options that may have discontinuous payoft functions. For this problem we use
the Malliavin property called the Clark-Ocone formula and give some examples for different
types of payoff functions of the options of European type. The second problem is based on the
computation of price sensitivities (derivatives of the probabilistic representation of the payoff
functions with respect to the underlying parameters of the model) also known as ‘Greeks’
of discontinuous payoff functions and also give some examples. We restrict ourselves to the
computation of Delta, Gamma and Vega. For this problem we make use of the properties
of the Malliavin calculus like the integration by parts formula and the chain rule. We find
the representations of the price sensitivities in terms of the expected value of the random
variables that do not involve the actual direct differentiation of the payoff function, that is,
E[g(X7)7] where g is a payoff function which depend on the stochastic differential equation
Xr at maturity time 7" and 7 is the Malliavin weight function. In general, we study the
regularity of the solutions of the stochastic differential equations in the sense of Malliavin

calculus and explore its applications to Mathematical finance.
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Chapter 1
Introduction

In mathematical finance, the method most widely used in practice for evaluating hedging
portfolios of options in standard diffusion models is based on the fact that the optimal num-
ber of shares to be held is typically obtained by differentiating the option price with respect
to the underlying factors. For example, one would use the resampling method [12] which
involves computing different values of a factor X (a) for some close values of the parameter
a and then forming some appropriate differences to approximate the derivatives. However,
this approach is costly when the dimension of the parameter « is large and it also provides

biased estimators [16].

Other approaches that have been used include the pathwise method and the likelihood ratio
method. The pathwise method computes the derivative of the option price with respect
to the parameter of interest. This method only works for specific option prices, hence its
implementation cannot be generalized. The method gives unbiased results when applicable
(see [12]). This approach cannot be applied to non-differentiable option prices as in the case
of barrier and digital options. The likelihood ratio method avoids computing the derivative
of the option price [14]. Instead, the derivative of the probability density of the underlying
variable is computed rather than the derivative of the option price. It has been proven that
when applicable the likelihood ratio method gives results with minimal variance [3]. How-
ever, in general, the density function of the underlying factor is not explicitly known as in

the case of Asian options [9].

In many practical cases, the option price is either discontinuous or the density of the underly-

ing factors is not explicitly known, hence the above mentioned approaches cannot be applied.



2 CHAPTER 1. INTRODUCTION

To circumvent these difficulties, Fournie et al. [9] used a Malliavin calculus approach. Using
this approach, the authors showed that the calculation can can be transformed to avoid
the need for computing the derivative of the option price. This is quite useful as typical
option prices are not everywhere differentiable and the density of the underlying factors is

not explicitly known.

In this study we are particularly interested in computing hedging portfolios and price sensi-
tivies where the option prices are discontinuous following the Malliavin calculus approach.
A typical example is the digital option. The main difficulty is that the discontinuity of
the option price will cause many technical problems using the above-mentioned standard
approaches.

The aim of this study is to derive hedging portfolios and compute price sensitivities using
the Malliavin calculus approach which does not involve differentiating the payoff function.

The objectives of the study are to:

1. Review the main features of Malliavin calculus on the Wiener space.
2. Investigate the regularity of solutions of stochastic differential equations.

3. Establish the Malliavin derivatives of stochastic integrals and solutions of stochastic

differential equations.

4. Apply Malliavin calculus to mathematical finance, in particular, to compute hedging

portfolios and price sensitivities.

1.1 Construction of Hedging portfolio

In order to make our goal precise, we introduce mathematical notations. We assume that
(Q, F,P) is a complete probability space on which a d-dimensional Brownian motion W =
{Wi}tiso is defined and {F;}i>¢ denotes the natural filtration generated by W, argument
by the p-null sets of F and let F = F,. We consider the market model which consists
of one risky asset and one riskless asset, whose prices at time ¢ are denoted by S? and S},

respectively. We assume that the prices follow the following stochastic differential equations
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in the integral form:
T
SY =50 +/ rSOdt (1.1)
0
T T
SH=25; +/ S} dt +/ 0:SHAW,. (1.2)
0 0

We suppose that the volatility matrix o, is invertible and the discounted stock prices are
martingales. We recall the standard option pricing framework. Suppose the seller (hereafter
called the investor) of the option is trying to replicate the option payoff by investing in the
market. We denote by 7 the amount of money is invested in the stock at time ¢. Typically,
the payoff of the option is given by §(St) for some function g, and by definition, the (option)
price process is equal to the wealth process which replicates the option at the maturity time

T. The discounted price process satisfies
t
Zt = ZO +/ Rsﬂ-sgdesa
0

where Ry = exp{— f(f reds}. Since o and R are both invertible, we can simply set ¢; = Rym04

so that the discounted wealth process Y is now described by a simple form

t
thzo+/ b dW,. (1.3)
0

To be more precise, we consider a state process X governed by the following stochastic

differential equation

dX, = b(X,)dt + o(X,)dW, (1.4)

where the process {W; : 0 < t < T} is a standard Brownian motion. We can then set the
discounted payoff function to be g(X) = Rg(S), and thus the discounted price process Y of

the option at each time is given by
Z; = Elg(Xr) | F]

T
— Zo+/ ¢3dW5.
t

= g(XT)_/t ¢des' (15)

In order to perform hedging in our model, we have to find an efficient method for computing
the portfolio 7, or equivalently, to compute the process ¢ that makes Zr = Rrg(St). ¢
can be computed by differentiating the payoff function with respect to the underlying asset.

We are particularly interested in computing hedging portfolio ¢ where the payoff function is



4 CHAPTER 1. INTRODUCTION

discontinuous using the Malliavin calculus approach. A typical example is the digital option,
that is

9(s) = Le>xy
for some K > 0. The main difficulty is that the discontinuity of the option price will cause
many technical problems using the above mentioned standard approaches.
We will also focus on the application of Malliavin calculus in mathematical finance which
includes the derivatives of the probabilistic representation (option price) of the payoff func-
tion called price sensitivities (also known as Greeks). These are important sensitivities of
an option prices with respect to the involved underlying parameters. The Greeks cannot
be expressed in closed form in many cases, as a results, they require numerical methods
for computation. These derivatives are basically the derivatives of the expectations. In our
case, we focus on the case of the digital and barrier options where we have the discontinuous
payoff functions or where the payoff function is non-differentiable. Mathematically, a Greek
is defined as follows: We first consider a general 1t6 diffusion process {X; : 0 < ¢t < T} given
by the stochastic differential equation of the form (1.4) where {W; : 0 <t < T} is a stan-
dard Brownian motion. The coefficients b(-) and o(-) are deterministic functions which are
assumed to satisfy some usual conditions which ensures the existence and uniqueness of the
solution to stochastic differential equation given by equation (1.4). The diffusion coefficient
o(+) is also assumed to satisfy a uniform ellipticity conditions of which will be stated later.
We let ® to be a payoff function which depend on the whole sample path of the stochastic
process {X;: 0 <t <T}, ®:[0,7] — R and satisfying

E[®(X(-))’] < o0
and being given by
b = d(Xp)

where @ : R” — R is infinitely differentiable function of which all its partial derivatives have
polynomial growth. We define an option price u(«) as the probabilistic representation of the

payoff function ® which depends on the stochastic process X7 given by
u(a) = E[®(X7)] (1.6)

where « represent the underlying parameter of the model, E denotes the expectation and
T denote the maturity time. We are much interested in the options of the European type.
The parameter « could be the initial stock price, the price volatility, the interest rate or the

maturity time. A Greek is generally computed as follows:

0
Greek =: %]E[(I)(XT)]
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where the underlying parameter a can be the initial price x, the drift coefficient b if it is
constant, the volatility coefficient ¢ if it is also a constant or any other underlying constant
parameter of the model.

Different Greeks are defined as follows:

i. If « is the initial price z, then we have the Delta which is defined as the derivative of
the option price with respect to the initial price, and is denoted by A.
The value of delta measures how sensitive the option price is to the underlying security

and it plays an important role in portfolio hedging.

ii. Gamma is defined as the second partial derivative of an option price with respect to

the initial price x and is denoted by I'. It is used to measures the sensitivity of Delta.

iii. If a is the volatility, then we have Vega of a which is defined as the derivative of an

option price with respect to the volatility ¢ and is denoted by V.

iv. If «v is the interest rate then we have Rho which is defined as the derivative of an option

price with respect to the interest rate r and is denoted by p.

v. If « is the time then we have Theta which is defined as the derivative of an option

price with respect to the maturity time and is denoted by ©.

We will focus on Delta, Gamma and Vega. This study is motivated by the increasingly
complicated problems in mathematical finance which cannot be solved using the existing
traditional methods. We are further motivated by the fact that computations of solutions
of stochastic differential equations amount to pricing an option in the financial mathematics
framework where one is required to represent the solution as an expectation. Our moti-
vation to use Malliavin calculus is that we want a method which is applicable to a wide
class of option prices. This approach allows us to derive explicit hedging strategies without
much restrictions. The Malliavin calculus approach is applicable to both complicated and
discontinuous option prices. The approach also allows for more general option prices than
the Markovian ones, in particular, we want to allow path-dependent option prices. The
calculus enables us to obtain tractable formulae for hedging portfolios. Such formulae can

be simulated using Monte Carlo methods.
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1.2 Literature review

The Malliavin calculus, sometimes referred to as the calculus of variation of stochastic pro-
cesses, is an infinite-dimensional differential calculus defined on the Wiener space. Much of
the theory builds on It6’s stochastic calculus. It was first introduced by Paul Malliavin in
the 1970’s [19]. The purpose of this calculus was to prove results about the smoothness of
densities of solutions of stochastic differential equations driven by Brownian motion. For
several years this was the only known application [24]. The Malliavin calculus was consid-
ered quite complicated by many, as a result it remained a relatively unknown theory among
mathematicians for some time. Many mathematicians simply considered the theory as too
difficult compared to the results it produced. Moreover, to a large extent these results could
also be obtained by using Hérmander’s earlier theory on hypo-elliptic operators ([31] and

the references therein).

In 1984, Ocone [29] obtained an explicit interpretation of the Clark representation formula
in terms of the Malliavin derivative. This remarkable result later became known as the
Clark-Ocone formula, sometimes also called Clark-Haussmann-Ocone formula in view of the
contribution of Haussmann, [15]. In 1991, Ocone and Karatzas [30] applied this result to
mathematical finance. The authors proved that the Malliavin derivative can be used to
obtain explicit formulae for the replicating portfolios of contingent claims in markets driven
by Brownian motion. This hugely increased in the interest in the Malliavin calculus both
among mathematicians and finance researchers ([1, 7, 8, 24, 22|, and the introductory lecture
notes [23]).

The next breakthrough came in 1999, when Fournié et al. [9] obtained numerically tractable
formulae for the computation of the so-called Greeks in mathematical finance also known as
parameters of sensitivity. In recent years many new applications of the Malliavin calculus
have been found including in partial information optimal control, insider trading, and more

generally, anticipative stochastic calculus [24].

Malliavin calculus has also been extended from the original setting of Brownian motion
to more general Lévy processes [8]. These extensions were at first motivated by and tailored
to the original application within the study of smoothness of densities and regularity of of
solutions of stochastic differential equations in the sense of Malliavin calculus [25]. Today
the range of applications has extended even further to include numerical methods, stochastic

control and insider trading, not just for systems driven by Brownian motion, but for systems
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driven by general Lévy processes [10]. The main computational tool of the Malliavin calculus
is the integration by parts formula which can be applied to transform a derivative into a

weighted integral of random variables.

In this study, we are particularly interested in computing hedging portfolios for option prices
that are discontinuous following the Malliavin calculus approach. We will consider models

with the following features:

1. the number of factors may be larger than the number of Brownian motions, and

2. the option price functions are discontinuous.

A typical model with feature (1) is one in which the underlying stock is driven by Brownian
motion, but the interest rate and volatility are also diffusion processes driven by the same
Brownian motion. The prototypical example of feature (2) is the digital option, which will
be the focus of our study.

We are also interested in the computation of Greeks. We consider the option price of the

form (1.6) for a given payoff function ® and for a fixed time 7.

1.3 Structure of the dissertation

In chapter 2, we give a brief introduction of the Malliavin calculus. We first concentrate
on the Wiener’s construction of Brownian motion and look at some of the definitions and
examples that will be useful in other chapters. We introduce a powerful tool of Malliavin
calculus called the integration by parts formula also known as the duality formula which
will be very useful in the application to mathematical finance, most importantly for the
computation of price sensitivities. We also look at the Skorohod integral which is actually
the extension of the Malliavin derivative for non-adapted stochastic processes. We conclude
this chapter by stating the Clark-Ocone formula which is important in the computation of
hedging portfolios.

In chapter 3, we consider the stochastic differential equation where the drift and the dif-
fusion coefficients are assumed to be functions. We then take the Malliavin derivative of
the stochastic differential equation. We also take the partial derivative of the considered
stochastic differential equation with respect to the initial value where we obtain what we

call the first variational process. We again considering the stochastic differential equation



8 CHAPTER 1. INTRODUCTION

for a geometric Brownian motion as an example where the drift and the diffusion coefficients
are constants.

In chapter 4 and 5, we apply Malliavin calculus to mathematical finance. In chapter 4 we
apply the Clark-Haussman Ocone formula to compute the general representation formula
for replicating portfolio for options hedging and give some examples based on different pay-
off functions. In chapter 5, we apply some important properties of Malliavin calculus to
compute the general representation formulas of the price sensitivities ‘Greeks’ like Delta,
Gamma and Vega where we consider the standard Brownian motion. We consider the geo-
metric Brownian motion as an example.

Lastly we consider the hybrid stochastic volatility model for 3-dimensional standard Brown-
ian motion and use the general formula to compute price sensitivities where we include the
computation of Rho. We consider two cases, the first one consist of correlated Brownian
motions and the second one consist of uncorrelated (independent) Brownian motions. In

chapter 6 we give the general conclusion of the study.



Chapter 2
Introduction to Malliavin calculus

We look at the important definitions which we will make use of in the next chapters. We
introduce the Gaussian Hilbert spaces [18] which are real or complex inner product spaces
that are also a complete metric space with respect to the distance function induced by the
inner product. We also look at some properties of Malliavin calculus like the Malliavin
derivative and the Skorohod integral in the Brownian motion sense. For a detailed account

of Malliavin calculus we refer to [24].

2.1 Gaussian Hilbert spaces

We work on a measure space (2, F,P) where P is a probability measure (non negative) and

P(Q) = 1.

Definition 2.1.1 A random variable is a real-valued measurable function on the probability

space (2, F,P).
Let B denote the o-algebra of Borel sets.

Definition 2.1.2 The distribution of a random wvariable X is the measure px defined on
(R7B>MX> by
(=00, ) = PUX (@) < 1)), LeR. (2.1)

Definition 2.1.3 The function Fx(t) = px((—o0,t]) is called the cumulative distribution
function of X and if Fx(t) is differentiable, then fx(t) = F%(t) is called the probability

9
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density of X. Thus we can write

t

B <t = [ dux= [ arco)= [ fxsias (22)

—0o0

Definition 2.1.4 The expected value of a function g(x), g : R — R is defined as follows
Blo(X)) = [ oX@)Pe) = [ gdux = [ gl)dFi(s
R R
= [ o) fx()is
R

where w € ).

For a random variable X, we define

var(X) = E[(X — E[X])’] = E[X?] — (E[X])".

We define the space of square integrable functions as

2@ ={s: [ Pap) <oo}.

Then L*(Q) is a Hilbert space with inner product

(1.9) = | fg)dp()
Q
and norm
LFI1Z = (S, f)-
The Hilbert space is complete with respect to convergence in the norm topology:

fn— = lfa=fI—0,

that is, every Cauchy sequence has a limit.

Every separable Hilbert space H has a denumerable orthonormal basis. Let {e;} be such a
basis. Then

L |le]| =1, (€i,e;) =0 when ¢ # j.

2. For every x € H we have

T = Z(x, €i)e;. (2.3)

1=0
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3. <L€,y> = Zio(xv €i><y7 ei)'
4 ||l2? = 2oE ()

5. If {f;} is an orthogonal sequence, then
Z fi  converges if and only if Z | £il]* < oo.
=0 i=0
The series in (2.3) converges in the norm of H. L*(Q) is a separable Hilbert space.

Definition 2.1.5 A random variable X is called centred Gaussian if there is a 0 > 0 such
that

Then X ~ N(p,0?).

The term centred refers to the fact that the mean is zero. (i.e p = 0) A Gaussian linear space
can always be completed to a Gaussian Hilbert space which is well stated by the following

theorem.

Theorem 2.1.6 If X,, — X in L*(Q) and for each n, X,, is a centred Gaussian then X

18 centred Gaussian

Proof:
Convergence in L*(Q) implies that o2 = var(X,,) = || X,|> — || X|| = var(X) = &
that

2 and

P(X, < t) — P(X < {)
so that X,, — X in distribution. Clearly N(0,02) — N(0,0?) in distribution such that
X ~ N(0,0?). O

Definition 2.1.7 Two normally distributed random variables X and Y are independent if

and only if they are orthogonal, that is, if and only if

E[XY] = 0.

Definition 2.1.8 A Gaussian Hilbert space is a Hilbert space whose elements are centred

Gaussian random variables.
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Example 2.1.9 Consider the probability space (R,B,~y) where

dy = e~ 2 dr. (2.4)
We show that g(x) = x is a centred Gaussian random variable. We have

P({g(x) < 1}) = v({x < 1}) = 7((~00.1]) = # / % de.

This shows that g is centred Gaussian.

Example 2.1.10 Let Y be a set of random variables such that every finite subset is centred

multivariate normal. Then the closure in L*(Q) of Y is a Gaussian Hilbert space.

Example 2.1.11 Set Y = {W,};cr+ where Wi(w) is a Brownian motion on Q.
It is well known that finite subsets of Y are centred multivariate normal. The Gaussian
Hilbert space W (H) generated by Y has a well known characterisation given in the following

theorem.

Theorem 2.1.12 Let f be a deterministic function. Then

HOW) = {/OT FOAW(Ew) : f e LQ([O,T],dt)}.

where the process W (t) at time t is the standard Brownian motion.

Proof
Consider a linear map I defined by

IO ailpy) =Y aW,

which we write as I(f) = F. The functions of type ) a;1jy,) are called simple functions

and belongs to L*([0,77]). We can write such functions in the form

f = Z dil[ti,l,ti]

for some new constants @;. The functions of type 3a; W (t;)(w) are also called simple functions

and belong to L?(£2). They can be written in the form
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with some constants a;. Riemann sums suggests that we define

F:/O FOAV(2).

We extend this definition to the closure of these simple functions. Taking expected values

and using
T
E[W.Wi] = / Lo, (u)1po,q (u)du,
0

it follows that

||](f)”%2(ﬂ) = ||F||%2(Q) = E

Z Clz‘th- Q; Wtj]

2

T
= / Z ai]-[O,ti]ajl[O,tj} du

0 \%;
T

= 2 (u)du
0

= fZqo.m-

Any function f € L?*([0,T]) is a limit of simple functions of the above type. Given such
a function f, we construct the approximate sequence f,, which is then a Cauchy sequence.
Then

| Fi — Fillz2c) = [I.fi — fill 2o,

This shows that F, is a Cauchy sequence. Thus F, converges to a limit point F' in L?(2).
Also

]l = ()l = 1 £l
so that
1 Fl[ 2 = ()22 = [ fllz2 0,0y
where f € L*([0,T]). Thus, I is an isometry of L?([0,7]) into H. Conversely, a similar
argument shows that for any F' € H there exists an f € L*([0,7]) such that

F=1(f),

and so [ is a surjective map. a

Theorem 2.1.13 There is an isometry I : L*([0,T]) — H which is onto. If I(f) = F
then we define

/0 ' F(t)dW () := F.
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By the isometry, we have

Var(F) =

([ f(t)dW(t)>2]

T
= | / FOAW (1) 2200
= £l Z20.1))- (2.5)

If f,, is a sequence of simple functions converging to f in L*([0,T)]), then

lim Tfn /f £)dW (¢

n—oo

We have shown that H(W) is the set of all integrals of the form

/f t)dW (t f € L*([0,T)).

We have also defined a stochastic integral for square integrable deterministic functions.
We note that fo (t)dW (t) does not exist for an arbitrary limit of sums for arbitrary con-

tinuous functions but the limit does exist in L*(Q).

2.2 1-dimensional Gaussian Hilbert space

Let

(x.9) = Elz(t)y(t)] = / £(t)y(t)dr ()

Je~ 2dt

V2 /
denote the inner product in L?(vy). This space includes all functions bounded above in

absolute value by some exponential e.
Define

(0x)(t) = 2'(1).
Then integration by parts shows that

(0z,y) = %27 / (8) (e )t

1 2
= ——— | 20(ye 7)dt
7oz ) woe)

R
= (z,0%)
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where 0* is the adjoint of 0, and hence we have
0'r = —0r +tr

(Oz,y) = (z,0"y)

Then
00" — 0"0 = 1. (2.6)
By induction, we have
(01" — (09" = n(0")" 1, n>2 (2.7)
Define the Hermite polynomials by
H,(t) =: (0")"(1) n=20,1,2.. (2.8)
Then
Ho(t) = 1, Hy(t) = t, Hy(t) = t* — 1

and clearly all H,, are monic of degree n (coefficient of ¢" is 1). Applying (2.6) with value n

to the function 1, and using 9(1) = 0, we obtain
H =nH,_ ;. (2.9)
Further, we have
(Hp,, H,) = ((0")"1, H,) = (1,0™H,) = E[0"H,).

Here if m < n, then H,, L H,. This means that H,, is orthogonal to H,,. By symmetry
of the relation, this holds also for m > n and hence, for m # n. Since the polynomials are

monic of degree n, it follows that
|H,||" = (H,, H,) = E[0"H,] = n!

Therefore

()

is an orthonormal sequence. It can be shown that it forms an orthogonal basis of L?().
For z(t) € L*(7y), we have

1
r = Z E@’ H,)H,
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and if all derivatives of x are in L?(v), we have
(x,Hp,) = (z,(0")"1) = (0"z, 1) = E[0"x].

Hence, for such z,

By calculating the expectation integral

1 /OO cu 7§d % 1 /OO 7(“*2C)2d
— e e u = e e U
V2T J_so V2T J_so

this becomes

The operator 0 is called the annihilation operator, the operator 0* is called the creation

operator.

2.3 Wiener’s construction of Brownian motion and the

stochastic integral.

In the construction of Brownian motion on an arbitrary state €2, the space has no algebraic
structure. We will see that if we want to differentiate with respect to the states, we need
some sort of structure to make it a vector space. We thus construct {2 explicitly as a vector

space, the space of all continuous functions on the non-negative real axis.

Firstly, we notice that W (t,w) is a function of two variables. If we fix w then this becomes a
continuous function of one variable ¢. So to each state w, the Brownian motion W associates
a continuous function. Different states will give rise to different functions with probability 1

so we can identify the states with continuous functions.
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Here we need a measure over the continuous functions which tells us what is the probability
of getting paths lying in a cylinder about the given path. We can construct this measure on
the continuous functions by working at the probability of getting paths lying within a finite
number of intervals at times ¢y, t, ..., tx, one interval at each time, finding probability using

a Gaussian probability measure so that the probabilities at all times come out to be normal.

This can be extended to a measure on the continuous functions. The measure of all the
differentiable functions turns out to be zero. Sets of functions which have non-zero measure
are made up of Holder continuous functions of a certain functional index. Once we have

defined the measure, pu(w) say, we have

[ Pute)

which is well defined by measure theory. The integral has as domain some set of continuous

functions. The Brownian motion is defined by
W(t,w) = W(t).

We can then define the stochastic integral in the same way as before using some state space

and measure to define the probability structure. We thus obtain an integral

/}mﬂwmwzjf@mwm

for deterministic functions in the same way we indicated above using the isometry and thus

this may be extended to stochastic functions f(t,w) in one of the usual ways.

2.4 The Mallaivin derivative

In this section we denote the Gaussian Hilbert space of Example 2.1.10 by W (H) where
H = L*([0,T)). and we use the notation

W(h) = /0 Chnaw),  her (2.10)

Having defined our state space as a vector space, we can try to define the derivative, DF(w, h)
of random variable F'(w) in the direction h € H in a standard way, where H is a Gaussian

Hilbert space.

DF(w,h) = L P+ eh)| g = tim TN = F(@)

de e—0 €
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However, there is a problem with this definition. We recall that random variables are el-
ements of L? and hence only defined a.s with respect to the Wiener measure. Functions
different in value only on a set of measure zero are regarded as the same. Given a random
variable F'(w), define

Gw) = F(w+k)

where k is a continuous function. If k lies in the Cameron-Martin space then a set A has a
measure zero if and only if A + K has measure zero. Thus G is well-defined function in L2
However, it can be shown that if k lies in the complement, any w-set has translated measure
zero. This cannot be the case for a function in L2. Thus G is not a well-defined function in
L? and cannot be used to define the directional derivative. Hence the directional derivative
can be defined only for directions in the Cameron-Martin space. To be able to extend the

derivative to more general functions, we extend the space W(H).

2.4.1 The space of polynomials in elements of W(H)

Denote by P,(H) the space of all polynomials of degree n in elements of W (H) and denote
by P(H) of all such polynomials. We note that W(H) is not an algebra, that is, product of
Gaussian random variables generally have non-Gaussian distribution, so most of the elements
of P(H) are not in W(H). However, the polynomials are all in L?*({2) since this space is an
algebra. If f € P(H), then for some n, there exist a polynomial p of degree n and hy, ..., h,
such that

If we use the Gram-Schmidt procedure to orthonormalize the h; (letting e; = m, ey =

ha—(e1,h2)e1

The—(er haerl’ ....) and then write the h; in terms of the e; and multiply out, we find that

flw) =p(W(er)), ..., W(en))

where p is another polynomial of degree n and e; = HZ_iH Hence we can assume where

appropriate that the h; are orthonormal in H. Note that if e € H is normal then

L= el = [ et = vax( ()

Wi(e) ~ N(0,1)

and

E[p(W ()] = / p()dr ().



2.4. THE MALLAIVIN DERIVATIVE 19

More generally

n

E[p(W (e, .. W(ea)))] = / p(x)dr(z)
where

1 e

2.4.2 The Malliavin derivative on P(H)

We have
im W (h)(w(t) + € f, UE(S)ds) —Whw(t) _ % (/OT B d(w(t) + e/otn(s)ds) B /OT h(t)dw(t))

- /Th(t)n(t)dt. (2.11)

So if we define
W(H) — L2([O,T] x Q)

on W(H) at F = W (h) by
DF =h

then the directional derivative of F' in the direction fot h(s)n(s)ds, n € H is
T
(i = [ b
0

A standard type of the calculation shows the following:
Define DF on P(H) at

F = f(W(hy)),.... W(hy)) (2.12)
by
DF =Y o (W), s W ()i (2.13)

i=1
Then the directional derivative in the above direction is

i=1 Oz;

This holds for all n € H.

Although DF is defined only a.e, we will sometimes select a representative and speak of

D=3 50

i=1

(W(h1), ..., W (hn) ) hi(t).
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An easy calculation for F,G € P(H) yields
D(FG) = D(FG)+ F(DG) (2.15)

for F,G € DY2. Behind the derivative operator we have the following:

1.
DW, = 12y, (2.16)
2.
Dif(Wy) = f/(Ws)DW
= (W) lp<sy-
3.

Dy(exp(W(S1))) = exp(W(s1)Dy(W(s1)))
= exp(W(s1)1<sy)

Examples of Malliavin derivatives of random variables in P(H)

Example 2.4.1

D(W(l[O,tﬂ)) = D (/0 1[0 t1](t)dW tw)) = 1[0,t1]
= (t
= (W(t ))

Example 2.4.2
t
D (/ 82dW<S)) = t21[0’T]
0

The following gives an integration by parts formula.[22]
Theorem 2.4.3 Let h€ H, FF € P(H). Then

E[(D:F(w),h(t))y] = w/o h(t thoJ]
= E[F(w)W(h (2.17)
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Proof
Since (2.17) is linear in h, we first normalise the equation and assume that the norm of h is

one, that is ||h|| = 1. Then there exist orthonormal elements ey, ..., e, € H such that e; = h
and F’ € P of the form

F=f(W(er),.... W(en))
where f € C3°(R") and n > 1. We also recall the density of the standard normal distribution

function defined in (2.4)

Then

E[(DF(w), hw))u] = E[(DF(w),e1)u]

0
: axif(eiv 61)]

ol
= [ L @)

Rn axl

= K

22
2

e z)dx

1 0
T [ty
L[ f@mes

= E[F(w)W(e)]
= E[F(w)W(h(w))].

T
rie” 2 dx

Thus, this complete the proof. O

Lemma 2.4.4 Let F,G € P(H) and h € H. Then

E[G(DF, h)y] = E[FGW (h)] — E[F(DG, ). (2.18)

2.4.3 Extending the Domain of the derivative

Define
[F[12 = [|Fllz2) + I DF[| 20,17 x ) -

All the Malliavin derivatives that we have defined above have finite ||.||1 2.

Let D2 be a closure of P(H) in this norm. We shall show that the derivative on P(H) can
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be extended to a closed operator on D2 [24]

A: H — K is a closable operator on a normed complete linear space if
Fn — F,AFn — Gl,Gn — F,AGn — GQ — G1 = GQ.

If A is closable and we know F on a subset S of the space then we can extend A to an
operator on the closure of S by defining AF = GG whenever there exist a sequence F,, — F
such that AF,, — G. The closability implies that G is uniquely defined by the latter two
conditions. The extended operator is called the closure.

To prove closability, we need only to show that F,, — 0 and AF,, converges implies AF,, —
0.

Theorem 2.4.5 The Malliavin deriwative D : P(H) — L*([0,T] x Q) is closable.

proof: Let {F,, : n > 1} be a sequence of random variables in P(H) such that F,, — 0 in
L*(Q) and the sequence of the derivative of F,,, DF,, — « in L*([0,T] x Q), then for all
h € H and F € P(H) such that FW (h) is bounded, we have that

E[F(a,h)y] = lim E[F(DF,,h)y

n—oo

= lim E[-F,(DF,h)y + F,FW(h)]

n—oo

= lim E[F,FW(h)] — E[F,,(DF, h) 4]

n—oo
=0
because F,, — 0 as n — oo in L?(Q2) and both (DF,h)y and FW (h) are bounded, this
conclude that o = 0. Thus, this complete the proof. O

Define D : D2 — L2([0,T] x Q) as the closure of our previously defined operator. In
general it will not be defined on the whole L?(£2) and will not be continuous. However, F},
converges in D2 if and only if both F, and DF,, converges. It follows that the domain of D

is precisely D2 and the space is complete.

The following result is the chain rule:[24]

Proposition 2.4.6 Let ¢ : R" — R be a continuously differentiable function with bounded
partial derivatives. Suppose that F' = (Fy,..., F,) is a random vector whose components
belong to the space D2, Then o(F) € D, and

D(F)) = 3" 5 4(F)DF. 2.19)
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Proof.

Let o (x) = ¢ * 1., where 1), is an approximation of the identity for € > 0 ,z € R where ¢
is an infinitely continuous positive function with support in [—1, 1] such that fR Y(x)dr = 1.
We observe that ¢, € C* and is bounded with partial derivatives.

On the other hand, because F' € D2, there exist a sequence {Fi}k>1, Fr € S meaning from
the definition

where f € C;°(R") that converges to F' in L?(Q2) as k — oo and the sequence D F}, converges
to DF in L?(Q2, H) as k — oo. By using the definition of the derivative, we have that

D@F)) = 3 5o (@ F) I (), o W (R

On the hand , by using the triangle inequality we obtain

oL (Fi)DFy, — ¢ (F)DF||r20,m) < |0 (Fi)(DFy — DF)||12(0,m)
(e (Fr) — @' (F)) DF || L2(,m)
(@' (Fr) = &' (F) DF || 2,1y

We write the above triangle inequality as Q < A+ B + C'. We see that for any ¢ > 0
and k > 1,¢/(F) is bounded a.s by a constant which does not depend on € and k, and
hence (A) converges to zero as k — 0o. On the other hand, by the dominated convergence
theorem, we have that for any k& > 1, (B) converges to zero as € — 0. In the same way, (C)
converges to zero as k — oo. Thus D(p.(F},)) converges to ¢ (F)DF in L*(Q2, H) as ¢ — 0
and k — oco. On the other hand, ¢/(Fy) converges to o(F) in L*(Q) as ¢ — 0 and k — oo.
Finally, the closability of the Malliavin derivative operator D from Theorem 2.4.5 implies
that ¢(F) € D2 and that
D(p(F)) = ¢'(F)DF.

The chain rule can be extended to the case of a Lipschitz function, (see [24]).

Lemma 2.4.7 Let {F, : n > 1} be a sequence of random variables in the space DY? which

converges to F in the space L*(Q)) and such that

sup E[|| DF,||3%] < oc. (2.20)
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Then F € D2 and the sequence {DF, : n > 1} converges to DF in the weak topology of
L2 H).

Proof:

There exist a subsequence {F,x) : k > 1} of the sequence {F, : n > 1} such that the
sequence {DF,) : k > 1} converges in L*([0,T] x ), say to some element 7 € L?(; H),
then by (2.20), the projections of DF),) on any Wiener chaos converge in the weak topology
of L?(Q2) as k — oo, to those of 7. Consequently, (2.20) implies that F' € D*? and 7 = DF.
Thus, for any weakly convergent subsequence, the limit must be equals to 7 and this implies

the weak convergent of the entire sequence. Thus, this complete the proof. O

The next results is central in proving the existence of strong solutions.

Proposition 2.4.8 Let f, € D1,2, n = 1,2,... be a sequence of Malliavin differentiable

random vartables. Assume that there exist constants o > 0 and C > 0 such that
supE[| f, ] < C

supE[| Dif, — Dufa ] < C |t =1 |7, 0<t<t<T

sup sup E[| D.f, )] < C.

n 0<t<T

Then the sequence f,,, n = 1,2, ... is relatively compact in L*(Q)

2.5 Skorohod integral

We now interoduce ¢§. the Skorohod integral ,defined as the adjoint operator of D.

Definition 2.5.1 The Skorohod integral (§), is a linear operator on L*([0,T] x Q) with
values in L*(Q2) such that:

1. The domain of 6, (denoted by Dom(d)), is the set of processes u € L*([0,T] x ) such
that for any F € DY“?

T
| [ Druta] 1< Pl (2.21)
0

where ¢, s a constant depending on .
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2. If u belongs to Dom(6), then

5(u) = /0 w(#)5W (#) (2.22)

is the element in L*() such that the integration by parts formula holds
E[(DF,u)g {/ Dy Fu(t) dt} E[Fd(u)] (2.23)
for any F € D2,
In the following propositions, we sum up few properties of the Skorohod integral. [24]

Proposition 2.5.2 Ifu is an adapted process belonging to L*([0,T] x §2), then the Skorohod

integral and the Ito integral coincides
T
5(u) = / W)W (1), (2.24)
0

Proposition 2.5.3 If F belongs to D2 then for any u € Dom(8) such that

T
IE[F2/ sl Pdt] < oo
0

one has -

(Fu) = Fo(u) — / D, F.udt (2.25)

0
whenever the right hand side belongs to L*(QY). In particular, if u is in addition adapted, we
have - -
(5<FU) = F/ Utth — / DtFt.utdt
0 0

Proof:

For G € D'? and using (2.15) and (2.23), we have

E[(6(Fu),GYy] = E[(Fu, DG)y]

[(
= E[(u, FDG) 4]
= E[(u, D(FG) — GDF)g]
= E[(6(w))FG — (u, DF)uG]
= E[(Fé(u) — (u, DF)1)G].

Since G € D'? is arbitrary, (2.25) follows. O
In general, the duality formula also known as the integration by parts formula is given by

the following results:
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Theorem 2.5.4 (Duality formula). Let u be a square-integrable, adapted process and F €
DY2. Then

E[§(Fu;)] = E [F /O ' utdW(t)} —F { /0 ' utDtht} . (2.26)

The following are the examples based on the Skorohod integral: For 7 € [0, T,

Example 2.5.5

S(W(r)) = W(T)(su)—/o D,(W(r))dt

T T

= W(T)/ th—/ 1{t§7}dt
0 0

= W(r)Wr — 1.

Example 2.5.6
s(W(r)) = W(T)5(W(T))—/O Dy(W (7))W (7)dt

W)W Wy — 7] — /0 Lirery W ()t
= W (r)Wp —7W(r) —7W(7)
= W3(r)Wp — 27W (7).

The Malliavin derivative of a Skorohod integral is given by the following example:
For 7 € 0,17,

Example 2.5.7

S
=
=
=
2
I
-

(W(r)Wr —7)

(1) Di(Wr) + WrDy(W (7)) — Di(7)
= W(m)lpmn(t) + Wrlpq(t)

= W(r)+ Wrlp,

I
=

where 1. is an indicator function.

The Malliavin derivative is applied in order to simplify the calculation of the price sensitivities
called the 'Greeks” which we will computer later on. The next proposition plays a huge role in
the derivation of quantities where we have two random variables, say F, G and a continuously

differentiable function f [24].
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Proposition 2.5.8 Let F' and G be two random variables such that F € DY“2. Consider
an H—valued random variable u such that DF = (DF,u)y # 0 and Gu(DF)™* € Dom(d).

Then, for any continuously differentiable function f with bounded derivative, we have
E[f'(F)G] = E[f(F)d(Gu(DF)™)] (2.27)

where §(u) is the Skorohod integral of w and DF is the Malliavin derivative in the direction

u.

Proof:

First of all we note that
(Df(F),wyu = (f(F)DF,u)ug = f'(F){DF,u)n (2.28)

which is obtained by applying the chain rule from prop...... Since we know that (DF,u) g # 0,
by making f’(F) the subject above, we obtain

F(F) = (Df(F),u)u((DF,u)m)~".
As a results, for a random variable G, we have

E[f'(F)G] = E[Df(F),u)ynG(DF,u)n)"']
= E[(Df(F),Gu((DF,u)u)™"))n]-

Now, since Gu(DF)~" € Dom(d), an application of eqn(2.23) yields
E[f'(F)G] = E[f(F)d(Gu(DF) )] (2.29)

which completes the proof. O

2.5.1 The Clark-Ocone formula

Suppose W = {W, : t € [0,T]} is a 1-dimensional Brownian motion. The It representation

theorem states that any F' € L?(Q) can be written as
T
F—E[F] + / o)A, (2.30)
0

where ¢ is an adapted process in L*([0, 7] x Q). In addition, if F' € D2, it turns out that
the process ¢ can be expressed as a Malliavin derivative of F. This is the Clark-Haussmann-

Ocone formula (see [29] thereof).
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Theorem 2.5.9 Let F € DY2. Then

F =E[F] + /TIE[DtF]}"t]th (2.31)

Proof:
Suppose that F can be written in the form (2.30) with ¢ € L?*([0,7] x ©2). Then any
€ L*([0,T] x Q) using Ito isometry and that the expected value of an Itd integral is zero,

we have
go)F) = B[ [ ewam: (mir+ [ oan,)]
- &[[ stwi).

On the other hand, using integration by parts and taking into account that ¢ is adapted,

we obtain

E[5(0)F] = E [ /0 ' go(t)Dtht}

- [ " Elp(OED,Flldt

Comparing this, we get
o(t) = E[D,F|F).

O

The above theorem shows that the Malliavin derivative provides an identification of the
integrand in the martingale representation theorem in a Brownian motion framework. This
plays a central role in financial mathematics. In particular, to obtain replicating portfolio
strategies for options. Therefore the hedging portfolio is naturally related to the Malliavin

derivative D of the terminal payoff.



Chapter 3
SDEs and Malliavin calculus

This chapter we discuss the existence, uniqueness and smoothness of the solutions to stochas-
tic differential equations. We also show how to compute the Malliavin derivative of a stochas-
tic process X;.

Suppose that (2, F,P) be a probability space where the standard Brownian motion {W; :
0 <t <T}isdefined. Let Q = C([0,T],R) and P be the Wiener measure and F is the com-
pletion of the Borel o—field of  with respect to P. Let H = L?([0,T],R) be the underlying
Hilbert space.

Let b and o be measurable functions satisfying globally Lipschitz and boundedness condi-

tions:

[b(t, ) = b(t, y)| + |o(t, x) — o(t,y)| < Clz —y| (3.1)

for some z,y € R,

t € [0,T).t — b(t,0) and ¢ — o(t,0) (3.2)

are bounded on [0,T]. We denote by X = {X; : 0 < ¢ < T} the solution of the stochastic
differential equation
dX; = b(Xy)dt + o(X;)dW, (3.3)

of which can be written in the integral form as

X, =2+ /Ot o(X,)dW, + /Ot b(X,)ds. (3.4)

where = € R is the initial value of the process X;. We want to show that there is a unique
continuous solution to (3.4) such that for all ¢ € [0, 7], the random variable X; belongs to
the space D2,

29



30 CHAPTER 3. SDES AND MALLIAVIN CALCULUS

In addition, if the coefficients of (3.4) are infinitely differentiable and their partial derivatives

of all orders are uniformly bounded, then the process X, belongs to D2,

3.1 Existence and uniqueness of solutions

In this section, we establish the existence and uniqueness result that generalizes (3.4). Sup-
pose that ¢ : R — R and b : R — R are measurable functions satisfying the following

conditions: for a positive constant C"

[b(z,y) = b(x, y)| + |o(z,y) — o(z,4)| < Cly — /| (3.5)

for any z € R, y,7/ € R.

The functions  — b(z,0) and x — o(x,0) have at most polynomial growth order. i.e.
| 0(2,0) | + | o(z,0) [< C(1+ | 2 ). (3.6)

With the above assumptions, we have the following results. [26]

Lemma 3.1.1 Consider a continuous and adapted process o = {a(t) : 0 <t < T} such that
dy =E l sup |oz(t)|2} < 00.
0<t<T
Then there exist a unique and continuous adapted process X = {X; : 0 <t < T} satisfying

the stochastic differential equation

X =a(t) + /ta(s,Xs)dWs + /t b(s, Xs)ds. (3.7)

Moreover,

E [ sup |Xt|2:| <Gy

0<t<T

where C1 is a positive constant

Proof:

By using Picard’s iteration scheme, We introduce the process X(t) = a(t) and

X (t) = aft) + /0 b(s, X (s))ds + /0 o (5, Xn(s))dW, (3.8)

if n > 0. By recursive argument, one can show that X,, is a continuous and adapted process
such that
E { sup |Xn(t)|2] < 00. (3.9)

0<t<T
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By applying Doob’s maximal inequality and Burkholder’s inequality, and making use of

conditions (3.1) and (3.2), we obtain
(/OT |b(s,Xn(s))|ds) +E {| /OTU(S,Xn(S))dWSPD

< o [d2 + KT /OT(1 +E[|s]?]) + E[|Xn(s)|2])ds}

2

E [ sup |Xn+1(t)|2} < e <d2 +E

0<t<T

< o {dz+C§K2T2 (1+6£+ sup Ean(t)m)]

0<t<T

where ¢y and ¢, are constants. Thus, (3.9) holds. Again by applying Doob’s maximal

inequality, Burkholder’s inequality and making use of conditions (3.5) and (3.6), we obtain
T
E { sup |X,1(t) — Xn(t)ﬂ < c2K2T/ E[|X,(s) — Xn_1(5)]]ds.
0<t<T 0
It follows inductively that the preceding expression is bounded by
1

n!

(o K*T)™ ! sup E[|X1(s)[*].

0<s<T
As a results, we have

< 00,

0<t<T

SoE| s [Xoalt) - (0

which implies the existence of a continuous process X satisfying (3.7) such that
E [ sup |Xt|21 < ().
0<t<T

The uniqueness of the solution is derived by means of a similar method.

3.2 Weak differentiability of the solution

We consider the case where the coefficients b and ¢ of the stochastic differential equation
(3.4) are functions which satisfy globally Lipschitz and linear growth conditions. We want
to compute the Malliavin derivative of (3.4).

Recall the identity on the 1-dimensional Gaussian Hilbert space 00* — 0*0 = 1. Malliavin
calculus and its adjoint, the Skorohod integral are sort of representation of these on the other

spaces. We would expect this identity to be preserved:

Dy —6D = 1.
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Theorem 3.2.1 Suppose that u € L*([0,T] x Q) and that ||[u?||r2(o1)x0) < 00 and
1(6(Dew))?|| 2(j0.11x0) < 0. Then the above identity holds for u and

Di(6(u)) = 0(Dyu) + u(t,w). (3.10)

If in addition u(t,w) is adapted, (3.10) can be written as

D, ( /0 ' u(s)dW(s)) _ /t " D)W (s) + ult. ).

Remark:The lower limit of the integral on the right is ¢ since D; fOT = ftT if the integrand is
adapted.

Let u(s,w) be some Fs-adapted process and let » < ¢. For the deterministic integral we have

D, /Otu(s)ds = /Tt D,u(s)ds. (3.11)

Proof: (Theorem 3.2.1)

For the stochastic integral, we restrict ourself to a simple adapted process of the form
u(t,w) = F(w)h(t)

with h(t) = 1(s, s,)(t) and F -measurable F'(w). Let again r < ¢t. Then from the Funda-

mental Theorem of Calculus, we have

t
D, / Fh(s)iB, = D, < / Fh(s)dW, + / Fh(s)dWs>
0 [0,r) [ryt]

1
_ 04D, / Fh(s) Ly (s)dW,
0
= D, (FW(h1y))

= /1 D, Fhly4(s)dW, + u(r)
= u(r) +/t D, u(s)dWs. (3.12)

O
Let W be a scalar Brownian motion. Consider n-dimensional stochastic differential equation
of the form (3.4) under the usual conditions on the coefficients. Then we have the following

results:
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Theorem 3.2.2 Suppose that (3.11) and (3.12) holds and let X; € DY2. Then the Malliavin
derivative of (3.4) is given by

t t
DX, = o(X,) + / o' (X)) D, X, dW, + / b (X,)D, X,ds. (3.13)

From Theorem 3.2.2, if we fix 7 and set X = D, X, we then have

t t
X; = o(X,) + / o' (X)X dW, + / b (X)X ds,

T

from which we obtain the linear stochastic differential equation of the form
dX, = o' (X)) X, dW, + V' (X;) X, dt, (t>r) (3.14)

with the initial condition X, = o(X,).

Solving (3.14) we obtain

N N t 1 t

X; = X, exp {/ [V (Xs) — é(UI(XS))z]dS —I—/ 0'(XS)dWS} : (3.15)
Since X = D, X;, we have

DX =ty en{ [ W) - Je s+ [ Fgant. @)

The sensitivity of (3.4) with respect to the initial condition X, = x is given by the following

results:

Theorem 3.2.3 Suppose that (3.1) and (3.6) holds, then the partial derivative of (3.4) with
respect to the initial condition x (the first variational process ) denoted by Yy, that is,

0
Y, = —X,.
LT G

is the solution to the following stochastic differential equation

Y, = I+ / (XYW, / (X Yids, (3.17)
where I is an identity matriz. We can write (3.17) in differential notation as

dY, = o' (X)) YidW, + V' (X,)Yidt, t>0 (3.18)

with Yy = I. Moreover, the inverse valued process Z = Y, " exist and satisfies

t t
thf—/ Zsa;dWs—/ Z, (b, — (a))?)ds. (3.19)
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By making the application of the It0’s lemma, we see that the solution to stochastic differ-

ential (3.4) is given by

X, = zexp </Ot (b’(XS) - %(a’(Xs)V) ds + /Ot a’(XS)dWS) (3.20)

and the solution to (3.18) is given by
t 1 t
Y; = exp (/ (b'(XS) - i(al(Xs))Q) ds —I—/ Ol(XS)dWS) . (3.21)
0 0

Proposition 3.2.4 Suppose that the conditions (3.1) and (3.6) holds and let Y; = %Xt.
Then one has
DX, =YY, 'o (X))« (3.22)

Proof:
The proof is obtained from comparing (3.14) and (3.18). O

From Proposition 3.22, we have the following result (see [22]).
Lemma 3.2.5 Let a(t) be a deterministic function of the form
T
/ a(t)dt = 1 (3.23)
0
and X;, € DY2. Then

T
/ Dy X;.a(t) o (t)Ydt = Y;,, i=1,..,n. (3.24)
0

Prooft:
By making the use of (3.22), we have

T
/ DX a(t)o M (t)Y,dt = Y, Y, toilicy a(t)o (1) Yidt
0

J
— /0 ! Y, Y, lo(t)o (1) Yia(t) i<y, dt
J
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For a geometric Brownian motion
dXt = bXtdt + O'XthVt, X() =z € R. (325)

If the coefficients b and o are constants then the process X; in the integral form is given by
t t
Xt:m+b/ Xsds—i—a/ XdWs.
0 0
The first variational process Y; = 2 (X,) is given by

K:I+b/t§§ds+0/t}/;dws. (3.26)
0 0
It can be written in differential form as
dY; = bYdt + oY, dW, Yo=1 (3.27)

where [ is an identity matrix. By applying the 1t6’s lemma to (3.27), we obtain the solution

Y, = ebmzo?tto W, (3.28)
The solution to (3.25) is given by

X, = zelb=zottoWe, (3.29)

By comparing (3.28) and (3.29), we see that

X =zY, (3.30)
which is equivalent to ¥
Y=
x

Now we consider the one dimensional ordinary differential equation
dY = f(t)Ydt.

Clearly Z = % satisfies
dZ = —f(t)Zdt.

If we now consider

dX = A(X)dt, X(0)=uz



36 CHAPTER 3. SDES AND MALLIAVIN CALCULUS

and 5
dY = a—A(X)Ydt, Y(0)=1.
T
Counsider the matrix ODE
0
J =—7—A(X Z(0)=1.
A7 = 25 A(X)dt, Z(0)
By computing
Azy) = —ZQA(X)dt Y +7 2A(X)Y dt
N ox ox
= 0

We see that Y ! exists for all times and Z = Y ! with Y defined as
0 0

dY = —A(X)YdB + —A(X)Ydt, Y(0)=1I
D axyvas+ Lagva, v (o)
and Z = Y ! exists for all times we have
0 0
dZ = —7Z7—A(X)dB — Z—A(X)Zdt, Z(0)=1
L AX)aB ~ 22 AX)zd1, 200
Now we can generalize (3.22) as follows.
DX, = Y Y 'o(X,)
— YiZo(X,).

which implies that
7 =Y 'D,X;,07(X,) (3.31)

If we fix t and write X = X;. The covariance matrix - is given by
1
y = / D, X[D, X dr
0
t
- Y, { / Z.o( X))ol (X)) Z dr | Y,©
0
where a? denote the transpose of a.

Example 3.2.6 Let X solve the stochastic differential equation

dXt = /,LXtdt + O'Xtth, XO =X
where the coefficients . and o are constants. The stochastic differential equation has exact
solution
1
X, =zexp ((u — 502)75 + UWt) .
Then

DtXt = Uth{t>s} (332)



Chapter 4
The replicating portfolio

In this chapter, we give the application of Malliavin calculus in mathematical finance. We
apply the Clack Ocone formula [30] to the computation of the replicating portfolios in the
Malliavin calculus sense and give some examples based on the different types of payoff func-

tions.

4.1 Representation of Hedging portfolio
From chapter 1, we recall (1.4) and (1.5):
;. = b(X,)d o(Xy)dW, )
X +/0 (X)t+/0 (X;)dW, (4.1)

7 = g(Xr)— /0 GV, (4.2)

We assume that the dimension of X is n and that of the Brownian motion W is d. We also
assume that the drift coefficient b and the diffusion coefficient ¢ are uniformly bounded and

that the function g is a measurable function and that there exist a constant C' > 0 such that
lg(x)] < C(1+|z|) for xz€R.

The dimension of Z is assumed to be one. The following representation theorem for the
hedging portfolio ¢ can be regarded as a special case of the Clark-Ocone formula [7]. Here

we do not require the volatility matrix o to be square matrix.

37
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Theorem 4.1.1 Suppose that the coefficients b and o of (4.1) and their partial derivatives
are uniformly bounded and that the function g is continuous. Denote A = {x € R" :

8%g(ac) does not exist}. In addition, we assume that P(Xr € A) = 0 and that a%g(m) is

uniformly bounded outside A. Then we have

@:E&%“Xﬂ”h&ﬂJKAd&> (4.3)

where Yr is the solution of the first variational process

T T
Y, =1+ / b (X,)Ydt + / o' (X,)Y;dW,. (4.4)
0 0

Here I denotes the n X n identity matriz.

Proof:
Let {gn}n>0 be a sequence approximating g. That is g, are smooth functions such that the
partial derivatives a% gn are uniformly bounded, g, — ¢ uniformly and a% gn(x) = g—z g(z) for
all z ¢ A as n — oo. Since

gn(X1) = 9(X7),

by the standard stability results of backward stochastic differential equations, one has

T
E [/ oA ¢t|2dt} —0 as n— 0. (4.5)
0

On the other hand, we set

~ 0
b= E | o)Vl iy | V(X))

Then
L 0 0 -1
[0 =&l < E\l5-gn(Xr) = o g(Xo)lYr|Lixpgay | Vi llo(X7)]
0 _
VE | YrlLisyen | VoL (46)
where
lz| = [|21], ..., |znl]T  whenever = [zy,...,z,]".

By noting that P(X7 € A) = 0 and that 2g,(X7) = 2g(Xr) as n — oo for X ¢ A, the

application of the dominated convergence theorem yields

T
EUﬁw—@wﬂﬁo;ﬁnﬁm (4.7)
0
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We note that (4.5) and (4.7) imply that ¢ = ¢, dt x dP a.s. ¢ has a cadlag version since it is
the product of a martingale and a continuous process. As a modification of ngS, we conclude

that ¢ has a caddlag version as well. This complete the proof a

We have to make use of the assumption that P(Xr € A) = 0. In practice, such an assumption
is not easy to verify, especially in the case where the dimension d < n. Therefore the following

theorem is useful [7].

Theorem 4.1.2 Assume that the coefficients b and o from (4.1) and their derivatives are
uniformly bounded and that a function g is uniformly Lipschitz in all variables, and dif-
ferentiable with respect to (Tay1,. x,). In addition, assume that det(oy(Xr)) # 0. Then
P(Xr € A) = 0. In particular (4.3) holds.

Proof:

Set X = (71, ...,2q)T. We first show that the law of Xy is absolutely continuous with
Lebesgue measure on R?, denoted by |.|4. Let A= Projga(A) be the projection of A on R?,
where A is defined in Theorem 4.1.1. That is,

A

A= {X = (21, ...,2q) : Ixgs1, ..., x,) such that z = (xq,...,x,) € A}.

Since a function g is Lipschitz continuous on (zy,....,x4) and differentiable on (xg41,. 4,),
we note that |A|; = 0. We note that by the standard arguments, one can show that Xr is
Malliavin differentiable as in (3.22) and (3.32), that is X7 € D"? and

D X1 = YrY, to(X)). (4.8)
In particular,
DTXT = O'(XT) and DtXT =01 (XT)

Now we define 4 = fOT D, X7 (D, Xr)Tdt. From (4.8), we note that D, X7 is continuous in ¢
and that
det(DyXr) = det(o1(Xr)) # 0 a.s.

Therefore, for every = € R? — {0}, D, X7(D;X1)" 2T is nonnegative for every ¢ € [0, 7] and

positive for ¢ next to T'. Hence we have

T
x{ / DtXT(DtXT)Tdt}xT > 0
0
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which implies that the symmetric matrix 4 has a positive determinant. Now we can conclude
that the law of X7 is absolutely continuous with respect to |.|g, which if we combine with
the fact that [A|; = 0, we see that P(X; € A) = 0. Since g is differentiable with respect to
Tl ---, Tn, we see that P(X7r € A) = 0, thus, the results from Theorem (4.1.1) follows. O

In chapter 1, we gave a digital option as an example where the payoff function is discontin-
uous. We will look at an option which is discontinuous at only one point. The results can

be extended to the situation where we have many discontinuity points [7].

Theorem 4.1.3 Suppose that d = 1, o1(x) > ¢y and b,oc € C%* with bounded first and
second derivatives. Assume that a function g is uniformly Lipschitz continuous with respect
to x1, except for the point x1 = x§ and both g(xi+, za, ..., x,) and g(x5—, xo, ..., x,) exist and
are differentiable. Then for A as defined in Theorem (4.1.1) and t € [0,T], we have

9,

N Yyl
where X? = (2%,...,2")1, Y = (YQ) is the solution of the first variational process (4.4),
d(+) is the infinite Skorohod integral over [t, T

Ag(at, X3)[Yiu Y7

Ft -
IDXz]]

: uy = [V ro(Xy), tel0,T] (4.10)

2
[t.T)

and

T
IDX 7 ry =/ D Xpl*ds,  Ag(a}, X7) = glai+,2%) — g(a]—, 2%). (4.11)
t

4.2 Replicating portfolios (general case)

In this section we compute the replicating portfolio by considering the general case [24]. To
compute the replicating portfolios, we assume that the process {S; : 0 < ¢ < T} denote the

underlying asset price process which satisfy the following stochastic differential equation
dSt = b(St)Stdt + O'(St)stth, S() = . (412)

If we assume that the volatility matrix ¢ and the drift b are bounded and Lipschitz continuous

then the stochastic differential equation (4.12) has a unique solution. We assume that the



4.2. REPLICATING PORTFOLIOS (GENERAL CASE) 41

interest rate process is constant. We furthermore suppose that the volatility matrix o is
invertible (satisfy the uniform elliptic condition). The underlying asset price process S} and

the associated discounted price process Stl

St =e g} (4.13)

evolve as
Sh=8t 4 /Ot rsSlds + /0 o(SHSLAW, (4.14)
St= 5} +/Ota(sg)s;dws. (4.15)

By making the use of the Ito’s formula, we obtain
t 1 t
S} = wexp (/ (rs — 50(5;)2)d3 +/ J(S;)dWS> : (4.16)
) 0 - : 0
S} = wexp (—/ (50(581)2)ds +/ O(S;)dWS) : (4.17)
0 0

Now we let (B,T) denote a European option where T is the expiry time and B is a positive
Fi-measurable random variable representing the payoff of the contingent claim. For such an

option, a replicating portfolio V' at time ¢ is given by the process
Vi = ¢l 4 ¢; S} (4.18)

such that the following holds. (see [1]).

1. Technical assumption:
#° and ¢! are adapted processes such that ¢? € L*([0,7]) a.s and ¢} € L*([0,T] x ).

2. Self-financing;:
dVy = role™dt + ¢;dS;} t<T.

3. Admissibility:
Vi>0 a.s for ae t<T.

4. Replicating:
Vr =B a.s.

Note that if the random variable B is square integrable, a replicating portfolio for such an

option (B, T) exist and is given by

Vi = E[e " TYB|F). (4.19)
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V; is a non-arbitrage option price of (B,T) as seen at time t. Since the issue of price is
addressed, the question is, how can we determine the shares ¢, i = 1,2 (for hedging) to

invest in order to replicate the option. The discounted process
V,=e Ty, (4.20)
satisfies the stochastic differential equation
dV; = ¢{dS} = ¢{0(S})5}dW, (4.21)

where the last equation is obtained due to (4.15) into consideration. Moreover, the non-

arbitrage option price of the discounted process is given by
‘Zg = E[e_”BLFt]

which is a square integrable martingale in a Brownian motion sense and it can be expressed

as
t
0

which is obtained by integrating (4.21) both sides and % is an adapted process such that it
belongs to the space L*([0,T] x ). Therefore from (4.19) and (4.22) we have

Yy = Cb%U(Sz})StI-
By rearranging and making ¢; the subject we obtain
o = gitlwta*(s;). (4.23)
If ¢! and V can be determined, then ¢° can be calculated as follows:
¢ =V, — ¢St (4.24)

The unsatisfactory issue is that (4.23) gives the replicating strategy ¢! in terms of the process
1 but if the payoff function satisfies some regularity properties in the Malliavin sense, then
the Clark-Ocone formula is concluded. We have the following result. (see [1] and [24])

Proposition 4.2.1 Let B € D'? then

O = E [D:B|F]o~(S)) (4.25)
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Proof:
The Clark-Ocone formula from Theorem 2.5.9 shows that

t
1B =B [7B] + " [ EIDBIEW,
0

so that
V, = E[e""B|F]

= Ele""B] +e¢" /0 t E[D,B|F,)dW,.
Then from (4.22), we have that
Uy = ¢ "TE[D,B|F]
and from (4.23) we have

e—rT

6t = ZrEIDBIF o7 (S)) (4.26)

t
By substituting (4.13) into (4.26), we obtain

—rT

e
¢ = —=E[DB|F]o7(S))
Sy
e—rT . L
= agEDBIFlT(S)
e—r(T—t) L
= S—tl]E[DtBU:t]U (Sy)-

4.2.1 Examples

Example 4.2.2 FEuropean call option
Here we give some examples of hedging strategies of different payoff functions. The first one

is the particular case of the European option where the payoff function B is given by

B = ®(S7). (4.27)
From Proposition 4.2.1, we note that
1 efr(Tft) 1 1 67T(T7t) . . )
0= —grEIDBIF]o™(5) = —gr—E [D,@(S))|F] o1 (S)). (4.28)
¢ ¢
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By using the chain rule from Proposition 2.4.6, we can see that
D:®(S;) = '(S7)DiSy = @'(S1)o Sy

where the last equality is obtained by making the use of (3.32). Thus from (4.28)

1 e 1 —1/ 01l e 1ol 1 —1/ ¢l
o = B [DASHIF] o7(5}) = B [(5hoSHE] o(S))
t t
e—r(T—t) Lol . 1
= ST E [‘I) (ST)O-STU:J O'_Stl
efr(Tft) Sl g1
= E |®'(Sr=7) =1 | F
St [ Srsrsy ]
e_T(T_t) / 1 1
= IS E [q) (xST—t>ST—t] |z:$’t1'
t
Thus, the replicating strategy ¢, is given by
e 0.l 1
oy = S] E [(I) (xST—t>ST—t} |r:St1' (4.29)

Example 4.2.3 Asian option

We consider an option whose payoff function is the average of the stock price given by

_ 1 (T
S = 7 /O S}dt. (4.30)

The payoff function is this case is given by

B = &(S5}). (4.31)
From Proposition 4.2.1, we note that
—r(T—t)
€ ~1/al
NS TE [D:B|F]o(S;)
¢
efr(Tft) - o
= TE [th)(ST)LFt] o (St)
t
e 1(G1\ 7y Gl 1/l
t
Now, from (3.32), we note that
_ 1 [T

Nl NHl= S

T
/ Stdr. (4.33)
t
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Now, from (4.32) and the fact that o(S}) = ¢S}, we note

e 1(G1\ 7y Gl ~1(ql
o = gl E[Q) (ST)DtST‘}—t}U (S¢)
t
efr(Tft)

- ¢ _E @'(Sl)f/Tsld =
- g v | o e

We can write the average stock price St as

5 tail[Man
T — T t T ] T
Equation (4.35) implies that
1 (7 .t TSL—tS}
iﬂngﬁ_?gz_%f;

At final time T, S} = Sk. Hence

TSy —tS; TSy —tSp (T —)St
T T T

Now, from (4.34)

11 Ql 1 r 1 I l al 1 g 1 1 g
) (ST)T STdT' = & TSt + T Srdr T S
t t t

Y <£St1+ (T_t)5%> <(T—t)5%

T T T

Finally, by considering (4.34) and (4.36), we obtain

e—T(T—t)

d = ——F _q>’(‘1)l/T5‘1d | F L
tT TS I A S

T

U005k (=D

N———

4.3 Construction of Hedging portfolio

(t o1 (T =5 ((T_t)g’}) Ift} —
- o (L S0 (0
(

}mzsz,yzsz-

45

(4.34)

(4.35)

(4.36)

In this section we consider the construction of a hedging portfolio for some derivative of

financial instruments. We follow closely the work presented by [7] where we consider the
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consumption process denoted by c¢. We consider the market model consisting of a money

market (or bond) S? and one stock S} whose dynamics are governed by

t
S?:,%+/m$$. (4.37)
0

t t
$=:%+/M$m+/%$mg (4.38)
0 0

where processes r; and i are L*(€2x [0, T)-integrable, process o, is L?(2 x [0, T])-integrable,
all defined on (Q, F,{F:},P).

We define the discounted price process by

8, — —

Let 7o(t) be the number of shares of bond and 7;(¢) be the number of shares of stock

(4.39)

respectively, so the value of the investor’s holdings at time t is 7 (t) + m1(¢) where

The process 1 = (mg, m1) = {mo(t),m(t) : 0 < t < T} with the values in R? is called a
portfolio process. We suppose that the portfolio 7 = m(t) is adapted to the natural filtration
Fi. We define the gain process G(t) by

dG(t) = no(t)rSPdt + m[dS; + S} of)dt

where o; denotes the dividend rate process and G(0) = 0 (there is no gain at initial time
t=0). The wealth process X = {X*™¢(¢) : 0 <t < T} is given by

Xy =xz— /tc(s)ds + G(t),

where x > 0 denote the initial value of an investment and ¢(t) describe the consumption

process. The wealth process satisfy

¢ ¢ ¢
X, =x+ / [rsXs — c(s)]ds + / m1(s)[rs + 0s — rs]ds + / m1(s)osdWs.
0 0 0

We define a process called the market price of risk by

:Nt+Qt—Tt
O¢ ’

0
In addition, we define

T
mzm+/@w (4.41)
0

t 1 S
&:EF@<—/am%—§/9y%}. (4.42)
0 0
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We assume that the process Z; is a martingale. We introduce a probability measure on €2,

given by

]P’(A):/ZTdIP for Ae F,.
A

Remark: The Girsanov theorem state that the process {Wt : 0 <t < T} is a Brownian
motion on the probability space (2, F, {.E},If”)
By applying the It6’s formula and taking into consideration the discounting process 5 = f;,

for a wealth process X = X;, we derive stochastic differential equation
t t
B Xy = —/ ﬁtc(s)d:s%—/ Bsm1(8)osdW
0 0
on (2, F, {F:}, END) Finally, we introduce the state price density process which is given by

¢ ¢
H, = B, exp (—/ O, dWs — %/ ngs) : (4.43)
0 0

Again by applying [t0’s formula, we obtain the stochastic differential equation for the wealth

process X; which is given by
t t
X, = 2 — / Hye(s)ds + / A foum (s)os — Xa0.]dW,
0 0

on (Q,F, {F},P).

4.3.1 Black-Scholes model

Here the aim is to compute the replicating portfolio for the Black-Scholes model based on the
calculation of the Malliavin derivatives of appropriate stochastic processes. The following

theorem ensures the existence of the replicating portfolio [5].

Theorem 4.3.1 Let B denote a nonnegative Fi-measurable random variable. If a consump-

tion process c(t) and initial wealth x satisfies the condition
T ~ ~
r=E [/ Hyc(t)dt + Hr B |,
0

then there ezist a portfolio a portfolio m = (mg, m1) such that the corresponding wealth process

X which depends on x,c,m satisfies the following conditions
Xo =z, Xr=B, X;>0 as. X;=m(t)+ mo(t),

and can be described for all {0 <t < T} by

T
_E[tXt =E |:/ .EIC(t)dt + .E[TXT .
0



48 CHAPTER 4. THE REPLICATING PORTFOLIO

Remark: There exists a stochastic process ¢, such that

O+ (t) = % + Xt‘gt (444)

t

This process can be derived from the relation

T T
0 0

The main tool that we are going to use for the computation of the replicating portfolio is
the Clark-Ocone formula from Theorem 2.5.9. We will consider the case when ¢(t) = 0 and

the case when B = 0 a.s. For the case ¢(t) = 0, we have the following results [5]

Theorem 4.3.2 We suppose that all the assumptions from Theorem 4.5.1 are satisfied. If
c(t) = 0, then from the condition HrB e DY2, it follows that the portfolio replicating a

random variable B is given by

T T
m(t) = ! <E[I§ITDtB]—E[ﬁTB ( / Dyrods + / DtedeS)D
Hyoy t t

If r, and 6, are deterministic functions, then the portfolio is given by

m(t) = exp (— /t Trsds> o7 'E[D,B]
— oxp <— /t - %eg)ds _ /t ' Qdes> oE[D, B]. (4.45)

Proof:
Since ¢(t) = 0, the process X; is given by

Let F = HyB. If F € D2 then by the Clark-Ocone formula from Theorem 2.5.9, ¢, =
E[D,F]. Hence from (4.44), we have

- (1.3
1 N .
- (E[DtHTB] +]E[HTB]9t>
1 - - .
= 7 (E[BDtHT] + E[HyD,B] +E[HTB]9t> . (4.46)
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where the last equality is obtained by making the use of (2.15). From (4.46), the process
D,Hry is given by

~ T 1 T
DIy = D, (5teXp (— / W, — / egdt»
0 0
t t

By substltutlng (4.47) into (4.46), we obtain

T (t) =

Htat t t

- (E [H B0, + E[HyD,B] — E[HpBl§, — E [ﬁTB ( / Dyrydu + / Dteuqu)D :
t t
(E HyD,B {ﬁTB ( / D,rydu + / Dteuqu)D : (4.48)
t t

For the case where B = 0, we have the following results.

Theorem 4.3.3 We suppose that all the assumptions from Theorem 4.3.1 are satisfied. If
B =0 a.s, then for fOT ﬁItc(t)dt € D2, the replicating portfolio is given by

m(t) = F[jatE { /t ' ﬁ[sDtc(s)ds]

1 T s S 3
-k {/ Hge(s) (/ Dyrydu +/ D,ﬁuqu) ds] ) (4.49)
Hioy t t t

Proof:
Since B = 0, The process X; in this case is given by
1
X, = =E[F].
H,

Now we let F' = ftT H,c(s)ds. Similarly, if F € D2, then ¢, = E[D,F]. Hence from (4.44),

we have

) = - (E“?tﬂ +E[~F]et>
o\ " | H
_ g;t (IEZ, [Dt tTI:ISC(s)dS} +E { /t ' ﬁsc(s)ds} 0t>
_ ﬁiot (]E [ tTﬁsDtc(s)ds} LR [ /t : c(s)Dtﬁsds} i [ /t ' ﬁsc(s)ds} 9t>

(4.50)
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where the last equality is obtained by making the use of (2.15). From (4.50), by considering
the Malliavin derivative D,H from (4.47), we obtain

w0 = gt (6] B o] nee])

i oL 0 (3 (0 [ e [ )} )

] ]l ) e el
e ([ 5 ([ f o)

)

Ll (e fros)al)

O
4.3.2 Replication of European call option
Fir the Black-Scholes model, we consider the following stochastic differential equation
t
Sp o= S0+ / rS%ds. (4.52)
0
t t
Sl = S; +/ quds%—/ oSLdW, (4.53)
0 0

for t € [0, 7] and given that Sy > 0, S} > 0. A European call option for a stock price
S; given by stochastic differential equation (4.37) for ¢t € [0,7] is described by a random

variable

B = max{Sr — K, 0} (4.54)

where K is the strike price. Note that for us to describe a portfolio 7(t) = (mo(t), m1(¢)) on

a market with one stock of a stock price S, it is enough to compute 7, (t) such that
mi(t) = m(t)S;

Hence, we have the following results for Black-Scholes model.
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Theorem 4.3.4 Let S} be a stochastic differential equation of the form (4.52). Let B be
defined by (4.54). Then, we have

_ B 1 1 1
B(T)St |
E|——=1 4.
Proof:
We can rearrange (4.40) such that
t
¢
From Theorem 4.3.2, m(t) is given by
T 1 T
m(t) = exp (—/ (rs — §9§)d5 - / GSdWs> o, 'E[D,B] (4.57)
t t

We are required to take the Malliavin derivative of the process B given by (4.54). This is

given as follows

DtB = Dt(max{ST - K, 0}) = DtST]-{K,oo}<ST)' (458)

Now for D;Sr, we take the Malliavin derivative of the solution of the stochastic differential

equation given by (4.52). By making the use of It6’s formula, we obtain
Sl = 5(0)elr12e7)t-We
and its Malliavin derivative is given by
DS} = S/ 1.7 (t). (4.59)

Hence
E[D;B] = E[0 S} (1c00y (S3) (4.60)

We note that

T 1 T T 1 T
exp (—/ (rs — éﬁg)ds — / Hdes) = exp (—/ Tsds) exp (—ﬁegds — / QSdWS>
t t t t

of which by taking (4.43) into consideration, we observe that

T
% = exp <—/t Tst) . (4'61>

By substituting (4.60) and (4.61) into (4.56), we obtain the results. O



Chapter 5
Computation of price sensitivities

In this chapter we apply Malliavin calculus compute the price sensitivities (known as Greeks).
The calculus is useful for discontinuous payoff function. We follow the work of Fournie et
al. [9]. We also give few examples. We first define the option price u(-) as the probabilistic

representation of the payoff function ® given by
b =d(Xyp)

which depend on the process {X; : 0 <t < T}. We assume that ¢ satisfy the integrability
condition

E[®(X7)?] < oo. (5.1)
We will denote the option price by u(x). From the arbitrary theory, the option price can be

expressed in terms of the expectation as
u(z) = E[®(X7)]. (5.2)

where @ : R" — R is infinitely differentiable function of which all its partial derivatives
have polynomial growth. Our focus is on the options of the European type which can be
exercised only at maturity time 7. The main interest of our study is on discontinuous payoff
functionals, that is, we shall consider digital option. The aim is to take the partial derivative

of the option price u(-) with respect to the underlying factor. That is:

9,
S E@ (X))

We will require the coefficient matrix o to satisfy the following uniform elliptic condition:
In>0: o(x) o(x) > nléf* forall &0 €R" with £ #0 (5.3)

52
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where ¢7 denotes the transpose of &. This condition ensures that o(X;)~'Y; belongs to the
space L?(2 x [0, T]) where Y; is the first variational process (3.21) of the stochastic process
X; for t > 0 given by (3.4).

The next results allows us to assume infinite smoothness of the payoff function when deriving
the price sensitivity formulas. Let L? denote the class of locally integrable functions such
that the set of discontinuous payoff functions has Lebesgue measure zero and satisfy (5.1).

The following Lemma verifies some quite standard but useful result. It justifies the differen-

tiation under the expectation operator [29].

Lemma 5.0.1 Let ® be a real valued random variable depending on a parameter x € R.
Suppose further that, for almost every w € 2, the mapping x — ®(w) is continuously
differentiable in [a,b] and that

E

s %‘I’(X%M] < 0.
Then the mapping x — E[®(X7)] is differentiable in (a,b) and for every x € (a,b), we have
SElR(X] =B | Za(xp)|.
Proof:
Since a function ® is continuously differentiable with bounded derivatives, we have
DXE) — D(X7)  (20.0)

— —0 as h—0.
|7l [[A]]

The second term is uniformly integrable in h since the partial derivative of the payoff function

® are assumed to be bounded. In addition, by the mean value theorem

O(X7) — o(XF) xR - X
| —— Ll :
=1

7] 7]

Since . o
| X7 = X7, |

2 2]

=1

is uniformly integrable in h leads to the uniform integrability in A of

il '

This in turn tells us that X 5
OXF) —(X7)  (5Ph)

7] i
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is uniformly integrable in h. Since it converges to 0, the dominated convergence theorem

tells us that it also converges to 0 in L' and hence, the results follows. a

Lemma 5.0.2 Suppose that

SLED(X1)] = E[@(Xr)r] 5.9

holds for ® € C(R), = € L*(Q, F,P). Suppose also that x — w is continuous, almost
surely. Then (5.4) holds for ® € L.

Proof:
Let & satisfy (5.1) and approximate it by a sequence {®,},~o of infinitely differentiable
functions each with bounded derivatives and compact support such that ®, — ® Lebesgue
almost everywhere as n — oo. Since x has transition probability that are absolutely con-
tinuous with respect to Lebesque measure and discontinuous of & have measure zero, we
have

D, (X7) = O(X7p) a.s

Furthermore, the family @, (X;)? is uniformly integrable so
(Dn(XT) — CD(XT) a.s

in L?(Q, F,P) and turns also in L'(Q, F,P) as n — oo.
Define the option price
u(z) = E[®(X7)]

and
un(x) = E[(Dn(XT)]

and note that

Un(x) = u(z) for every z € [a,b].

Furthermore, let

By Cauchy-Schwartz inequality

| () — (2) < 2a(a)(2)
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where

en(w) = (B [(®o(Xr) — B(X7))*])""

and
1/2
() = (E[x]) "
From the assumption, it follows that ¢ and e are continuous. Thus for arbitrary compact
set K C R, we have

sup | Lun(z) — gla) |< Cp supen(a)
zeK or zeK

with
C,, = sup ¥ (z).

zeK

Since sup,cx en(x) — 0 as n — oo, it follows that

Fytal®) = 9(a).

uniformly on compact subsets of R, proving the results. a

We are now ready to derive the formulas for the price sensitivities.

Theorem 5.0.3 Let a(t) be a continuous deterministic function of the form (3.23). Let
X, be a stochastic differential equation of the form (3.4) and ® : R — R be a function of
polynomial growth. Then the Delta of the option is given by

A=E [(I)(XT) /OT a(t)o N (X)) Y dW, | . (5.5)

Proof:

We assume that the payoff function @ is continuously differentiable with bounded gradient.

A=u(x)= %E[(I)(XT)].
Using Lemma 5.0.1, we have
2 Bl - B[ Zo0xn)] - B [#0x0) 2 ()] (5:6)
Recall that V; = 2 (X;), we have
& Bf(Xy)] = B[#/(Xr)Vi]. (5.7

ox
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From Lemma 3.2.5, we see that

T
_ / DX, a(t)o~(t)Vidt.
0

Therefore
E[® (X7)Yr| =E {/ (IJ’(XT)DTXTa(t)U_l(Xt)Y}dt}

By chain rule (Proposition 2.4.6), we obtain

EUOT@’(XT)DTXW(S) H(X, Yds}: U D, (®(X7))a(s)o ‘1(XS)YSds}.

By applying the integration by parts formula (Theorem 2.5.4), we deduce that

e[ [ et xgvs| <o) [Caexgviar] 69

which complete the proof. a

Remarks:

i. There is no differentiation of the payoff function ®.
ii. There is no need to know the density of the density function, but the diffusion.

iii. The Malliavin weight function m does not depend on the payoff function .

Example 5.0.4 Now for a geometric Brownian motion given by the stochastic differential

equation of the following type
dX; = bXidt + o X dWr, Xo=2€R (5.9)

where the coefficients b and o are constants and the process {W; : 0 <t < T} is the standard

Brownian motion. From Theorem 5.0.3, we need to calculate

/0 a(t) (o™ H(X)Y,)dW,.

The fact that
o(Xy) =0Xy (5.10)
implies that

oM (X)) = —.

O'Xt



o7

We recall that

) X
Y, = —(Xy) = —.
! 8x( R x
Therefore, choosing a(t) = %, we have
4 1 1 X,
e (X)Y)dW, = = | ——d
[ e tcoman, = 2 [ Ztaw
I
= = —d
T ), ox Wi
- oaT’
Therefore from Theorem 5.0.3, we have
Wr
A=E |d(Xp)—]|.
{ ( T)(TJJT:|

The second price sensitivity to be computed is Gamma (I'). This Gamma measures the
change in Delta. This is actually the second derivative of the option price with respect to

the initial price x and it is given by the following result [22]

Proposition 5.0.5 Let a(-) be a deterministic function of the form (3.23), ® : R — R be
a function with polynomial growth and Y; be the first variational process of the form (3.21).
Assume that u = a(t)(c™(X;)Y;) and 6(u) = fOTa(t)(J_l(Xt)iﬁ)th then Gamma is given
by

I=E [@(XT) <5(u)(5(u) + ((%(5(14)))} . (5.11)

Proof:
First we suppose that a function ®(-) is a continuously differentiable with bounded deriva-
tives, by the definition of Gamma, we have

= a—QJE[CI)(X )] = 2IE[(ID(X )o(u)] (5.12)

- Ox? T oy r ' '

The expectation (5.12) is the same as the Delta we computed from Theorem 5.0.3 where
we made the use of both the integration by parts formula and the chain rule. So to take
the partial derivative of that expectation, we note that the product ®(X7)d(u) is a function

which depend on both the process Xt and the initial value x. Hence by making the use of
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the product rule, we obtain

) %) 9 9
I'= o E[@(X7)i(u)] = E %cb(XT)é(u)%(XT)+®<XT)%(5(U)>}

= & [ e + 00 260w

~ E _%@(XT)M)YT} +E [@(XT)%@(U))] .

Again we note that the first expectation on from the last equality is the same as the one

from the computation of Delta, so in the same way we obtain
0
I = BROIWIW] +E |#(Xr) ) (60)

_E {@(Xﬂa(u)a(u) +<1><XT>%<5<u>>] (5.13)

. {@(XT) ((5(u)(5(u) + %(5(@))] .

O
Example 5.0.6 From (5.13), we have
I'=E[®(X7)d(u)d(u)] + E {CD(XT)%((S(u))} (5.14)
Recall that
o(u) = d(a(t)(0™ (X)Y))
= [ e xoyoaw
From Example (5.0.4), we see that
/0 a(t) (o (X)) Y.))dW,; = Um;_; (5.15)

For the first term in (5.13), we have

5(u)5(u) = WLTCS <ﬁ> |

oxT

If we let F'=Wr and u = M%T from Proposition 2.25, we obtain
1 Wr 1 ([ Wr /T /T 1
— | —=) = —|—= dW, — DWrp.———dt
xoT (axT) oxT (amT 0 ! 0 T ol
1 W2 1
 ozT \oxT oz

1 w2
- ox2T \oT o)’
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Note that from property (2.16), DiWs = 1<y . Therefore the first term in (5.13) reduces to

B0 (X7)3(w)5(w)] = B () —— (22 - L (5.16)
T)ORU)ORU)] = o2 \oT o) '
From the second term we have
0 0 (Wr\  Wrp
%(5(@) T oz (ﬁ)  ox?T
Therefore the second term in (5.13) reduces to
0 B Wr
E [@(XT)%(5(U)):| =-E [(D(XT)agszT] ) (5.17)

Combining (5.16) and (5.17), we obtain

==K {M%)ﬁ (Z/—:fzj — 5)} ~E {@(XT)UV;TT]

_ E {(I)(Xﬂﬁ (ﬁ 1 WTH |

5.1 Variations in the diffusion coefficient

The last price sensitivity to be computed is the so called Vega (V) which is defined as the
partial derivative of the option price with respect to the diffusion coefficient (volatility) o.
Since the drift coefficient () and the diffusion coefficient o(-) from (3.4) are functions of
the underlying asset price, Vega and Rho quantify the impact of small perturbation in a
specified direction on both the drift and the diffusion coefficients b(-) and o(-). The payoff
function ® is assumed to be path dependent and has finite L? norm. First we introduce a

set of deterministic functions [9]

t;
A, = {a e L4([0,T)) : / a(t)dt =1 for i=1,2, m} (5.18)
ti—1

Let ¢ : R — R" be a continuously differentiable with bounded derivatives. We suppose
that for every small perturbation ¢ € [0,T], (0 + €5)(-) is continuously differentiable with
bounded derivatives. The functions ¢ and 6 are assumed to satisfy the following uniform

ellipticity conditions:

In>0: (0 +6)"(x)(o+6)(x) > nléf* forany &z € R with £ #£0 (5.19)
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In order to compute the partial derivative of the option price u(x) with respect to the
diffusion coefficient matrix o in the direction &, we consider the perturbed stochastic process
{X5:0<t<T} defined by

dX; = b(X}) + [o(X}) +e6)(X))dW,,  Xg=z€R (5.20)

where the process {W; : 0 < ¢ < T} is the standard Brownian motion and € is a very small

parameter. For the payoff function ®, we define ta perturbed option price u¢(z) by
u(x) = E[®(X5)] (5.21)

of the perturbed stochastic process X;. We also introduce the first variational process Z;.

This is actually the partial derivative of the process X with respect to e given by

dZ; =V (X{) Zidt + 6(X[)dW, + [0 + e6'|(X[) Z;dW,
75 =0

where 0 is the zero column vector of R”. Now we define the generalized Vega (V) as follows:

Definition 5.1.1 :V is defined as the partial derivative of the perturbed option price with

respect to the small parameter € in the direction & given by

0
V= EUF(ZL’) |5:0 .

Next we consider the process {; : 0 <t < T'} defined by
Be=2ZY, 0<t<T. (5.22)

This process satisfies the following regularity results:

Lemma 5.1.2 The process {53 : 0 <t < T} belongs to D2,
The process {Y, ' : 0 <t < T} satisfies

dY; ' =Y V(X)) + [0 (Xy)Pldt — o' (X,) Y, dW,
Yot=1

The process {Y; ! : 0 <t < T} belongs to D*? and also the process {Z; : 0 <t < T} belongs
to D52, The following proposition gives the partial derivative of the perturbed option price

u(x) with respect to the small parameter € at € = 0 given by
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Proposition 5.1.3 Assume that the matrix o is uniformly elliptic. Then for any payoff
function ® of polynomial growth, the function € — u(x) is differentiable at € = 0 for any

r € R. For any a € A we have

£ (&) emo= E[B(Xr)3(0 (X,)iu(T))]
where
Ba(t) = a(t)(B(t:) — B(tie1)) s, <e<ty (5.23)

=1

and (5(0‘1(Xt)Y}5~a(t)) is the Skorohod integral of the anticipating process

{07 Y X)Y:Ba.(t) : 0 <t < T}.

Proof:

In the same way from the proof of Theorem 5.0.3, we assume that ® is a continuously
differentiable function with bounded derivatives. From Lemma 5.0.1, we note that the
partial derivative of the option price uf(x) with respect to the small parameter € is actually
obtained by differentiating inside the expectation operator. If we choose versions of the
process {Xf : 0 <t < T} which are continuously differentiable with respect to €. Since ® is

continuously differentiable, we have

ve Dt = 5[ Lary)
= E[®(X§)Z,).

From equation (3.22), we have
DtXt = Ki}/;ilat]-{tgti} for aIly t & [O,T]
Hence we have

T T
/ DX, 0" Y1z Bu(T)dt = / VY o(X)o T (X)) YiBa(T) s,y <osrydt
0 0

T
= / Kiﬂa(T)l{tFlStSti}dt
0

T
= Yt/ Ba(T) 1, <i<s;ydt.
0
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Considering (5.26), we obtain

T i T
Y;ti / Ba(T)l{tSti}dt = Y;L Z/ a(t) (/Btz - 5ti—1)1{ti—1§t§ti}dt

) t;
SR 3 ACICEE AN
j=1 7ti-1
Using the fact that a(-) is a deterministic function such that
t;
/ a(t)dt=1 and f =0.
ti—1

It follows that from (5.22)

7 t
Y;fi Z/ &(t)(ﬁti - ﬁti&)dt nzﬁtz
j=1 ti—1
= Zy,. (5.24)
Hence
0 k(@) oo = E[@(X5)Z,]
au T)le=0 = T)4t;

) { / ' @’(Xf)DtXtia‘l(Xt)YtBtdt} :
0

By making the use of the chain rule from Proposition 2.4.6, we obtain
T 3 T R
E [/ @’(Xf)DtXtial(Xt)Ytﬁtdt} =E [/ Dt(é[)(Xf))al(Xt)YtBtdt] .
0 0

Finally, since the process {o71(X;)Y; : 0 <t < T} belongs to L?(2x [0, T) and is F;-adapted
by the uniform elliptic conditions (5.3) and by Lemma 5.1.2, 5,(T) belongs to D'? where
a(-) is a deterministic function. By making the use of the integration by parts formula from

proposition 2.5.4 we conclude that
T
B| [ DioC)e (vida| = B [exi (xovia)
0
T
= o) [ o (xovidaw].
0
Remark:

Note that the Mallivin weight fOT ofl(Xt)Y}Btth does not depend on the payoff function

®(-) but on the deterministic function a(-).
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Example 5.1.4 The last example of the price sensitivity is Vega (V). The general formula
for Vega from Proposition 5.26 is given by

V= %ue(x) |e—o= E[®(X7)d(0~ (X,)Yifa(T))] (5.25)
where -~
Ba(t) - Z a(t)(ﬁ@l) o B(ti71)>1{ti—1§tgti} (5.26>

i=1
Now, the Malliavin weight §(o="(X,)Y,8.(T)) can be computed by letting F = ,(T)) and
u=o0"Y(X})Y; from Proposition 2.25 such that

50 (X)YiBa(T)) = Bo(T) /0 o (X,) Y, dW; — /0 DBu(T) (0 Y (X,)Y,)dt.  (5.27)

By exzpanding the summation B,(T) from (5.26), we obtain a(t)B,, where B, = Bo = 0.

Since By, is the last term of the summation, we can set t,, =T so that we have

a(t)B,, = a(t)pr.

From equation (5.22),

1
a(t) = T and Br = ZrY;! (5.28)

where Zr is the variational process with respect to the diffusion coefficient o. The solution

to (5.9) is given by

Xrp = gelt=20")THoWr (5.29)
Therefore 5
5o Xr = (~oT + Wr)ae=270T+Wr — (W — 6T) Xy, (5.30)
o
Y1 is the inverse of the first variational process (3.21) given by
Vil = 5.31
T X7 ( )
From (5.28), we have
ZTY7:1 (WT - O'T)XT X
) Br = - -
a(t)Br T T X,
%%
_ ”TTT — ox. (5.32)

The Malliavin derivative of (5.32) is given by

xW. xW-
D, < TT — ax) =D, < TT) —oxDy(1) =

(5.33)

Nl &
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By substituting (5.32) and (5.33) into (5.27), we obtain

BAT[ATUAC&ﬁﬁﬂW-:ATDﬁATXUAC&MQﬂ?= (mg%—vw)[fU_WXOEm%

_‘jﬁ 7;@7‘1()Q))§)dt. (5.34)

By making the use of (5.10), we obtain

W T 1 Ty 1 B aWr /T 1
( T O'I)/O o (Xt)}/;th /0 T(O- (Xt)}/t)dt == T ox . ﬁth

Tr1
Y
/0 Tox
B (L’WT WT 1
- (=) (50) - () @
W2 1
= LW (5.35)
Thus 2 .
3o (X)YiA(T) = 2~ Wr — =
Therefore Vega is given by (From Proposition 5.1.8 )
W2 1
—E|o(Xr) (2L —wp——)]. .
14 {( T)(OT Wr U)} (5.36)

Remark:

We note that the relationship between I' and V can be summarized as follows:

1 W2 1
U= o {QD(XT) (U—T o W)]
%
- (5.37)

The results we have shown can be extended to the case where we consider a random variable
G that is Malliavin differentiable and is independent of the initial value x (see [1]). Thus

the extension is given by the following results

Theorem 5.1.5 Suppose that the the diffusion coefficient o is uniform elliptic and that
E[fOT | 07 (X,)Y; |? ds] < oo, in which Y denotes the first variational process. Let G € D'?
be a random variable which does not depend on x. Then for any measurable function ® with

polynomial growth one has

A = E[®(X7)7]
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where

= % (G /OT o N (X)Y, dW, — /OT DtG(a‘l(Xt)Yt)dt> . (5.38)

Proof:
We assume that the payoff function ® is continuously differentiable with bounded gradient.

By Lemma 5.0.1, Delta is given by

0

A = E {CD’(XT)%(XT)G}

= E[®(X7)YrG]
This from Lemma 3.2.5 yields
E[@/(X1)YrG] = E { /O T(@’(XT>DTXT>a<t>a‘1(Xt)YtGdt}
_E [ /O ' D,,(CD(XT))CL(t)al(Xt)EGdt} |

The last equality is obtained by using the Chain rule from (2.4.6). The random variable
o (XY, € L*(Q x [0,T]) by Elliptic conditions (5.3), we let a(t) = 7 and apply the
duality formula (2.5.4) to obtain

A = E[CD(XT)% /0 Ta‘l(Xt)YtGdt]

= E {(I)(XT)cS (%a—l(xt)y;(;)} :

Now we let m = 0 (£0 1 (X)Y;G), since 07!(X,)Y; is adapted, we can let F = G and
u = o'(X;)Y; from Proposition 2.25 such that

1 T T
T = — (G/ TSdWS—/ DSG(Ts)d8>
T 0 0

1

- (¢ Lo X)W, — / ' D.Glo (Vs (539)

This complete the proof for the payoff function ® being continuously differentiable. In the

very same fashion, the general case is proven by the density argument. a

In the Black-Scholes model (where we consider the drift coefficient and the diffusion coeffi-

cient as constants), we obtain the following result.
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Corollary 5.1.6 Suppose b(x) = pux and o(x) = ox with o being invertible. Then T is given
by

= Tix ((01)(GWT - /0 ' DtGdt)) | (5.40)

proof:

Since o(X};) is assumed to be invertible, we have

1(X,) = =

oxr

We recall that Y; = 2t Therefore from (5.39), we have
1 T
0
1 T 1 Xt 1 Xt
= <G/0 U—Xt—th / DG O—Xt—)dt)
<G/ —th / DG dt)
ax
<a—1 (G / AW, — / DtGdt))
0 0
T
(o (e~ [ ).
0

Nl= Hl= N

3~ 3~

Proposition 5.1.7 Suppose b(x) = px and o(x) = ox with o invertible. Then for any ®

with polynomial growth and a random variable G =1, one has

0 0?

A= ZEO(Xp)] = E@(Xr)rd], T=  E(X)]=E@(Xn)r] (541
where
o= W (5.42)
xTo X s
o= (7B - (5.43)

Tx202 x

Note that the above result is a special case for a random variable G = 1 and yields the same

results as in example (5.0.4) and (5.0.6)
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5.2 Greeks w.r.t the correlation in a stochastic volatil-

ity model

Here we do the computation of price sensitivities (Greeks) using the Malliavin calculus
under assumptions that the underlying asset and interest rate both evolve from a stochastic
volatility model and the interest rate model respectively. We suppose that the process S

evolve as the following stochastic differential equation of the Black-Scholes dynamics (see
[1])-
dSy = rSydt + N\ S, dW}, (5.44)
dM\ = k(0 — \)dt + BdW}? (5.45)
where the processes W' and W} are correlated Brownian motions with
(W}, W¢) = pdt, pe[-1,1].

We consider a digital option with a payoff 1y ). We are interested in computing the

sensitivity of the option with respect to p. First we set

=+/1-p?B/, W2 = B} (5.46)
where B} and B? are independent Brownian motion and B = (B}, B?) is a 2-dimensional

Brownian motion. By substituting (5.46) into (5.44) and (5.45), we obtain the stochastic

differential equation
dSy = rSydt + M\Si(\/1 — p2dB; + pdB}), (5.47)
dX\y = k(0 — \,)dt + BdB}. (5.48)

By applying It6’s formula to (5.47), we obtain the solution

t 1 ¢ t
St = exp (/ (r— §A§)ds +4/1— p2/ NdB} + p/ )\tdBtQ) . (5.49)
0 0 0

For a smooth function ®, one has

B 9
S EIB(SH] = |#(51) L (5n)]

By considering (5.49), we obtain

t
;p(sT) = ST(% </ (r——)\2 ds++/1—p /)\tdBler/ )\tdB)
0

T
P 1
= S /)\dBQ——/ M\dB
T(o S el )

= SrR (5.50)
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where

g 2 2p ’ 1
R:/ )de——/ NdB; . 5.51
0 t t \/1_7p2 0 t t ( )

From (5.49), by making the use of chain rule from Proposition 2.4.6, we obtain
T T
DSy = SyD! <\/1 — p2/ MdB} + p/ )\tdBf)
0 0
= S(\/l—p2><)\t)

Ag
= 5.52
5 (52— (552)
so that
, , 0 /1 —p?
LO(Sy) = ¥'(Sy)D Sy = @ (ST)a—(ST)T’O.
Therefore
0 R 1 T R
d'(Sp)—(Sp) = ———D'P(S :—/ D;@S—d.
(T>ap( T) )\sﬂ s (T) T 1_p2 0 <T))\5 S

By applying the duality formula from Theorem 2.5.4 with respect to the Brownian motion

B}, we obtain

E|o/(5p)2L(sr)| = ;—E " pla(sy) Fas
dp Ty/1 0

——C

Now by applying the properties of the Skorohod integral from (2.25) for adapted processes,

51@) - () /DRA1d3

= / A tdB! — /DR ds. (5.54)
0 A

Moreover, we note that the Malliavin derivative of R in (5.51) is given by

(5.53)

we obtain

DIR=—— 2 .

Hence, we can conclude that

0

a—pE[CD(ST)] =E | (5.55)
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Remark: We note that from (5.55), there is no need to differentiate the function ® and the
.. . . T\-1 1 2pT

Malliavin weight function R [; A;'dB} + \/%7 does nét depend on ®.

Next we consider a 3-dimensional Brownian motion {W} : 0 <t < T} j =1,2,3 is defined.

The dynamics of the underlying asset price and the interest rate evolves according to the

stochastic differential equation system. (see [5]).

dSt = TtStdt + StO'(V;)dZtl
AV, = u(V;)dt + v(V,)dZ? (5.56)
dry = f(ro)dt + g(r)dZ},

where {Zt}égtST are correlated Brownian motions with correlation coefficients p;; € (—1,1)
for 7,7 = 1,2,3. The solution to the stochastic differential equation system (5.56) is given
by S; which represent the underlying asset, V; which represent the volatility and r; which
represent the interest rate process. This processes has the initial values Sy, Vo and r¢ re-
spectively. These correlated Brownian motions may be written as the combination of three
independent Brownian motions {W/ : 0 <t < T} as

Az} = dw}
dZtQ = plgthl + MlthQ (557)
dZts == plgthl + ,UQde + HgdWE,

where

_ 2 P23 — P12P13
p1 =1/1— piy, Ho=—"—"",
M1

_ V1= pl — pls — p3s + 2p13p12p13
H1

2]

We assume that the correlation coefficients p;; are chosen in a way that ps is a real number.
It is also assumed that o (), u(-),v(-), f(-) and g(-) are continuously differentiable functions
with bounded derivatives. We also assume that o,v and g are adapted and non-zeros.

Now if we substitute (5.57) into (5.56) we obtain

dSt = TtStdt + StO‘(V%)thl
dV; = u(V;)dt + v(V;) (pr2dW} + i dW2) (5.58)
dry = f(ro)dt + g(re) (p13dW} + pedW2 + pzdWy)
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which can be represented in a matrix form as

Sy 745y Sio(Vh) 0 0 wl
dlVi| = |uV) | dt+ | pr2v(V3) pv(Vy) 0 d{wzl. (5.59)
It f(r) p13g(re)  pog(re)  psg(ry) Wy
If we let
St (0
Xe= Vi |, AX)=[uV) |,
T f(re)
and
Sio(Vy) 0
B(Xe) = | po(Vi) (Vi) 0 (5.60)
p13g(re)  pag(re)  pzg(re)
and
So w}
r=1W], Wy = WE
To w3

where the process {W; : 0 <t < T} is a standard three-dimensional Brownian motion, then

we obtain a stochastic differential equation given by

Note that the stochastic differential equation (5.61) is similar to (3.4) but it is in 3-dimension
whereas (3.4) is in 1-dimension. We assume that the drift coefficient A(-) and the diffusion
coefficient B(-) are bounded with partial derivatives and satisfy linear growth and the Lips-
chitz conditions:

There exist a constant C < oo such that
| A(z) = Ay) | + | B(z) = B(y) < C |z —y|;

| A(@) [+ [ B(z) [< C(1+ [z |).

These conditions ensures the existence and uniqueness of the strong solution of (5.61). We

also require the coefficient matrix to B to satisfy the following uniform Elliptic condition:

There exist 7 > 0 such that (¢7B(2)7)(BE) > n|¢|* for all &z € R® with £ #0



5.2. GREEKS W.R.'T THE CORRELATION IN A STOCHASTIC VOLATILITY MODELT71

where ¢ denotes the transpose of £. These conditions ensures the existence of the inverse

of the coefficient matrix B. The first variational process in this is given by

3

dY, = A(X)Yidt+>  Bj(X,)Y,dW7, (5.62)
j=0

Yo = 13«3

Here A'(-) is the Jacobian of A(-) and Bj(-) is the j"* column vector of the matrix B(-) with
respect to x respectively and 1343 is the identity matrix of R3.

Recall that the first variational process is given by Y; = a%Xt' Thus it follows that if
(VY. 'B) € L*([0,T] x Q) for all s,t € [0,T], then the process X; is Malliavian differentiable

and its Malliavin derivative is given by
D, X; =YY, 'B(X))1,<, s>0, as. (5.63)
The components of the first variational process Y; can be calculated as in the following results

5].

Proposition 5.2.1 Let X; and Y; be defined by (5.61) and (5.62) respectively, Then Y;?> =0
and Y;? =0 for i > j where ij = 1,2,3. Thus the diagonal entries Y, Y;?* and Y;** have

the following solutions.

Y = exp (/OT (rt — %(f?(v;)) dt + /OTU(V;)ng> : (5.64)

V2 = exp ( / ' (u’(%) - %v%vm) a [ ' v’(%)dZE) , (5.65)

Y3 — exp < /0 ' ( Flr) — %g’(rt)2> dt + /0 ' g’(rt)de‘) | (5.66)

Furthermore, Y2 and Y3 satisfy

AY? = 1Y%t + [0 (V)Y + S0’ (V)Y 21dW (5:67)
AV} = (1Y) + S Yt + o (V)Y 2w} (5.68)

with the initial values Y2 = Yy = 0.

Note that if we apply 1t6 lemma to (5.64), (5.65) and (5.66), we obtain
dy,"t = rY,"dt + o(V))Y,"dZ)/,
AV = (V)Y2dt + o (V)Y 2dZ2,
AV = F )Yt + o (r) Y223
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with the initial values Y = V2 =Y =1

Remark: The first variational process Y;'! from (5.64) satisfy

1
yH = S—Ost. (5.69)

We consider the payoff function ® which depends on the process X given by
b =P(Xr) (5.70)

where T' is the maturity time. The option price u is the probabilistic representation of the
payoff function (5.70) given by
u(z) = E[®(X7)].

To obtain a valid computation result, we avoid the degeneracy of the Malliavin weights with

probability one [see [5]], we introduce the set of deterministic functions given by

I = {a(t) c L*([0,T)) : /Oti a(t)dt =1 Vi = 1,2,...,n} in R. (5.71)
As in Theorem 5.0.3. The general formula for Delta (A) in 3-dimensional case is given by
A =1/ (z) = E [®(X7)m?] (5.72)
where .
= /0 a(t)(B~HX,)Y,) T dw,. (5.73)

To compute the inverse of matrix B(X;) given in (5.60), we use the adjoint method. The
determinant of the matrix B(X}) is given by

det(B(Xy)) = pupsSio(Vi)v(Vi)g(r). (5.74)

The adjoint (the transpose of the cofactor matrix) of B(X;) is given by

papiav(Ve)g(re) 0 0
Ad] (B(Xt)) = _Plz,USU(Vt)g(Tt) N3Stg(‘/;f)g<rt) 0
012M2U(V},)9(7’t) - plSMlv(%)g(rt) —MzstU(W)g(Tt) MlStUG/;)U(Vt)
(5.75)
where Adj(-) is the adjoint of (-). The inverse of the volatility matrix B(X}) is given by
1
B YX,) = —————Adj(B(X
Stcrl(Vt) 0 0
= M;ﬁfm mvl(vt) 0 . (5.76)
P1212—pP13 11 — 2 1

puipsSeo(Ve)  papsv(Ve)  usg(re)



5.2. GREEKS W.R.'T THE CORRELATION IN A STOCHASTIC VOLATILITY MODEL73

We calculate the product B~1(X;)Y; as follows:

_ 1 11 12 13
Sio (V) 0 0 Yoo Y7 Y,
B XY, = —p12 1 22
(X)Y: S0 eV 0 Y= 0
P12U2— P13 11 — U2 1 Y33
ppsSio(Ve)  papsv(Ve)  pag(re) 0 0 t
)/tll }/;12 Y'tlB
Sto (V) Sio (Vi) Sio (Vi)
_ 7p121/tll Y't22 . p121/t12 . plQi/tlB
p1Sto(Ve) u p1v(V) léLlStU(V}) . ,ulstdlth) as
_ f _ _
(p12p02—p13111)Y, (pr2p2—p13p)Yy?  poYy (pr2p2—p13p)V® Y]
pipsSeo(Vy) p1p3Sto (V) p1pav(Ve) p1p3Sio(Vy) p3g(re)

The transpose of the above matrix is given by

v —p12Y;!! (pr2p2—p13p) Yt
Stag‘z/t) 22 #Seo (V) 12 uwgSig(Vt) 22
— Y, Y, Y, (prap2—p13u1)Y, n2Y,
BYX)Y)! = : i _ P2 - £ . .
(B~ (X)) Sio(Ve)  mo(Ve) — mSwo(Vi)  mipsSio(Vi) p1p30(V2) (5.77)
v!3 _p1aYy® (pr2p2—pi3p) Y3 Y38
Seo (Vi) pn1Seo (Vi) w1 p3Sto(Ve) n3g(re)
If we choose the deterministic function a(t) = £ from (5.71), we see that

/0 ! a(t)(B~HX,)Y,) T dw,

v —p12Y;'! (pr2p2—pi3pa) ;' AW
1 T | Sto(Vi) u1Sto (Vi) n1p3Sio (Vi) t
_ Y'tlZ }/;22 . p121/t12 (p12u27p13u1)ytl2 o M2y't22 dW2 (5 78)
T Sto(Ve)  piv(Ve)  paSeo(V) p1p3Seo(Vy) p1p3v(Ve) 12
0 Y3 __p1aY)'3 (pr2p2—p13p) Y3 Y38 dW3
Sto(Ve) p1Seo(Ve) p1p3Sio (Vi) u3g(re) t

We observe that the derivative of the option price is denoted by

) ou Ou Ou\’
_u(gj): _7_’_
or @S() @‘/0 87"0

where T" denote the transpose. We note that the first row of the solution from matrix (5.78)
correspond to Delta which the change in option price with respect to the initial price 5.
The second row correspond to Vega (V) which is the change in option price with respect to
the initial volatility V5. The last row correspond to Rho (p) which is the change in option

price with respect to the initial interest rate rg. Hence the Malliavin weight of Delta is given

by

1 T yi1 T p y i1 T ( _ )Yll
A t 1 1214 2 Prafl2 — P13fir) Xy 3
= == ——dW, —/ ———dW, —i—/ + dW) 5.79
A e T B o U D

Since
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We obtain
1 T d 1 T d 2 _ T d 3
a1 (/ Wy Q/ W n (pr2pe2 P13M1)/ Wi ) (5.80)
SoT \Jo o(Vi) m Jo o(Vy) JIEYIE o o(Vi)
The Malliavin weight for Vega is given by
ﬂ.v _ T Y12 ( Y22 p12}/tl2 > dW2
0 StU(Vt pv(V;)  mSio(Vy) '
(prape — P13M1)Y f12Y > 3
+ aw, 5.81
/0 ( p i3 Seo (Vi) M1M3U(Vt) ! ( )
and the Malliavin weight for Rho is given by
T y13 T p12yl3
7w’ = ! dWl—/ W
o Sie(Vi) ! o mSio(Vy)
+/T ((plm —pwmn)YT Y ) AW}, (5.82)
0 tnpi3Sio (V;) 1139(re)

The computation of Rho (p) and Vega (V) is not straight forward as in the computation
of Delta (A) since the drift and the diffusion coefficients are not constants. Vega and Rho

quantify the impact of small perturbation as in Proposition 5.1.3, (see [5] thereof). It can

A

be again seen that all the Malliavin wight functions 72, 7Y and 7” does not depend on the

payoff function ® but on the deterministic function a(-).

5.2.1 The independent case

We consider the follwing system
dS; = riSydt + Sio(Vy)dW}
AV, = u(V;)dt + v(V,)dW? (5.83)
dry = f(ry)dt + g(r,)dW2.

which can be represented in a matrix form as

Sy 745y Sio(Vi) 0 0 Wl
dlVi| = 1wV |dt+ 0 o(V})) 0 |d|wW? (5.84)
T f(re) 0 g(re) wy
where {W{: 0 <t < T} for i = 1,2,3 are uncorrelated independent Brownian motions. If
we let
Sy 7S}
Xe= Vi, AX)=[uMV) |,

T / (Tt)
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and
Sio(Vy) 0 0
B(X,) = 0 oV, 0 (5.85)
0 0 g(re)
and
So w}
r=|Vy |, Wy = | W2
To w3

where the process {W; : 0 <t < T} is a standard three-dimensional Brownian motion, then

we obtain a stochastic differential equation given by
dX; = A(X})dt + B(X;)dW,, Xo=x€R. (5.86)

We assume that the drift coefficient A(-) and the diffusion coefficient B(-) are bounded with
partial derivatives and satisfy linear growth and the Lipschitz conditions. From the general
formula from Theorem 5.0.3, since in this case our matrix B(X;) from (5.85) is a strictly

diagonal matrix, its inverse is given by

sy 0 0
B(X,) = 0 oy O (5.87)
0 0 1

9(re)

<

Thus

(BHX)V)" = Y (B (X))

—
e}

Sio (Vi)

—~

So v(Ve)

—
- O O

(g0

o O

Q
—~
<
o
~

_ (#W) 0 0). (5.88)
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where T denote the transpose. If we multiply (5.88) by a 3-dimensional Browinan motion

column matrix we obtain

aw!
(B X)) AW = (ks 0 0) [anwy
AWP
1
= —dwl. :
Soo () (5:89)

If we let the deterministic function a(t) = % Then the Malliavin weight function for Delta

(A) is given by

T IR |
A BH(X,)Y,)TdW, = / g
. /O (B XY W = e [

For the computation of Vega, the first variational process Y; is given by
V=Y, =| % |. (5.90)

Similarly to Delta, we have

(BTHX)Y) dW, = Y (B7H(Xy) W,

—Sml(vt) 0 0 dW}
— St f
- (S— “o)l o oy o || aw?
1 3
0 ) dW;
dw}
— 1 Vi 2
- (soa(m Vou(V) O) aw;
dW?
1 Vi
= AW}l + dW?2. 5.91
S()O'(V;) t %U(‘/t) t ( )

If we again let a deterministic function a(t) = =, then the Maliavin weight function for Vega

1
T
(V) is given by

WV—/Ta(t)(B_l(X)Y)TdW— ! /T . dW1+L/TLdW2
o CU TSy o) TV Sy e (V)

Lastly for the computation of Rho, the first variational process Y; is given by

0 %
Y, = 5_7’()St =10 (5.92)
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. In the very same way, we have

(BTHX)Y) aW, = Y, (B7H(Xy) W,

—stal(vt) 0 0 thl
R St Tt 1 2
= (2 o) o 5 o ||
1 3
0 0 N dWw;
thl
_ 1 T¢ 2
B (SOU(Vt) 0 Tog(Tt)> th
ath3
1 Tt
= —dW! + dW3. 5.93
SoU(Vt) ! 7"09(%) ! ( )

If we again let a deterministic function a(t) =

(p) is given by

ﬂp—/Ta(t)(B‘l(X)Y)TdW— ! /T ! dW1+L/T Tt qw?
a 0 v t_TSO o (Vi) b T o 9(re) o

%, then the Maliavin weight function for Rho

We note that in all the cases where we computed the price sensitivities, there are no direct
computations of the derivative of the payoff functions. All the results we got indicates that
the efficiency of the Malliavin calculus in the computation of price sensitivities does not
depend on the type/nature of the payoff function. By making use of the integration by parts
formula, we have indeed seen that a Greek can be represented as the expectation of the

product of the payoff function and the Malliavin weight function.



Chapter 6
Conclusion

This study was based on the computation of the hedging portfolios and the price sensitivities,
known as Greeks, in the case where we have the discontinuous payoff functions using the
Malliavin calculus approach. We introduced the importance and the background of Malliavin
calculus and also what have been done before. We developed the Wiener’s construction of
Brownian motion and the stochastic integral. We discussed some important properties of
Malliavin calculus which includes essential tools such as the integration by parts formula.
This formula avoid the direct derivation of the functional, instead result in the product of
the functional and the so called Malliavin weight function. The integration by parts formula
plays a huge role in the computation of the price sensitivities. We only restricted ourselves
to one dimensional case. The Clark-Ocone formula is used for the computation of hedging
portfolios. We showed the Malliavin derivative of stochastic differential equation where the
focus is on the diffusion process. As a result, we constructed the first variational process
which is the partial derivative of the stochastic differential equation with respect to the initial
condition.

For the application of the Malliavin calculus to mathematical finance, we used the Clark-
Ocone formula to obtain the general representation formula of the replicating strategy. The
general formula was applied to different types of payoff functions of the European type where
we realised that the hedging portfolio is naturally related to the Malliavin derivative of the
terminal payoff. In addition, we computed the price sensitivities in the Malliavin sense.
The Malliavin calculus properties are used to compute the general representation formula of
price sensitivities which include the Delta (A), Gamma (I') and Vega (V). We considered
the geometric Brownian motion case as an example.

Further we computed the price sensitivities with respect to the correlation in a stochastic

78
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volatility model. We considered the 2-dimensional correlated Brownian motion where we
computed the sensitivity of the option with respect to p. We considered also a 3-dimensional
Brownian motion and compute the price sensitivity which includes the Delta, Vega and Rho.
We conclude our study by considering a 3-dimensional uncorrelated Brownian motion and
compute again the Delta, Vega and Rho of the option price. We hope to extend the diffusion
case to processes that include jumps. We would also like to apply similar concepts to option
price of American type where the exercise of the option take place on or before the maturity

time 7.
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