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Abstract

A Csdszar frame is a pointfree version of syntopogenous space, itself a concept that is at-
tributed to Akos Csdszar [14]. In his two papers, Chung ([12] and [13]) characterised few
types of Csdaszar frames and extended Hong’s construction [21] to the Cauchy completions
in Csdszar frames. From his results, we anchored objectives of our study on the actions of
certain frame homomorphisms on proximal Csdszar frames, as well as co-reflective subcate-

gories of Cauchy complete Csaszar frames.

We conclude the dissertation by constructing the compactification of proximal Csdszar
frames by applying the methods of Banaschewski and Mulvey [7]. We introduce a weak
notion of connectedness of Csdszar frames and show, following the approach of Baboolal
and Banaschewski [4], that most of the standard results on connectedness are do-able in the

setting of Csdszar frames.
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Chapter O
Introduction and summary

In his celebrated article “The point of pointless topology”, Johnstone [24] showed that many
results from topology were extended to generalized spaces by John Isbell in [23]. Frames
are complete lattices which satisfy a distributive law and the morphisms are maps which

preserves finite meet and arbitrary joins.

Following on the groundwork laid by Isbell [22] on uniform frames, Banishes and Pultr [§]
introduced complete nearness frames, especially Cauchy complete nearness frames. In addi-
tion to constructing the completion of nearness frames, they showed that the completion of
nearness frames gives rise to the category of almost uniform spaces. Isbell [22] also showed
that the use of uniform structures is required on results on paracompactness, hence uniform

frames are important in Topology.

Since the introduction of Pointfree Topology, many topological facts are re-discovered as
generalisations from results in this pointfree setting. For example, abstractly defined lattices
of open sets are regarded as frames. However, many proofs in Pointfree Topology are often
more suggestive and transparent than they would have been in General Topology [6]. It is

in this respect that Pointfree Topology is more fundamental than Classical Topology.

When Chung [12] introduced Cauchy complete Csdszdar frames, he used strict extensions of
frames to construct their Cauchy completion. It was shown that the Cauchy completion gives
rise to a coreflection in the categories of Csdszar frames and uniform Csdszdr frames. In

extending syntopogeneous spaces to other platforms of General Topology, Chung [12] further



showed that connection properties are possible in syntopogenous spaces. When connected-
ness was introduced into the category of frames and frame homomorphism, it was applied
in constructions related to Stone-Cech compactification. A frame homomorphism is a map
between frames which preserves the bottom (zero) and the (top) as well as the generalised

distributive law.

Connectedness and its importance in relation to other topological properties was studied by
many people, see for instance Baboolal and Banaschewski [4]. However, in his paper titled
“On the local connectedness of frames”, Chen [11], showed that connectedness is possible in
frames where amongst many results, he showed that any Tychonoff space containing X as a
dense subspace is locally connected if and only if X is locally connected and pseudocompact.
Baboolal and Banaschewski also showed that the Stone-Cech compactification X of a Ty-
chonoff space X is locally connected if and only if X is locally connected and pseudocompact

has a frame-theoretic counterpart.

Synopsis of the dissertation

Chapter 1

In this chapter we define some topological concepts. We study syntopogenous and Csdszar
orders and their properties as introduced by [14]. The Csdszar orders are studied according
to [12], see also [14]. We also show how to construct Csdszar order from the domain to the
codomain and from the codomain to the domain. We look at their properties and show that
the right adjoint of frame homomorphism between Csdszar frames reflects symmetric and

strong Csdaszar orders.

Chapter 2

Our focus is in properties of filters and selected frame homomorphisms on proximal Csaszar
frames. Amongst the important results we prove is the fact that uniform frame homomor-
phism is a Cauchy homomorphism, essentially meaning that the category UCsFrm of uni-
form Csdszar frames and uniform homomorphisms is a subcategory of the category PCsFrm

of proximal Csdszar frames and Cauchy homomorphisms.



Chapter 3

In this chapter, we first outline the role of filters on completion of frames, especially nearness
frames paving the way for the constructions in the remaining three sections: critical to our
later constructions is the concept of strict extension which Apfel has(correctly by the way)
called "Hong’s construction” (see Apfel [2]). We then go on to look into some properties of
completions of Csdszdar frames and construct their Cauchy completions according to [12]: we

give detailed proofs of the following results:

(i) The category of Cauchy Complete Csdszar frames and Cauchy homomorphisms is

coreflective in the category of Csdszar frames and Cauchy homomorphisms

(ii) The category of Cauchy complete uniform Csdaszar frames is coreflective in the category

of uniform Csdszar frames and uniform frame homomorphisms.

(iii) The category of Cauchy proximal Csdszdr frames is coreflective in the category of

proximal Csdszar frames and continuous frame homomorphisms.

Chapter 4

We focus on the compactification of proximal frames connectedness of Csaszar frames. This
follows since connectedness was not looked into when Csaszar introduced syntopogenuos
spaces in [14]. We refer to Pervin and Sieber in [32] and translate their approach into the

setting of Csdszdr frames. We follows Baboolal’s paper [3]

Whereas the first three chapters are devoted to basic facts related to Chung’s Csaszar frames
and the expansion of sketchy proofs and revisiting coreflective subcategories of the category
CsFrm of Csaszar frames and frame homomorphisms, as far as we know the results on

compactification of proximal Csdszar frames, and L-connectedness in Chapter 4 are new.



Chapter 1
Syntopogenous and Csaszar Orders

This chapter commences with standard pointfree concepts and basic facts that will be re-
quired in the study. We study syntopogenous orders and their properties as introduced by
Csaszar [14], and from them we look at constructions related to Csdaszar orders whose origin
is attributed to Chung [12]: specifically, we will show how to construct Csdszar order from
the domain to the codomain and from the codomain to the domain, as well as show that
the right adjoint of frame homomorphism between Csdszar frames reflects symmetric and

strong Csdaszar orders.

1.1 Preliminary Concepts

We recall that a frame is a complete lattice L in which the following generalized distributive

law is satisfied:
a/\\/S = \/{a/\s | s € S},

forall a € L and all S C L. A frame homomorphism h : M — L is a map between frames
which preserves finite meets (including the top element e) and arbitrary joins (including
the bottom element 0). Frame homomorphisms are closed under compositions, so we have
the category Frm of frames and frame homomorphisms between them. Unless specified oth-
erwise, our knowledge of frames and locales stems from Johnstone in [24], Picado and Pultr
in [30] and Pultr in [31].

An element v in a frame L is said to be rather below an element v € L (written u < v) if

6



there is an element w € L such that u A w = 0and v Vw = e. This definition is equivalent

to saying v < wv if and only if u* V v = e, where u* is called the pseudocomplement of u
and is defined by
w = \/{teL|u A t=0}

A frame homomorphism h : M — L is said to be dense if h(z) = 0p implies z = 0yp.

Dually, h is called co-dense if h(u) = ey implies that u = eyy.

Remark 1.1.1. We will need the following elementary properties of pseudocomplements in

any frame M: for any u,v € M, we have

a): € = 0 and 0* = e: This follows from the fact that if u Ae = 0 then v = 0 and
(from the definition of *) the largest u for which u A0 = 0 is e.

b): u < uw**: We know that u* Au = 0 and u* Au** = 0,s0u < u** follows from u**

being the largest for which the meet with u* is 0.

c): If u < v then v* < w*: This is immediate from the calculation uAv < uAv* = 0
implies that u A v* = 0; so, together with u A u* = 0, we conclude that v* < wu*.

d): uw = w**: Since u < w**, we have v*** < wu*. But u* < (u*)**, so we must have
u* — u***.

e): (uvwo)" = u*Av*: That (uVv)* < v* and (uVo)* < v*sothat (uVo)" < u*Av*

follows from c). For the reverse inclusion, we note that
(W AV)AN(uVo) = WAV Au)V (" AvTAv) = 0

so, together with the definition of (u A v)*, this ensures that u* A v* < (u Awv)*. O

Given a frame homomorphism h : M — L, the Galois right adjoint h, : L — M is defined
by
h(z) < yifandonlyif z < h.(y)

where

ho(y) = \[{z e M| h(z) <y}

Lemma 1.1.2. Let h : M — L be a frame homomorphism, then:

i) 2 < ho(h(z)) for allz € M.



ii) If h is onto then h(z) A y*

Proof:

0 implies y* < h(z*).

i) If we set y = h(z) in the definition and use the fact that h(z) < h(z), then x <

h.(h(z)).

ii) Note that if h is onto, it holds that h(z*) = h(x)* (see Pultr [31]). For, by definition

of pseudocomplement, we have that

h(z™)

h\/{z € M| znz=0}]
\/{h(z) € L| h(z A ) =0}
\/{h(z) € L | h(z) A h(z) = 0}

\{y € L|ynh(z)=0}
h(x)*.

Now we find that (by definition of y) h(z) A y* = 0 implies y* < h(x)* = h(x*). O

Lemma 1.1.3. For a dense frame homomorphism A : M — L it holds that

Proof:

he(h(z)) < a**.

Note that x < x**, then 2** A x = x. This implies that

) AN h(z) = hx)
=>h( A (id)h(z) = (id)(h(z))
= h(@™) A (hho)h(z) = (hh.)(h(z))
= h(z™) A h(hih(z)) = h(hh(x))
=2 A ho(h(z)) = hh(z))
Therefore h,h(x) < x**. O

Lemma 1.1.4. Let h : M — L be a frame homomorphism between frames.

8



a) If v < yin M then h(z) < h(y) in L.

b) If # < yin M then x < y** in M: If x < y then from the properties of

pseudocomplement we have x* Vy = e;s0, x < 2** implies that
vz > "Vr = e,

which means that

¥V = eandsox < . 0O

We say a frame L is a reqular frame if for all v € L we have

v o= \/{u|u*\/v:e} = \/{u|u-<v}

We say a frame homomorphism h : M — L is a monomorphism if for any two frame ho-
momorphisms ¢, f : K — M with hg = hf then g = f. One well-known result that we
will need in the sequel is the following (whose proof is adapted from Murugan [27] who has

assembled a number of important results on dense homomorphisms):
Proposition 1.1.5. A dense homomorphism on reqular frames is a monomorphism.

Proof. Take a dense homomorphism A : M — L between regular frames, and two frame
homomorphisms f, g : K — M such that hof = hog. Then for x € K, we have ho f(x) =
h o g(x). The fact that K is regular implies that for all y € K,y = \/{z € K | z < y}.
But z < y implies that there exists z € K such that + A 2 =0 and y V z = e. We will then
have that

(ho f)xAz) = (hof)(0), andso h(f(x)) AR(f(2)) = O.

Since ho f = h o g, it follows that

h(f(x)) Ah(g(2)) = 0and h(f(x) Ag(z)) = 0.

Since h is dense, we must have f(x) A g(z) = 0.



On the other hand, y V z = e implies g(y V z) = g(e); thus g(y) V g(z) = e. Then

flx) = fl=z)
()

IN
2 >
= &
>
=R
s

This implies that

Then f(y) < g(y). By symmetry we have g(y) < f(y), hence g(y) = f(y) O

Moving on to compactness in frames, we have the following (which is not difficult to translate

from a classical setting):

Let L be a frame, then a subset C' of L is a cover of L if \/ C = e.

Definition 1.1.6. A frame L is said to be compact if for every subset U of L with \/U = e
there exists a finite subset 7" of U with \/ T =e.

1.2 Properties of Syntopogenous orders

We study syntopogenous orders in accordance to Csdszar [14]. Motivating examples of syn-

topogenous orders are given and we include some properties of syntopogenous from [17].

Motivating example 1.2.1. Given a topological space (X, 7), define a binary relation <
on P(X) x P(X), where P(X) is the power set of X, by

U <V ifand only if U C V°, where V° is the interior of V'

Then < satisfies the following five properties:

10



i)
ii)
iii)
iv)

v)

0 < Pand X < X.

U< V=U CV.

(U <V,H < K)=UnH < VNK.
U<V, H<K)=UUH<VUK.

UCV<WCH=UC<H.

Proof:

i)

ii)

iii)

iv)

This is trivial since @ = ()° and X = X°

Suppose that U < V', then by definition of <, it follows that U C V°. But we know
that V° C V., thus we have U C V.

Suppose that U <V and H < K. Then it follows that
U C Viand H C K°,

so that
UNH C V°NnK° = (VNnK)°.

But (VN K)° C (VNK), hence we have that UN H < VNK.

Suppose that U <V and H < K. Then U C V° and H C K°. Since V C VUK and
K C VUK, we find that

Ve C (VUK)?and K° C (VUK)°.
This implies that
UUH C V°PUK° C (VUK)°.
Therefore UUH < VUK.

Suppose that U C V < W C H. Then V C W?° We know that W° C W, and
then
UCV C W C H.

But H° is the largest open subset in H, hence it holds that W° C H°. Thus it follows
that U C H° and so U < H results. O

11



Motivating example 1.2.2. Given a topological space (X, 7) a binary relation < on P(X)
defined by
W < Vif and only if 9(W) C V,

(where ¥(W) C V means J(W) is a uniform neighbourhood of W, that is for all x € W,
then x € 9(W)). Then < satisfies the following five properties:

i) < Pand X < X.
i) U < V=>UCV.
i) (U<V, H<K)=UNH<VNK.
iv) (U<V, H<K)=UUH<VUK.

WUCV <WCH=UZ<H.

Proof:

i) Since ¥(0) C @ and ¥(X) C X (trivially), we must have ) < Jand X < X.

ii) Suppose that U < V. By definition, it follows that J(U) C V. Since J(U) is a
neighbourhood of U, it implies that for all x € U, x € ¢¥(U). Then = € V, which then
implies that U C V.

iii) Suppose that U <V and H < K. It then follows that ¢(U) C V and ¢(H) C K. We
have that
YU)NI(H) C V; JU)NY(H ) C K,

so that

JU)NI(H) € VNK.
Therefore UN H < VNK.

iv) Suppose that U <V and H < K. Then it follows that 9(U) C V and ¥(H) C K. We

have the following relations
JU) C VUK, 9(H) € VUK.

12



This implies that
JU)UIH) € VUK.

Therefore UUH <V UK.

H. This implies that ¥(V) € W, but 9(U) C 9(V),

v) Supposethat U C V < W C
C H. Therefore U < H.

hence we have that ¥(U)

We follow Csdszdr [14] in defining a syntopogenous space. See also Flax [17].

Definition 1.2.3. A Let X be a non-empty set and < a relation on X. Then < is said to

be a semi-topogenous ordern on X if the following conditions are satisfied:

i) 0 <Pand X <X
(ii) A < Bimpliess A C B
(il) A C C <D C BimpliesA < B

Definition 1.2.3. B A relation < on X is a topogenous order if it satisfies all the three

conditions in Definition 1.2.3 A and the following contition:

A < Band C < Dimplies (A N C) < (BN D)and (A U B) < (B U D)

Definition 1.2.3 C Let a family of topogenous orders on X be denoted by &. Then § is

said to be a syntopogenous structure on X if and only if the following conditions are satisfied:

(i) If <4, <5 € S then there exists <3 € S finer than both <; and <.
(ii) If < € S, then there exists <; € § such that A < B implies that there exists D with

A< D < B.

Observation 1.2.4. Given a syntopogenous space (X,7), say v = {<;| i € I}, we can
topologize X as follows. Define the topology 7, associated with v by

U € 7, if and only if for each x € U there exists ¢ € [ such that {z} <, U.

13



Proof:

i) That 0, X € 7, is trivial.

ii) If U,V € 7, and suppose that x € U NV, then there exists ¢ € I such that {z} <; U
and {z} <; V. By SNY5, we get {z} <; UNV, hence UNV € 7,.

iii) Suppose that = € (JU. Then z € U, for some U, € 7, and then {z} <; U, € Upe, U.
by SNY3 it follows that {z} <; Uy, U and the Uy, U € 7. O

Proposition 1.2.5. For any topological space (X, T), the relation < defined on P(X) by
U < V if and only if there are H, K € T such that U C H C K C V is syntopogenous,

making (X, <) a syntopogenous space.

Proof:

i) We know that § < ) and X < X.

ii) Suppose that U < V, so there are H, K € 7 such that U C H C K CV from
which U C V is clear.

iii) Suppose that U CV < W C H. Then by definition it follows that U < H.

iv) Suppose U € A, where U < V and A C P(X). We then have that JU < V.
Therefore | JA < V.

v) Suppose that U <V and U < W. Then there are H, K, M, N € 7 such that
UCHCKCVadU C M CN CW,

which imply
UC HNM C KNN C VnW.

Therefore U < V NW. O

1.3 Properties of Csaszar orders

We study Csaszar orders and their properties and also show how to construct a Csdszar

order from a given Csdaszar order. Whilst Chung [12] clearly translated a Csdszdr order from
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the founding monograph of general topology [14], we also used Flax [17].

Definition 1.3.1. A Csaszar order on a frame M is a binary relation <™ on M satisfying

the following properties:

COp): 0<M 0 and e <M ¢;

COy) <My = 2 <y; and
COs):x<a<Mb<y=az<My.

The pair (M, <M) is a Csaszar frame.

Lemma 1.3.2. [12] Given a frame L and a family L = {<F | i € I} of Csaszir or-
ders on L, then the set <. is a Csaszir order on L, making (L, L) a Csaszir frame where
< = U{<Flier}.

Proof:

COy) : Since each <1iL is a Csdszar order on L, we have that 0 QZL 0 for any ¢ € I. Therefore
0 <. 0.

Similarly, since <tF is a Csaszar order on L, it follows that e <¥ e for i € I and hence

e g e.

CQO,) : Suppose that <1z y. This implies that z < y for some i € I. But <% is a Csdszar

order on L for eachi € I, soz < y.

COs) : Suppose that # < a <1z b < y. This implies that z < a < b < y for some
i € I. It then follows that = <1F y since < is a Csdszar order. Thus we have x <. y.

Therefore <1, is a Csaszar order on L. O

We strengthen our approach to Csdszar frames by the following

Definition 1.3.3. Let L be a frame.

i) Let £ be a family of Csdszar orders on L. We say L is admissible if, for all a € L, it
holds that

a = \/[{beL|b<ca}

15



ii) A family of Csdszar orders £ on a frame L is said to be a Csaszar structure on L if it

satisfies the following:

CSy: L is up-directed, that is, for a,b € L there is ¢ € L such that a <z cand b <. c;
C'Sy: < is a meet-sublattice of L x L, that is, a <1z band a <y cimply a <z b A ¢

CSs3: L is admissible.

Remark 1.3.4. In his dissertation, Flax [17] showed that if < is a topogenous order on a
set X, then the relation ¢(<) defined by A ¢(<) B if and only if X — B < X — A. In what

follows, we translate this result to Csaszar frames.

Motivating Example 1.3.5. Given a Csaszar order <™ on a frame M, the relation <
defined by

u <M v if and only if v* <M y*

is also a Csdszar order on M.

Proof:

COy) : We have that 0* <™ 0* since <™ is a Csdszar order, hence 0 <* 0. Similarly, e* <™ e*

implying that e <M e.

COy) : Suppose u <M v. Tt then follows that v* <™ u*. <™ is a Csdszar order, hence we have

v* < u* which then implies that © < v as it was to be shown.

CO3) : Suppose u < x <M y < v. We want show that u <* v. From the definition of <M, we
have y* <™ x*, hence we will have v* < y* <™ 2* < u*. Since <™ is a Csdszdr order

it follows that v* <™ u* and this shows that u < v. O

The above definition justifies the following concept (due to Chung [13]).

Definition 1.3.6. Let L be a frame.

(i) A symmetric Csaszar order on L is a Csaszar order satisfying the following property:

16



If a <% b then b* <% a*

ii) A Csaszdr frame (L, £) is said to be symmetric if every member of £ is symmetric.

iii) A Csdszdr frame (L, £) is said to be strong if for each <t € L, there is <i¥ € £ such
that a <* b implies a <% ¢ <& b for some ¢ € L.

Definition 1.3.7. Let (M, M) and (L, £) be Csdszdr frames.

(i) A frame homomorphism h : M — L is said to be continuous if for each <™ € M there
is a <F € £ with h(<™) C <%, where h(<™) is defined as follows

x h(<™)yif and onlyif there exist a, b € M suchthatx < h(a), a <™ band h(b) < y.

(ii) A frame homomorphism h : M — L is said to be a surjection if it is dense, onto and

M = {h(<") | <* € L},

that is, M is generated by h.(<¥), where h,(<”) is defined as follows

x hy (<) y if and only if there exist a,b € L such that h(z) < a < b; h(b) < y.

In what follows, we prove a characterisation for generating a Csdszar order through the
right adjoint. Moreover, the right adjoint of a dense homomorphism reflects symmetric
orders (see Chung [12]).

Theorem 1.3.8. Given an onto frame homomorphism h : M — (L, <%) between Csaszar
frames M and L. Then the following hold:

i) (M, h.(<b)) is a Csaszar frame.

ii) If h is dense and <% is symmetric, then h,(<Y) is symmetric on M.
iii) If <t and < are Csaszar orders with <t C <% then h.(<l) C h,(<b).
iv) @ <t y if and only if h.(x) h.(<%) he(y).

17



Proof:

i) We will establish the three axioms of a Csdszar order on M:

CO,) : Since h(0y) = 0, <* 0 and h.(0r) = 0y. We therefore have 0y h.(<t%) 0y.

Similarly, since h(ey) = ep <t ep and h.(er) = enr, then ey ho(<E) en.

CO,) : Suppose that x h,(<t) y, take a,b € L such that

B) < a <bb, ha(b) < .

But <1 is a Csdszdr order hence we have a < b. We then have
r < hoh(z) < hi(a) < ho(b) < y.
Therefore x < y.

COs) : Suppose that

Take u,v € L such that

h(a) < u <* vand h.(v) < y.

From x < a (so that h(x) < h(a)) and b < y we have that
h(z) <u<®v, h,(v) <y.
Therefore z h,(<%) y. Thus h,(<?) is a Csdszar order on M.
ii) Suppose that x h,(<t) y; take a,b € L such that
h(z) < a <* band h.(b) < y.

Since <i” is symmetric, it then follows that b* <t* a* and hence we have y* < (h.(b))*
and a* < (h(x))*, then h.(a*) < h,(h(x)*). This implies that

h(y)* <b* < a* and h.(a)* < 2*.
Therefore y* h.(<t) z*.
iii) Suppose that <t C <t and let x h, (<) y. Take a,b € L such that
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h(z) <a <f b, h(b) <.
Since <t C <1, we must have that a <% b, so that
h(z) <a < b, ha(b) <,
from which it follows that
z ha(<3) v,
that is, h.(<F) C h.(<b).
iv) Suppose # <1¥ y. Since h is onto, we have that
hha(z) hhy(<2) hh.(y)

so that

h(hi(z)) <z < yand h.(y) < h.(y).

Therefore h,(x) h.(<%) h.(y). Conversely, suppose h.(z) h.(<%) h.(y). Take u,v € L
such that
h(ho(z) < u <* vand h,(v) < hy(y).

But x < hh,(z) and h.(v) < h.(y) = v <y, hence it follows that z < u <Fv <.

Since <1, is a Csdszar order we therefore have that x < y. a

Dense onto frame homomorphisms reflect symmetric and strong orders in Csaszar frames

(see [13]) in the sense that

Lemma 1.3.9. Let h: M — L be an onto frame homomorphism and <* a meet-sublattice
of L x L. Then h.(<") is a meet-sublattice of M x M.

Proof:

Given any u, v, w € M, suppose that u h,(<*) v and u h,(<*) w. We claim that u h.(<%) (vA
w). By Theorem 1.3.8, there exist a,b,c,d € L such that
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h(u) < a<a®b, h.(b) <vand h(a) <c <Vd, h.(d) <w.
Since <* is a meet-sublattice, it follows from the properties of <1* that
h(u) < (anc) < (bAd) and h.(b) A ho(d) = he(bAd) < v Aw.

It follows from C'Oj3 of Definition 1.3.1 that u h,(<") (v A w). O

Given a Csdszdr frame (L, £), following the notation introduced in Section 3.1 above, we set
L* = {(ep).(<l) | < € L} for ¢, : txL — L. To get to a Csdszar frame completion, we
start with the following result. We recall that admissibility in a frame L means that if L is

a frame and £ a family of Csdszar orders on L, then for any a € L we have
a:\/{xEL|x<ga}.

In the next result, we show how to induce a Csdaszar order on the codomain, and also that
an onto frame homomorphism preserves symmetric Csdszdr orders, and that frame homo-

morphisms are monotone on Csdszar orders.

Theorem 1.3.10. Given a frame homomorphism h : M — L from a Csaszar frame (M, <™)
to a frame L, define h(<™) on L. Then the following hold:

i) (L, h(<M)) is a Csaszar frame.

ii) If h is onto and (M, <™) is symmetric, then (L, h(<M)) is symmetric.
iii) For Csaszar orders < and <} on M, if <} C <3, then h(<) C h(<dh).
iv) If v <My, then h(z) h(<™) h(y).

v) If h is onto and <" is a Csaszar order on L, then <* = hh,(<%).
Proof:

i) We shall verify the three axioms of Csdszdr order for h(<1) on L.

COy): 0p = h(0p), Opr <™ 0y and h(0p) = 0p, therefore 0y h(<t™) 0r. Similarly,

er = hlen), e <M ey and h(ey) = ey, therefore e h(<™) e;.
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COy) : Suppose that z h(<M) y. Take u, v € M such that
r < ha), v <M vand h(v) <y.

Since u <M v implies that u < v in M, it then follows that x < h(u) < h(v) < y.

Therefore x < y as desired.

COs3) : Suppose that z < w h(<™) v < yin L. Take s, t € M such that
u < h(s), s <™ tand h(t) < wv.
Then we have
v < u< h(s), s <M tand h(t) < v< y.
Therefore  h(<t™) y. This shows that h(<iys) is a Csaszar order.
ii) Suppose that = h(<t™) y and take u, v € M such that
r < h(u), u < vand h(v) < y
Then we have that
y* < h()* = h(vY), v* <M u* andh(u)* = h(u*) < 2%
Therefore y* h(<™) z*.
iii) Suppose that <M C <} in M and let x h(<}?) y. Take u, v € M such that

r < h(u), u < vand h(v) < y.

It then follows that
v < h(u), u < vandh(v) < .

Therefore z h(<}!) y.
iv) Suppose that z <™ y. This implies that x < y and hence h(z) < h(y). We have that

h(z) < hy), x <™ yand h(y) < h(y).

Therefore h(z) h(<M) h(y).
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v) This will follows from the fact that for an onto frame homomorphism h : M — L, it
holds that h o h, = id, (see [12]) because then:

r <ty e xidy (<Y y

s x(hoh,) (<¥)y. O

Proposition 1.3.11. For a symmetric and strong Csaszar frame (L, L) and a dense onto

homomorphism h : M — L, the Csaszar frame (M, h.(L)) is symmetric and strong, where
ho(L) = {h. (<) | <" € L}

Proof:

Since h dense and <1” is symmetric on L, from Theorem 1.3.8(ii) it follows that h,(<”) is
also symmetric on M. To see that h,(<%) is strong, suppose that z h.(<%) y for z,y € M
and <t € £. From Theorem 1.3.10 (iv) it follows that

h(z) h(h.(<a")) h(y).

By Theorem 1.3.10 (v) we have that h(z) <® h(y). Since <” is strong, there exists h(z) € L
such that

h(x) <* h(z) <* h(y).
According to Theorem 1.3.8(iv) it follows that
ha(h(x)) ha(<") h(h(2)) he(2") ha(B(y))

and thus
z h (<) z ho(<F)y.

This proves that h, (<) is strong. 0

Definition 1.3.12 ([12]). If <™ is a Csaszar order on M, we say an element w € M is

<M _small if whenever u <M v then eitherw < u* orw < w.

Remark 1.3.13
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i) If s, t € M are <M-small, then s At and sV t are <M-small: For, if u <™ v then
s < wu*ors <wso that together witht < uw* ort < v we find that sAt < u* or

s At < v. A similar argument establishes the <t-smallness of s V t.

ii) Another notion of smallness that we know of is called u-smallness in the paper [29] of
Picado and Pultr. In their case, “smallness” was used in relation to covers in quasi-

uniformities.

Given a poset (L, <), we call a subset D of L a downset if, whenever v € D and u € L with
u < v, then u € D. Equivalently, a subset D of a frame (or a semi-lattice) M is a downset
if for each v € D, it holds that

lu={vel|v<u} CD.

Notation 1.3.14. If <™ is a Csdszar order on M, we will denote by Bom the <™ -small
set

B = {ue€M|uis < —small}.

In consequence, B_u denotes the set of elements that are <M_small (with respect to the

Csdszar order <t on M).

In the following result [12], we show that a <-small set is a downset.

Lemma 1.3.15. For Csaszar orders <™ and <* on M, we have:

i) Bow is a downset.

ii) [fQM - <]M, then Bqé\/l - B<]IM.

[e)

Proof:

i) Suppose that v € Bow and u € M such that u < v. To see that u € B u, we assume
that for some w, w < z and note that v < w* or v < z which then give rise to u < w*

oru < zso that uis <™-small.
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ii)

Suppose that w € B, that is w is “small” with respect to the Csaszar order <M and
let . <™ v. By hypothesis we find that « < v and thus w < w* or w < v, which

proves that w is small with respect to the Csdszar order <™ as was to be shown. O

We now show that the right adjoint of a frame homomorphism “preserves” <i-smallness. See
also [12].

Theorem 1.3.16. For a frame homomorphism h : M — (L, <), it holds that:

i)
ii)

iii)

If h is a dense homomorphism, then h.(Bor) C By, (qr).
If h is an onto homomorphism, then By (qry < ho(Bqr).

If h a dense onto homomorphism, then h(By, qy) = Bar.

Proof:

i)

ii)

Suppose that a h,(<%) b, for a, b € M. By definition of h.(<t), there are ¢, d € L
such that
h(a) < ¢ <* dand h,(d) < b.

Let s € Bor. Then s is <t’-small and then we have that s < c¢* or s < d. If
h.(s) ANa # 0, then
hh.(s) AN h(a) # 0 and h(a) < c.

But hh.(s) <

that h.(s) < hi(c) = (h(c))* and h.(s) < h.(d), respectively. Therefore
h.(s) < h.(c))* or h.(s) < h.(d). This implies that h,(s) is h.(<t*)-small and thus
h.(s) € By, (qry. Then s € h(B),, (4zy) and it then follows that

s, so we must have s Ac¢ # 0. Now s < ¢* and s < d imply

Bar © h(Bp.(ar))-

Therefore our desired result, namely h.(B4.) C B, (41, follows.
Suppose that a <* b. We then have h,(a) h.(<%) h.(b). Let s € By, (4z), so that then
s < hy(a*)ors < h(b).
If h(s) Na # 0 then
hih(s) A hi(a) = sAha) # 0.
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But then s < h,.(a)* and h(s) < bimply that h(s) < a* or h(s) < b. Respectively,
from which it follows that A(s) is <z -small and hence h(s) € Br. Since h is onto, it
follows that s € h.(B4z) which then implies that

Bh*(qL) C h, (BQL).

Therefore By, (qzy < h.(Bar).

iii) From (i) and (ii) have that h,(Bg,) = By, (qr). Since h is onto then hh, = id,
therefore it holds that hh.(Bqr) = Bar = h(Bj, (q1))- O

Concluding Remark. In the next chapter, we will look at the role of Csdszdr orders on
proximal Csaszar frames, and <-smallness will feature in the discussion on Cauchy filters

and uniform homomorphisms.
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Chapter 2
Proximal Csaszar Frames

In this chapter, we introduce and study properties of proximal Csdszdr frames, regular

(Cauchy) filters, uniform and Cauchy homomorphisms on these frames and related filters.

2.1 Introduction

The concept of a proximal frame comes out of that of a proximity structure. One of the
earliest treatment of proximity spaces that has shaped our approach is that of Dowker in [15]
in the definition below. We will show that Csdszdr orders on proximal frames are symmetric

and strong.

Definition 2.1.1. A proxzimity structure on a set X is a relation < C P(X) x P(X) which

satisfies the following:

P If A< B, then A C B;
P, IfACB<CCD,then A<D,

P; Given that i € {1; 2; 3; ...; n}:
i) f A < B;,then A < (), B;;
P, If A <, there exists a B such that A < B < C.
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Motivating example 2.1.2. Recall that a frame is completely reqular if for u in a frame

L, we have
u = \/{v|v—<—<u},
where v << u means there is a system

{a. |reQn[0,1]}

satisfying ap = v, a; = u and a,, < a,, whenever n; < ns. Now, the relation << satisfies

the following properties in the frame (M, <):

i) fu << v, thenu < v;

i) Ifu < v=<< w < t, thenu << t;

iii) f u << wandv << w, thenu V v << w;
iv) fu << vand u << w, then u << v A w;

v) If u << v, then v* << u*.

Proof:

i) Suppose u << v. With u = ¢y and v = ¢ it easily follows from the definition that

u < v. Now u* V v = e implies that
u=uNe=uNwVov)=(uAu)VuAu) =0V (uAv)=uAv
from which v < v follows.

ii) Suppose u < v << w < t. It follows from i) that v < wthat u < v < w < ¢
so that u < t. By definition find a system {a, | r € QN [0, 1]} such that

u=uv =a, w =1t = a and ay < ay.
Therefore u << t.

iii) Suppose u << vand v << w. Find {a, | 7 € QN [0,1]} and {¢s | s € QN [0, 1]}
such that

ag = u, cg=v, anda; = w = cy.

Putting dy = ag N\ cg = u A v, it is immediate that © V v << w.
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iv) Suppose u << v and u << w. We find {a, | r € QN [0,1]} and {¢s | s € QN [0, 1]}
such that

ay = u = ¢y, a1 = vandc = w.
Then dy =agVecg=uwand diy =a; Ve, =ovVwensures that u << v A w.
v) Suppose u << v. We find {a, | r € QN [0,1]} such that aqy = w and a; = v. Then

bp = v*, by = u* and v* < u* imply v* << u* as desired. O

Definition 2.1.3. Let L be a frame, then a binary relation <1 on L is a strong inclusion if

it satisfies the following properties:

SILi - Ifx < a<b < y, thenz <y

S1y : < is a sublattice of L x L

Sl; : Ifa < b,thena < b

Sly : Ifa < b, thena < ¢ < b for some c € L
Sl : If a < b, then b* < a*

Slg : Foreachae Lya=\/{zr €L |z < a}

As far as we are aware, proximal frames were introduced by Frith in [18] and it is easily seen

that there is a relationship between the above two definitions and this one.

Definition 2.1.4([18]). A prozimal frame is a pair (M, <) where M is a frame and < is a

relation on M satisfying the following:

PF, : 0<0and e <X e;

PF, : If u X v, then u < v;

PF; : Ifu<ov=<s<w, then u X w;
PFy : (i) If u; X v for i € {1;2;3;...;n}, then \/, u; X v;

(i) If w X vy, for ¢ € {1;2;3;...;n}, then u X A, v;;
PF5: If u X w, there exists a v € M such that u <X v X w;
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PFg : If u X v, then v* X u*;
PF; : For each v € M, it holds that v = \/{u € M | u < v}.

The above relation < is said to be a prozimal relation.

Example 2.1.5. If (M, <) is a frame, then the relation < on M defined by
u X vifandonlyifu <w

is proximal, making (M, <) a proximal frame. a

Definition 2.1.6 ([13]). Let (M, M) be a Csdszar frame

i) The frame M is said to be a reqular Csaszar frame if every < € M is coarser than

<, ie. aM C <if u <M v implies that u < wv.

ii) The frame M is said to be a prozimal Csaszar frame if < is strong, symmetric and

regular for all <™ € M.

iii) The frame M is said to be uniform if it is proximal and every member of M is a

meet-complete sublattice of M x M.

The following result is immediate from the definition of a proximal Csaszdr frame.

Lemma 2.1.7. If (L,=X) is a prozimal frame, then L is a reqular frame. O

For the rest of this chapter, unless stated otherwise, we will assume all frames to be proximal

Csdszar frames.

Theorem 2.1.8 ([13]). For a proximal Csaszar frame (L, L) we have that for all <* € L:
i) < is a symmetric order.
ii) <% is strong order.
iii) < is a sub-lattice of L x L.
Proof:
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i)

ii)

iii)

Suppose that a <1z b for a,b € L. This implies that a <* b for any <* € L. L is a

proximal frame, then if follows that each <t* is symmetric, hence we have b* <% a*.

Thus b* <1 a*.

Suppose that a <1z b for a,b € L. Then a <% b for any <t € £. The fact that
L is a proximal frame ensures that <1” is strong, hence there exists ¢ € L such that

a <* ¢ <* b. Therefore we have a <, ¢ <, b.

Suppose that + <1 y and v < z for x,y,2 € L. Then x <* y and x <% y for any
<t € L. Since L is up-directed, there is <t € £ such that z <% y and 2 <% 2. But

<% is a meet-sublattice hence we will have x <1l y A z and therefore z <1z y A z.

On the other hand, if y <1 x and z <1 x. Since < is strong, we have that y <, a <, x
and z <g b <y x for a,b € L. The fact that <z C< implies that there are ¢,d € L
such that

y g a < ¢ <grxandz <z b < d <, «x

It then follows that (y V z) <z (@ V b) < ¢ V d < x. Therefore we have

(y V2) <z (a V)™

< (c Vv d)
< T
Therefore we have (y V z) <, x as it was to be shown. O

2.2 Filters on proximal Csdszar Frames

In this section, we study regular Cauchy filters in proximal Csdszar Frames and show,

amongst few results, that;

i) regular Cauchy filters are minimal Cauchy

ii) Cauchy filters are preserved by the right adjoints of uniform homomorphisms

iii) surjections preserve regular Cauchy filters
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iv) the round filters (as in Bezanishvili [9]) are precisely those filters that are completely

prime.

Definition In a frame M, we say that FF C M is a filter if the following three conditions

are satisfied:

i) F 0,
i) if u, v € F thenu A v € F, and

iii) f w < vand u € F thenwv € F.

Recall that in Chapter 1 (Notation 1.3.14), we denoted by Bn the set of elements in Csdszdr
frame M which are “small” with respect to some <1 in a Csdszdar order M on M, which is
needed in the definition below (see [13]).

Definition 2.2.1. A filter F' on a frame (L, £) is said to be:
i) A regular filter if for all a € F, there exists b € F such that b <* a for < € L.
i) A Cauchy filter if and only if for any <* € £, it holds that F'N Bz # (.

ii) A regular Cauchy filter if whenever F' is a Cauchy filter and v € F', then there exists
u € F with u <% v, for some < € L.

In what follows, we prove standard and well-known results of (regular) Cauchy filters (see
also [21]).

Proposition 2.2.2. Let (L, L) be a Csaszir frame and F a filter on L. Then:

i) If F is a Cauchy filter, then for any a < b, either b € F or a* € F.
i) If F is a reqular Cauchy filter, then F is a minimal Cauchy filter.

iii) A regular Cauchy filter is a reqular filter.

Proof:
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i) Let I be a Cauchy filter and a <% b. Tt follows by C'O, in definition 1.3.1 that a
F being Cauchy implies that F N By # (). Take u € F N B such that u
or u < b. We then have that a* € Forbe F.

< b.
< a

ii) Let F be a regular Cauchy filter. The regularity of F' ensures that for any a € F, there
exists b € F such that b <% a. If G is another Cauchy filter on M with G C F, then
we will have that b* € G or a € G. Suppose that b* € G, then we will have b* € F
and thus ) = b* A b € F which is a contradiction, hence we must have a € G. This
implies that FF C G

iii) This follows immediately from the fact that for every regular Cauchy filter F', a € F
implies that there is b € F such that b <” a. O

Our next result shows that surjections preserve regular Cauchy filters.

Proposition 2.2.3. If a frame homomorphism h : M — L is a surjection and F' is a reqular
Cauchy filter on M, then h(F) is a regular Cauchy filter on L.

Proof:

Since h is a surjection, it is dense and onto and therefore h(F') is a filter base. Let x € h(F)
and suppose x < y. There exists s € F' such that h(s) = x and so h(s) < y. It then
follows that h.(h(s)) < h.(y) which implies that s < h,(y) since h is onto. Therefore
y € h(F) and hence h(F) is a filter. To see that h(F') is a regular Cauchy filter, suppose
p <t gin L. It then follows from Theorem 1.3.8 that

h.(p) hye (<) h.(q) in M.

F'is Cauchy, hence h,(p)* € F or h.(q) € F. This implies that
h(h«(p)*) € h(F) or h(h.(q)) € h(F).

Since h is onto we have p* € h(F) or ¢ € h(F'). O

Turning to prime filters, we recall ([20]) that a filter F' is prime if a V b € F implies a € F
or b € F, and it is completely prime if for S C L, \/ S € F implies SN F # ().
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Definition 2.2.4. We say a filter F' in a frame L is convergent if for any cover T' of L we
have F AT # 0.

Proposition 2.2.5. A reqular filter on a frame M is convergent if and only if it is com-

pletely prime.

Proof:
=: If F'is a regular filter, we take \/ S € F and pick u € F satisfying u < \/S. Then
Fn(SuU{z*}) # 0. Since F C M is proper, it follows that F N .S # (.

<: We take a regular filter F' that is a completely prime. Since \/ S = e € F ensures that
FnNS # 0, it follows that F' converges. O

Remark 2.2.6. Note that completely prime filters are also important in the sense that
there is a bijective correspondence between points of a locale and completely prime filters.
Suppose p : L — 2 is a point. We set F' = p~1(1). To see that u Av € F for any u,v € F,
note that

uwveF<pu) =1 = p) ©plunv) =1 < uAveF.
On the other hand, if \/ .S € F', then

p\/$)=1 = \pls)=1

seS
= p(s)=1, for somese€ S
= SNEF#0,

making F' completely prime. In the opposite direction, if F'is a completely prime filter, then
the mapping p : F' — 2 defined by p(u) = 1 for v € F and p(u) = 0 for u € M — F defines
a point. O

Completely prime filters also relate to round filters (in the sense of Bezhanishvili ([9]). First,

given a compact regular frame L and a subset S of L, we define
tS={ueL|u=<s for someseS}

and

TS={uelL|s=<u forsomesecS}
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An ideal I in L is said to be round if I =+ I and a filter F is said to be round if F =1 F.
Here is the relationship (see [9]):

Theorem 2.2.7. For a compact reqular frame L and a filter F' of L, these are equivalent.

i) F' is a completely prime filter.
ii) F is a round prime filter.
iii) F'= G, for some prime filter G.

iv) F is a meet-prime element of the lattice of round filters of L ordered by set inclusion
C.

Proof

i) = ii) : Suppose that F' is a completely prime filter in L and so primeness is trivial. To see
that it is also round, we take u € F' and note that compact regularity of L ensures

that
u:\/{UEL|v—<u}.

It then follows from complete primeness of F' that v < u, for some v € F.

ii) = iii) : Suppose F is a round prime filter. Then ' = T F and hence for each a € F there
exists b € F' with b < a. If GG is another prime filter on L, then it is minimal since L
is regular compact. Thus G C F. But b < a implies b* € G or a € G: If b* € G, then
b* ANbe G. But G C F, hence b* ANb € F. We know that b* Ab =0 and that 0 & F
which will contradict the fact that b* A b € F. Therefore b* ¢ G and this implies that
a € (G. This shows that F' C G and therefore G = F.

iii) = iv) : In a lattice of round filters, meet is given by intersection. Suppose that H and K are
round filters such that H ¢ F and K ¢ F, thus there are u € H — F and v € K — F.
Since H and K are round filters, there are w, € H and w, € K such that w, < u
and w, < v, so that w, ¢ G and w, ¢ G. But G is prime, so w, V w, ¢ G; it then
follows from w, V w, < u Vv that u Vv ¢ F. Since uVv € HN K, we must have that
HNKCF.
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iv) = 1) : We assume \/ S € F. By hypothesis F' is round, so there is a u € F satisfying
u < \/ S, and so by the familiar property u*V (\/S) = e. Since L is compact, let us
find {u; € S |1 <i<n} such that

wVu V...Vu, = e.

Since L is regular, we know that each u; satisfies
wi = \/{vj, | v, < w},
so compactness of L ensures that
uw Vo, VeV, =e,
for some vj, < u;. Therefore, we have
u<vj V...V sothat v;, V... Vv, €F.

Thus,
to,n...ntu, =T(,v---vuy,) C F

By assumption F' is meet prime in the lattice of round filters, so T v;, € F' for some

vj,, giving some u; € F'. This completes the proof that F'is completely prime. a

2.3 Homomorphisms on proximal Csdszar frames

In this section, we study properties of frame homomorphisms between proximal Csdszar
frames and show that the category of proximal Csdszdr frames and uniform homomorphisms

exist; in particular, we show that:

i) on these frames, dense onto homomorphisms are uniform;
ii) the right adjoint of a uniform homomorphism reflects Cauchy filters;

iii) uniform homomorphisms and surjections between these frames are Cauchy.

Definition 2.3.1 ([10]). A prozimity morphism between proximal frames is a map f :

(M, =) — (L, =) satisfying the following axioms:
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i) f(0)=0and f(1) = 1.
ii) flanb) = fla) A f(b).
111) If aq "QM b1 and (45} "4]\/] b27 then f(CLl V (lQ) éL f(bl) V f(bg)

iv) f(b) = V{f(a) : a 2y b}.

The category UCsFrm of uniform Csaszdr frames and uniform homomorphisms arises as fol-
lows. But we need the concept of a uniform homomorphism first. The definition of Csdszar
smallness is related to uniform homomorphisms between uniform Csaszar frames as follows
(from [12]):

Definition 2.3.2. Given uniform Csdaszdr frames (L, £) and (M, M), we say a frame homo-
morphism h : M — L is a uniform homomorphism if whenever <™ € M, then there exits
a <t € £ such that Bor € h(Boum).

Now the following arise:

Lemma 2.3.3. The composition of uniform frame homomorphism is again a uniform ho-

momorphism.

Proof:

We start with two uniform frame homomorphisms f : (N, N) — (M, M) and g : (M, M) —
(L, L), and take a << € N. There is a < € M such that

Bow C f(Ban).
But for this <™ there is a <t € £ such that
Boo © g(Baw).
Combining the two relations, we find that
Bar Cg(f(Bav)) = (g0 f)(Bav),

showing that g o f is a uniform homomorphism. a
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Theorem 2.3.4. Any dense onto continuous homomorphism h : (M, M) — (L, L) between

proximal Csaszar frames is a uniform homomorphism.

Proof:

Suppose that z <M y for <M € M. Since M is a proximal Csdszar frame, there exists a
¢ € M such that v <™ ¢ <™ y. By continuity of h, it follows that for each <™ € M
there is a < € L such that h(<™) C <*. Then we have Bz C Bjqu). Now suppose

a € Bpqmy and s <M t. Since M is a proximal frame, it follows that s <™ r <™ ¢ for
r € M. Then
h(s) h(<™) h(r) h(<™) h(t).

For a € By, we will have
a < (h(s))* ora < h(r).
Since h is dense, then
hie(a) Ns = 0or hy(a) < t.

Therefore h,(a) € Bom and it then follows that h,(Bjqay) € Baw and thus Byquy C

h(B4wm). Hence h is uniform. O

Remark 2.3.5. Proximal Csaszar frames are Csdszar frames; in particular, uniform frame
homomorphisms on proximal Csdszar frames are accordingly uniform on Csdszar frames.

Thus, the above result is equally true in the setting of Csdszdr frames. Please refer to [16].

The right adjoint of a uniform homomorphism preserves Cauchy filters [12] in the following

sense

Proposition 2.3.6. If h: (M, M) — (L, L) is a uniform homomorphism, where M and L
are proximal Csaszar frames with <M € M and <* € L, respectively, and G a Cauchy filter
on L, then h,(G) is a Cauchy filter on M.

Proof:

Suppose G is a Cauchy filter on L. Then GNB_. # 0 for all <* € L. Since h is uniform,
we have B C h(Bou), for all [hd™ € M, which then give rise to h,(B..) € Bom. To
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see that h.(G) is a Cauchy filter, take a € GN B r. Then
hi(a) € ho(GNBor) € h*(G)Nh(Bar).
But h.(B4r) C Bwm, hence h,(a) € Bow and therefore
he(a) € he(G) N Bwm.

Thus h.(G) is a Cauchy filter in M. O

Definition 2.3.7. A frame homomorphism h : M — L between Csaszdar frames is a Cauchy

frame homomorphism if for any regular Cauchy filter F' in L, there exists a regular Cauchy
filter G in M such that G C h,(F).

Remark 2.3.8. Given two Cauchy homomorphisms h : M — L and g : L — K between
Csaszar frames, let F' be a regular filter on K. Pick a regular Cauchy filter G on L such
that G C g.(F'). There is also a regular Cauchy filter H on M such that H C h,(G). Since
(goh). = hyog,, it follows that H C (goh).(F'). We therefore have the category of proximal

Csaszar frames and Cauchy homomorphisms, which we will denote by PCsFrm.

In the following result [13], we show the relationship between uniform and Cauchy homo-

morphisms. To wit, it follows from Lemma 2.3.3 that UCsFrm C PCsFrm.

Theorem 2.3.9. Every uniform homomorphism h : (M, M) — (L, L) between proximal

Csaszar frames is a Cauchy homomorphism.

Proof.

Let F' and G be regular Cauchy filters in L and M, respectively. Since h is uniform, we
have that h.(F') is a regular Cauchy filter in M. But G is a minimal Cauchy filter and thus
G C h,(F). Therefore h is a Cauchy homomorphism. O

Observation 2.3.10.

i) Since dense onto continuous homomorphisms, it follows that every dense onto contin-

uous homomorphism between proximal Csaszar frames is a Cauchy homomorphism.
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ii) Every surjection is a Cauchy homomorphism.
Proof:

i) A dense onto continuous homomorphism h : M — L is a uniform homomorphism and
we have have that every uniform homomorphism between proximal Csdszar frames is

a Cauchy homomorphism.
ii) We know that if <™ € M and h is a surjection then h(h.(<¥)) = <% such that

h(<M) C <%. Thus h is continuous and hence a Cauchy homomorphism. O

Concluding Remarks: Cauchy homomorphisms and their properties will be used in con-
structing coreflective subcategories of Csdszdr frames in the last three sections of the next

chapter.
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Chapter 3

Completion Properties of Csaszar

Frames

In the first section, we look at some concepts and results on nearness frames that is needed
in constructing completions of three Csaszar frames in the following sections. The concept of
a strict extension is introduced in accordance with Apfel’s “Hong’s construction” in [2]. We
then go on to look into some properties of completions of Csdszdr frames and construct their
Cauchy completions according to Chung in [12]. In this chapter, unless otherwise stated, all
frames are Csaszar frames. To avoid confusion with the relation <1, we will use superscripts

on the relations we encounter here to emphasise the Csdszar orders we are working with.

3.1 The role of filters in completion of frames

The importance of filters in topology in general is well-known. They have been studied in
their own right and have also been used to construct extensions and completions related to
mathematical structures. We know cases where mathematical structure of graduate studies,

for instance [2] and [26].

Recall [8] that a nearness structure on a frame L is a collection N C Cov(L) satisfying:

i) N is non-empty upset, (that is if @ € N and a < b then b € N), in (Cov(L), <) such
that for any C, D € N,

CAD = {cNd|ceC,de D} eN.
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ii) For any u € L, we have

u = \/{UEL,v<lu}7

where v <t u means that there is C' € N with Cv < u and the C-star of v is defined by

Cv = \/{wGL|w/\v7éO}.

The pair (L, N) is then called a nearness frame. A frame homomorphism h : (M, M) —
(L,N) is said to be uniform if for any U € M, it holds that h(U) € N; it is said to be a
surjection if it is onto and for any V € N, then h,(V) is a cover of M and {h.(V) |V € N'}
generates the filter M.

A nearness frame (L, N) is complete if any dense surjection h : M — L is an isomorphism;

and it is Cauchy complete if every regular Cauchy filter in (L, N) is completely prime.

We will say that a filter F' in a frame L is convergent if for every cover U of L, it holds that
FNU # 0, We observe (see for instance, [20]) that:

i) Every completely prime filter is convergent: For, suppose F' is a completely prime.

Then \/U = e € F, we have that C N F # (). Thus F is convergent.

ii) A filter containing a convergent filter is convergent, since if F’ is a convergent filter and
G another filter with F' C @, then for a cover U of L, we have that F N U # (). Now
if GNU = 0 were true, then (since F' C @) it would mean that FNU C GNU # 0,

which is a contradiction to the convergence of F'. Therefore we must have G N U # {).

iii) A filter containing a completely prime filter is convergent. Let F' C G where F' is
a completely prime filter. Then F' is convergent by (i) and so the convergence of G

follows from (ii). O

In nearness frames (see for instance, [21]), completely prime filters are regular Cauchy in the

following sense

Proposition 3.1.1:

i) Every completely prime filter on a nearness frame is a reqular Cauchy filter.
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ii)

A nearness frame (L, N') is Cauchy complete if and only if every reqular Cauchy filter
on (L,N') is convergent.

Proof:

i)

ii)

Take a completely prime filter F' in a nearness frame (L, N'). It follows then that any
subset U C L satisfying \/ U € F, it holds that UN F # (; that is F' is a Cauchy filter.
Now, suppose that v € F and pick u € L satisfying v <u. By COs) in Definition 1.3.1
it holds that v < u. But F' is a filter, so it follows that u € F', which proves that F is
a regular Cauchy filter.

Suppose (L,N) is a Cauchy complete nearness frame and take F' to be a regular
Cauchy filer in L. Then, by definition of this frame L, every regular Cauchy filter in
L is a completely prime filter, so F' is completely prime. By definition again, every

completely prime filter is convergent, and so does F'. O

For the reverse implication, we assume that every regular Cauchy filter in the near-
ness frame (L, N) is convergent. Then it immediately follows that (L, ') is Cauchy

complete.

Filters play a crucial role in completion of frames, especially in the uniform and nearness

Cauchy completions. See for example, Banaschewski and Pultr in [8]. In what follows, we

will follow Apfel and refer to construction of strict extensions as “Hong’s Construction” be-

cause indeed the idea came from him in [20].

Let L be a frame, and let X be the set of filters on L. We set

SXL:{(a,Z)gLXP(X)\aEF,FEZ}

We then define ¢y, : sxL — L, (a, ) + a, that is, it is the restriction of the first projection

map 7 : L X P(X) — L. Then ¢y, is obviously a frame homomorphism. Denoting by (cr).
the right adjoint of ¢y, we find that

(cr)e(a) = \/{a,Y }=(a,) ), where ={FeS|acF}.

42



We denote by tx L the subframe of sxL that is generated by (cr).(L), and set ¢, = t,

that is ¢ the restriction of s to tx L.

By definition ¢ is strict, that is, ¢.(L) generates txL, and for any a € L we find that

(tocp,)(a) =t(a, X,) = a so that t is onto; moreover, it is a strict extension.

In the setting of nearness frames, tx L with the associated induced nearness structure is
known to be a complete nearness frame as well, and the map ¢y, : ¢L — L is also a dense
surjection. Moreover, it is Cauchy complete and so ¢y, : ¢ — L is the Cauchy completion of
L. See details in [21]. We conclude this section by a related result in strong nearness frames
which we will need in the construction of a Cauchy Completion of a Csaszar frame. First,

we recall that a nearness frame (L, N) is said to be strong if whenever U € N, the set
U={uecL]|u<wvfor someve U}

also belong to N

Theorem 3.1.2. If (L, N) is a strong nearness frame and
F° = {xeL|ly<x for somey € F}

for any filter F' in L, then the following hold:

i) If F' is a Cauchy filter, then F* is a regular Cauchy filter.
ii) F' is a regular Cauchy filter if and only if it is a minimal Cauchy filter.
iii) If F'is a Cauchy filter, then F° is the unique regular Cauchy filter contained in F.

iv) (L,N) is Cauchy complete if and only if every Cauchy filter is convergent.
Proof:

i) Let (L,N) be a strong nearness frame. Then for U € N, by definition

U={uecL]|u<wvfor someve U}
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ii)

iii)

iv)

Now, if F' is a Cauchy filter in (L, N), then we must have that F NU # (). So, there is
some element u € FNU, so that then there exists v € U such that « <1v, which proves
that v € F°. Therefore F° N U # (); thus F° is a Cauchy filter.

Since F°NU # 0, take any u € F° N U. This implies that u € F° and u € U. Then
there is v € F' such that v <t u. This shows that F° is regular.
= We refer to Proposition 2.2.2(ii).

<« Conversely, suppose that F' is a minimal Cauchy filter. By (i) above, we know that
F* is a Cauchy filter, so we need only show that F° C F. Take x € F°, so that a <z
for some a € F. From the fact that << C< (Definition 2.1.7 (i)), we know that a < z,
and so a < x, which means that x € F because a € F. So F° C F.

Suppose F' and G are Cauchy filters with G C F°. We know that for any a € F°,
there exists b € F' with b <a. Since G is also a Cauchy filter, we have b* € G or a € G.
Since G C F° C F, b* € GG, thus a € G. This implies that F° is minimal Cauchy filter
and hence a regular Cauchy filter. Therefore F° C G which implies that F° C G.

(=): Suppose (L, N') is Cauchy complete. This implies that every regular Cauchy filter

is a completely prime filter. We know that a completely prime filter is convergent.

(«<): Suppose every Cauchy filter in (L, ') is convergent. Then it follows immediate
that (L, N) is Cauchy complete. O

3.2 Completion Properties of Csdszar frames

Unless stated otherwise, the results of this section are taken from Chung’s treatise in
[12].

Proposition 3.2.1.

For any Csaszar frame (L, L), the pair (txL,L*) is a Csaszar frame.

Proof:

By Theorem 1.3.8 (i), we know that £* is a Csdszdr order on tx L. We begin by showing
that £* is admissible, namely that for every A C L, it holds that
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(VA) =VIVB.X) [ (VB,&) A" (VA )}

Since ¢y (z,)_,) = a, we must have

VAlen)s(u) [ue Ay = (V A, 22,)-

We also have that if v <*X” «, then

(cp)e(v) < (er)u(u),

which reduces to having to show that
(cr)«(u) = V{(cp)«(v) | v <!xEu}, for each u € L.

Note that
LS o< u} C S,
Now if F' € S, then (F being regular) there is a v € F such that v <* u, so that then
Fel| J{S|va*tu} C8S,.

By Definition 1.3.3 (C'Sy), we must have that <L is a meet-sublattice of tx L X tx L.

It remains to show that (tx L, L£*) is regular. To this end, we assume that (u,S,) <

(v,8p). Then, by Definition 1.3.7 (ii), there are z, y € L for which
(u,S,) < = <¥ yand(cr).(y) < (v,8).

But (L, £) is regular, and u <ty (from u < x<ly) implies that u < y, sou*Vy =e. On
the other hand, F'is a regular Cauchy filter so that either u* € F or v € F'; therefore

(L)« (u") V (cr)s(v) = (e, X).
Now

(u,Su)"
= (4, 8)"V (v,S0) = (cr)(u’) V(er)(v) = e

V
—
)
h
N
*
—
IS
*
~—

and so

which shows that

(u, Su) < (v,8,)- O
Proposition 3.2.2. Let (L, L) be Csaszar frame. Then we have the following:
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i)
ii)

cr: (txL,L*) — (L, L) is a Cauchy homomorphism.

For any regular Cauchy filter G on (tx L, L*), c.(G) is a reqular Cauchy filter on
(L, L).

Proof:

i)

ii)

Suppose F' is a regular Cauchy filter in a Csaszar frame (L, £) and set
G={u€etxL|v<ufor some v € (cr).(F)}.

G is a filter: From the fact that the right adjoint of ¢y, (c1)., preserves finite
meets, it follows that G is a filter in (tx L, £*).

We claim that G C (¢1).(F): For, assume € G. Then there exists a v €
(cr)«(F) such that v < u. Since ¢, is onto. we must have that ¢z (v) € F. But
together with ¢z (v) < ¢z (u), this implies that ¢z (u) € F, and then u € (cp).(F)

as asserted.

G is Cauchy: We take any <** € £*. We must show that G N B_ixr # 0,
where B_iyr is the set of <t"*L-small elements. Then we find <t € £ such that
<txL = ¢p (<), From the fact that F is a Cauchy filter in L, we have FN B_. # ()
so that cp, (F)N ¢, Bar # 0. Tt follows that Bor N G # 0 since G C (cr)«(F)
and therefore G is a Cauchy filter on (tx L, L*).

To see that G is regular, let @ € G. Then there is z € F with ¢,(z) < a. Fisa
regular filter on (L, £), hence there is w € F such that w <% 2. It then follows
that c.(w)c.(<)c.(2) and hence c,(w) <* a. Therefore G is a regular filter on
(txL,L*).

Suppose G is a regular Cauchy filter on (txL,L*). Since ¢ is dense, then
G N By # 0, from Theorem 1.3.16(i). But ¢, is an onto dense homo-
morphism, hence it follows from Theorem 1.3.16(iii) that cy(B.,).(«z)) = Bar,
thus ¢, (G) N B4 # (. This shows that ¢ (G) is a Cauchy filter on (L, £).
Now, if y € G, then there is z € G and (c) * (<%) € £* for which z (cr) * (<) y
holds. It follows that cy(2) < cp(y) and thus cp(2) € cr(G) since cp, is onto.
This proves that ¢, (G) is indeed a regular filter on (L, £). O

Observation 3.2.3. The following are immediate:
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i) For a Csdszar frame (L, L), the homomorphism ¢, : (txL,L*) — (L,L) is an
isomorphism if and only if every filter in X is a Cauchy completely prime filter

in L.

i) A Csdszar frame (L, £) is Cauchy complete if and only if tx L. = {(a,>,) | a € L}.

Theorem 3.2.4. The Csiszar frame (tx L, L*) is Cauchy complete.

Proof:

Let F' be a regular Cauchy filter on (tx L, L*) and B a cover of tx L. Then

B ={(v,S,) | veV} for some V C L,

and we also know that

VB=(\VS)=(eX).

Since ¢, preserves regular Cauchy filters, we must have that cp(F) is also a regular
Cauchy filter in (L, £). From \/ B = (\V V,S,) = (e, X), it follows that S, = X, and
then ¢y (F) € S,; thus e (F)NV # 0. So, we pick u € ¢ (F)NV and find a v € F such
that v < (cg)«(u) implying that v < (cp).(u). Since F' is a filter, we must have that
(cr)«(u) € F which gives (cr)«(v) = (v, S,) € FNB # () showing that F is convergent,
so that (txL, L") is Cauchy complete. O

En route to the main result in this section, we recall the following concept. See, for
example, Herrlich ([19]) and Abdujabal ([1]) Given a category C, let B be a subcate-
gory of C. This means that there is an inclusion functor I : B — C. For any C-object
C, we call a B-object R together with a morphism r¢ : R — C a coreflection of C' in
B if for every morphism f: B — C, for B € Ob(B), factors uniquely through R, that
is, there exists a unique B-morphism f : B — Rsuch that f =rco f :

B

;

I

y

R C
rc
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Note that f is unique with respect to f and r¢, but (R, r¢) is determined up to iso-

morphism. Now, here is the main result of this section, namely

Theorem 3.2.5. The category CCCsFrm of Cauchy Complete Csaszar frames and
Cauchy homomorphisms is coreflective in the category CsFrm of Csaszar frames and

Cauchy homomorphisms.

Proof.

Given a Csdszdar frame (L, £), we know that its completion ¢y L is Cauchy complete
Csdaszar frame (Theorem 3.2.4) and then by Proposition 3.2.3(1), ¢, : (txL,L*) —
(L, £) is a Cauchy homomorphism. We take a Cauchy complete Csdaszdr frame (M, M)
and a Cauchy homomorphism h : (M, M) — (L, L). We want to construct a Cauchy
homomorphism A : (M, M) — (txL, £*) such that h = (¢g) o h:

(M, M)

(txL, L")

(L, £)

CcL

Following Dube et al [16], we use the notation ch for the map (¢M, M*) — (tx L, L")
defined by

ch(u,Sy,) = (h(u), U{Shw) | v <™ u}).

FACT 1: The map ch makes the following rectangle commutative:

CM Pt L

M L

This follows from the fact that, for any (u,S,) € (¢M, M*), we find that

(cro(ch))(u,Su) = crl(ch)(u,Su)]
= e (hw), | J{Shw | v <™ u})
= h(u)
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and
(hoen)(u, Su) = hlem(u, Su)] = h(u).

which shows that ¢z, o (ch) = hocyy.

FACT 2: The map ch : cM — txL is a Cauchy homomorphism. For, suppose that
H is a regular Cauchy filter in (tx L, L*). By proposition 3.2.3, we know that ¢y (H) is
a regular Cauchy filter in (L, £). By Cauchyness of h : (M, M) — (L, L), there exists
a regular Cauchy filter G in (M, M) for which

G C hyer(H)).

It remains to show that
(car)«(G) C (ch).(H).

If x € (cp)«(G) then = = (car)«(y) with y € G. There exists (by regularity of G) a
z € G such that z <M y. Since G C h.[cr(H)], we have h(G) C ¢, (H) and then
h(z) € ¢y (H). This implies that there is an element (v,S,) € H such that

h(z) C cp(v,S,) =v.
Acting (cr). on this equality , we have that

(cr)«(v) = (cr)«(h(2)) < (ch)[(cm)«(2)].

Now let F € Sy(,) be any filter in ty L. Since z <M y (and therefore z < y), we must
have h(z) < h(y) with h(z) € F, so that h(y) € F. The definition of ch ensures that

F el J{Sue |z y}
and so
(cL)«[h(2)] < (cr)<[h(y)] < (ch)[(em)«(2)].

Remember, (u,Sy) was taken from H and that H is an upset (as a filter), so we must

have that
(ch)[(ear)«(2)] € H or (car)s(2) € (ch) ™' (H),
which implies that
(ear)«(G) € (ch)™'(H),

as was to be shown. O
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3.3 Cauchy Complete Uniform Csaszar frames

In this section, we will show that the category CCUCsFrm of Cauchy complete uniform
Csaszar frames is coreflective in the category UCsFrm. The results leading to this
result are developed from the following definition, adopted from Chung ([12]). First,

if < and <% are Csdszar orders in (L, £), we will write

to mean that:

L

(o}

if u < w there exists v € L such that u < v <l w.

Definition 3.3.1. A Csdszar frame (L, £) is said to be a uniform Csaszar frame if

each of £ is symmetric and for any <% € £ there exists a <1 such that

Theorem 3.3.2. ([12]). For any uniform Csaszar frame (L, L), the pair (tx L, L*) is

a Cauchy complete uniform Csaszar frame.

Proof:

Suppose (L, £) is a uniform Csaszar frame. Then £ is symmetric and for any <* € £
if y <’ 2, then there is a w € £ with y <t w <% z. By Theorem 3.2.5, the pair

(txL, L") is Cauchy complete. We must now show that (tx L, £*) is a uniform Csdszar
frame. Suppose (cr).(y) (cr)«(<F) (cr)«(2) in (txL,L*). Then y <* 2 in (L, L) by

Theorem 1.3.10 (v), and then z* < y*, since <t” is symmetric. Thus it follows that
[(c)+(2)]" (cr)u(<®) [(er)< ()]
Therefore (cr).(<) is symmetric. Now, y <* 2z implies that

y <t w <t 2 for <F € £ andw € L.

Then we will have (c)«(y) (cr)«(<E) (cn)«(w)(cr)« (<L) (er).(2) since ¢z, is onto dense

o (¢}

(appealing to Theorem 1.3.8 (iv)). This completes the proof. O
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Definition 3.3.3 Let (L, £) and (M, M) be uniform Csdszar frames. A frame homo-
morphism h : M — L is said to be a uniform homomorphism if for any <™ € M there
exists <% € £ with BQL < h(BqM).

Notation: Let (L, L) be a Csdszar frame and A, B C L. Then A is said to <—refine
B if for any a € A there is b € B with a <1 b. In this case we write A << B. When
necessary, we may use superscripts (such as <) to distinguish one Csdszdr order from

another.

Lemma 3.3.4 ([12]). Let (L,L) be a uniform Csdaszar frame. Then for any <t € L,
there exists <t € L with By <% Bae.

Proof:

Suppose that <% € £. Without loss of generality, we pick <1, <% such that

— [e]e]

<t C (<)’ and <, C (<b)%
Now we take u € B . We want to show that u € B z. Suppose then that v € L and
that u <X v. We then set

u® = /\{w€L|u <t v <Fowl
We note that

U <1£ v < u’
and therefore u <1 u°. It will be enough to show that u°® € B... Take m <% n such
that u®> Am # 0. Since < C (<L))? there exists p € L such that
m <lfo p <IOLO n.

L

(o]

However, the relation <tZ, C (<1l)? implies that there are r, s € L such that

m <t r <l pandp < s < n.

Consequently, we have

m<10Lr<10Lp<10Ls<10Ln.

We assert that uAp # 0: For, if uAp = 0, then from the relation (due to symmetry)



it follows that ©° < m* and so u° Am = 0. But this contradicts the fact that
u® A m # 0. Therefore, u Ap # 0. From the assumption that u € B_r it follows
that

u§3<loLn.

Then (by definition of u°), we find that u° < n and so u® € Bz, hence B_r <t B,

as asserted. O

Notation 3.3.5. The following result of Chung ([12]) is analogous to the one proved
by Hong and Kim ([21]). See Theorem 3.1.2 (earlier). Given a filter F' on a uniform

Csaszar frame, F° denotes the filter

F° = {z€L|a<*xfor someac F}.

Proposition 3.3.6. Let (L, L) be a uniform Csaszar frame and F a Cauchy filter on
(L,L). Then F° is a reqular Cauchy filter on (L, L).

Proof:

Since F° = {z € L | a <p = for some a € F}, it follows that F*° is a regular filter.
It remains to show that F° is a Cauchy filter. Following the previous result (Lemma
3.3.4), we take <i¥, <% € L such that

B., <* B.:.

o

Since F'is a Cauchy filter, we must have FAB_r # (). So, there must beau € FAB_
so that u € F and u € Bz. From B <% B, we find a v € Bz such that u <} v.
Since F' is a filter we must have v € F' (because u < wv). This implies that v € F*°,
and so F° N B # 0; hence F° is a Cauchy filter. O

Lemma 3.3.7. FEvery uniform frame homomorphism h : M — L between uniform

frames is a Cauchy homomorphism.

Proof:

By definition, a proximal Csdszar frame is symmetric and uniform, so the result follows

from Observation 2.3.10. O
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We are now ready to prove the main result in this section.

Theorem 3.3.8 ([12]). The category CCUCsFrm of Cauchy complete uniform Csaszar
frames and Cauchy frame homomorphisms is coreflective in the category UCsFrm of

uniform Csaszar frames and uniform Cauchy frame homomorphisms.

Proof

Suppose (L, L) is a uniform Csdszdr frame and let ¢ : (txL,L* — (L,L) be its
Cauchy completion; thus (txL,L*) is a Cauchy complete uniform Csdszar frame and
¢y, is uniform because ¢y, is onto dense (by Theorem 2.3.4). Let (M, M) be a Cauchy
complete uniform Csdszdr frame and let h : (M, M) — (L, L) be a uniform frame
homomorphism. Since h is a uniform frame homomorphism, it follows from Theorem
2.3.9 that it is a Cauchy frame homomorphism. By an argument similar to that used

in Theorem 3.2.6, there is a unique Cauchy homomorphism ch : ¢M — tx L such that
cpoch = hocy.

We want to show that ch is uniform. We take (car).(<™) € (epr)«(M), for some
<M € M. By assumption (M, M) is a (Cauchy complete) uniform Csdszar frame, so
we pick <M € M (guaranteed by Lemma 3.3.4) such that

By < Bou.
But A is a uniform frame homomorphism, so we find a <t € £ such that
Bar < h(Bay).
We will work back to tx L by showing that
(c0)(Ba) < cho (car)u(Ban).

To this end, we take (cz).(u) € (cr)«(Bqz), so that v € Bor. Since Bz < h(Bm),
we find a v € By such that u < h(v). From v € By <} Bou, we pick z € Bou
such that v <™ z. Now take F' € 3,. Now the relations v <™ z and < h(v) ensure
that

FeU{Zhe |z <™ z}

and
(cr)(u) < cho(em)«(z)
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But this means that
(CL)*(BqL) S cho (CM)*<B<]W).

Since ¢pr and ¢y, are dense onto frame homomorphisms, we invoke Theorem 1.3.16(ii)

so that
Bey).aty < (cr)«(Bar)

which yields
Biepyo(ary < ch(Bey).(an))-

Therefore ¢, : (tx L, L*) — (L, L) is the CCUCsFrm-coreflection of (L, £) in UCsFrm.
O

3.4 Cauchy Complete Proximal Csaszdar frames

For simplicity, we recall that B . denotes the set of all elements of L which are <i%-

small. In addition, we have ¢y, : £L* — L where
£ = {(er)(a") | <" € L}
The following result [13] extends that of Proposition 3.2.2 proved earlier.

Theorem 3.4.1. For any prozimal Csiszar frame (L, L), the pair (txL,L*) is a

Cauchy complete proximal Csaszar frame.

Proof:

Suppose F'is a regular Cauchy filter on (tx L, L*). Since cj, preserves regular Cauchy
filters (by Theorem 3.2.5), it follows that c.(F') is a regular Cauchy filter on L. We

take a basic cover U of tx L so that
V = {(u,X,) |ueU},
for some U C L. We have that

VV = (VU.Zv) = (e, X),
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which implies that ¥ = X and ¢, (F) € £y and then
cl(F)NU # 0;

and so we pick u € ¢r(F) N U. Now, for the right adjoint (cr)., we find a v € F' such
that

v < (cp)«(u).
Consequently, we arrive at
(cp)e(u) = (u,5,) € FNu
making FFNU # (), thus F is convergent as was to be shown. a
The following result, analogous to Chapter 1 (Theorem 1.3.15) on Csdszar frames,
provides an interplay between dense onto frame homomorphisms and small sets [13].
Importantly, we show that to any Csaszar order on a uniform proximal Csaszar frame

corresponds a Csaszar order whose “small set” is related to that of original Csdszar

order.

Lemma 3.4.2. Let (L,L) be a prozimal Csaszir frame. Then the following results
hold:

i) If L is also uniform, then for any <* € L, there is <, € L with B4, <, Bac.

i) If h : M — L is an onto dense frame homomorphism and < is a Csaszar order
on L, then B, (qry < h.(Bar).

Proof:
i) Suppose that <t € £ and, without loss of generality, find <11, <, € £ such that
b C <? and « C <A
We pick u € B, and take w € L such that u <, w (by <l.-smallness). We set
u’ = /\{vEL|u <o w <o v}

and note that u <1, u°. We claim that u® € B_z.
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Suppose then that p < ¢ with u®Ap # 0. From <y C <2, we find m,n,l € L
such that
p <l m < n <l < q.

Now uw An # 0: For, if not (see Remark 1.3,12), and by symmetry of <,

*

u < nt < omt < p

from which we find that u° < p* and so (easily) u® Ap = 0, a contradiction to

our assumption that u® Ap # 0. Since u was chosen from B__, we find that
u < | <, qsothat u® < q.

Therefore, u® € Bz, making B, C B_. as desired.

ii) We refer to Theorem 1.3.15. O

The following definition is adopted from [28].

Definition 3.4.3. Given a functor U : C — D and a source (s; : A — B;)ics, we say
that (s;) is U-initial if whenever (¢; : C'— B;);er is any source and f is a D-morphism
such that U(s;) o f = U(t;) for all 4, then there is only one C-morphism g : C' — A
such that U(g) = f and s;0g = t;, for all ¢ € I, that is, the following triangles
commute, one for each 7 € I:

¢

A

B;

Si

Remark. U-initial morphisms have been studied extensively in the setting of forgetful
functors U : C — C, where in “mapping” from C to C, the functor U “leaves something
behind”. See, for instance, Herrlich [19]. We are interested in the following result of
Chung [13].

Lemma 3.4.4. If U : PCsFrm — Frm is a forgetful functor, then every surjection

in the category of proximal Csaszar frames PCsFrm is U-initial.
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Proof:
Let h : (M, M) — (L,L) be a surjection in PCsFrm, let g : (K,K) — (L,£L) be a

uniform continuous homomorphism and let k& : K — M be a frame homomorphism (in

Frm) such that (we refer to the triangle below)

M L

h

Claim i): The frame homomorphism £k is continuous:

suppose u < v for any <® € K. Take any <1 € K such that

u <X r < s < vfora,beK.

Since K is a proximal Csdszar frame, then it is regular and from Definition 2.1.7(i) it
follows that
u <r <s <.

Using the fact that k is a frame homomorphism and M is a proximal Csdszar frame,

we have that

But A is uniform hence continuous, therefore we have

h(k(u)) <2 h(k(r)) < h(k(s)) <3 h(k(v))

Since h is a surjection, then it is a dense onto homomorphism, thus we have

Therefore it follows that k(u) h.(<¥) k(v). This proves that k is continuous.
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Claim ii): The continuous frame homomorphism £k is uniform: To this end,

we start with < € K. By Lemma 3.3.4, we pick < € K such that
B<]£( 45 B<,K.
Since ¢ is uniform by assumption, we find <’ € £ satisfying

B<]L < g(qu).

Applying the right adjoint h,, we find that
ho(Bar) < ha(g(Bax))

Now for any u € B_x, we find from B_x < Bix that there is a v € B« such that

he(g(u)) < k(v)

from which it follows that
h(g(Bag)) < K(Bx).
By hypothesis h is surjective (and so dense onto), therefore Theorem 1.3.15(ii) implies

that
Bh*(qg() S k(BqK)

Therefore k is uniform. O

Theorem 3.4.5. ([13]). The category Cauchy complete prozimal Csiszar frames
CPCsFrm of Cauchy proximal Csaszar frames is coreflective in the category PCsFrm

of proximal Csaszar frames and Cauchy homomorphisms.

Proof:

Let (L, L) be any proximal Csdszdar frame. Then ¢y, : (tx L, L*) — (L, L is a surjection
and hence a uniform continuous homomorphism. Take any Cauchy complete proximal
Csaszar frame (M, M) and a uniform continuous homomorphism h : M — L. Define
he:cM — txL by

(he)(aZa) = (h(a), \/{Zh() : @ <ar a}).

It then follows that h. is a homomorphism with hocy, = ¢p o h.. Suppose | =

he o (cpr)«. Since h : M — L is a uniform continuous homomorphism, it is a Cauchy
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homomorphism and hence [ is a frame homomorphism. Then we have that [ is a
uniform continuous homomorphism. But ¢, is dense and thus a monomorphism (the
underlying frames are regular). Therefore ¢ is unique with this property. This implies

that ¢z, is a coreflection of (L, L) in the category PCsFrm. O

From Observation 2.3.10, Theorem 3.2.6, Theorem 3.3.6 and Theorem 3.4.5, the fol-

lowing is immediate:

Proposition 3.4.6. The FIVE subcategories we have come across thus far relate as

per the following diagram (the arrows indicate inclusion functor):

CCPCSEm\ / I
/CC - CSFrIn\
CCPCsFrm PCsFrm
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Chapter 4

Compactification and Connectedness

in Csaszar frames

4.1 Compactification of proximal Csaszdr frames

Proximal Csdszar frames, being proximal, are completely regular, and so, they have com-
pactifications. For background on compactifications, we follow Banaschewski [5]. See also
Banaschewski and Pultr [8]. In this section, we follow the construction of Banaschewski
and Mulvey [7] to construct the compactification of a proximal Csdszar frame. First, by
a compactification of a frame L we mean a dense onto frame homomorphism h : M — L,
where M is a compact regular frame. Ideals are dual to filters, thus: a non-empty proper

subset I of a frame L is said to be an ideal of L if:
i) whenever u, v € I thenu V v € I, and

ii) whenever u € [ and v < u, thenv € I.
Construction
An ideal I of a proximal Csdszdr frame (M, M) is said to be strongly regular if whenever

u € I there exists v € I such that u <™ v for some <™ € M. We shall denote by Cy(M the
set of all strongly regular ideals of M.

We will need the following result
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Observation 4.1.1. Let (M, M) be a Csaszar frame and let <™ € M.

) Ifx <y <Mz then + <M z: Together with ¢ < y <™ z and z < z, Definition

1.3.1 ensures that <™ 2.
i) If y < yand u <™ v, then x Au <™ y Av: Under the hypothesis, we have
zAhu < z <M yand z Au < u <My

which by i) imply that

cAu <Myand 2 Au <M o

Since M is a meet-sublattice of M x M, we much have

zAu <M (TANOR d

Lemma 4.1.2. C\p(M is a compact frame.

Proof.

a) First, we observe that the bottom element and top element in Cy(M are respectively {0y}

and {M}. Recall that for ideals (even strongly regular ones) I,.J € CpyM, we have
INT = {zhy|lzel,yeJ}.
Now,if u € I A J thenu = x A y, so that there exists u, € I and u, € J such that
r <My, andy <M Uy.

Consequently, we have

u = xAy <M Uy AUy € TN J,

showing that strongly regular ideals are closed under finite meets. To see that IV J € Cyo(M
for any I,J € C\M, take x € IV J so that + = wu Vv for some u € [ and v € J. By
definition, we pick u, € I, v, € J such that

w <M u, and v <M v,

Then
z =uVo <M u,Vu, €IV,
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which establishes that I V J is a strongly regular ideal. Next, we consider | J, /; where each
I, € CpM. Tt is easily shown that for any = € |J; I; there is a y € |J, [; with & <™ vy, for
some <M € M. Given a strongly regular ideal I and a collection {.J;}; of strongly regular

ideals in Cy(M, let us consider
\/ 7 = {\/E|E finite, E C | JJ:}.
We claim that
\/ J) = \/ (INJ;):

Note that J; < \/,J;and J;NI C I , so it easily follows that

\/ JinI) < \/J
For the opposite implication, we take u € I N (\/, J;), say

U = urVusV ... Vu,.

Since u; < wu, the definition of an ideal implies that v = wy Vus V ... Vu, € \V,(INJ;),

\/J)n1 < \/(inD)

whence the generalised distributivity property follows:

\V/7)nI = \/(hinI)

%

and so

Consequently, CyqM is a frame. To see that CyyM is compact, let us take a cover {J;}; for
CmM, say \/,J; = M, since {M} is the top element in CyM. Since ey € M, it follows
that there are finitely many u; € J;; fuch that

n
wyVusV ... Vu, = eMG\/Jij.

But then we must have M = \/ Ji;, making Cp(M a compact frame. a

Lemma 4.1.3. C\(M is a proximal Csaszar frame.

Proof.

We start with the Csdszar part: we will say (and write)
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I <" Jif and only if for every x € I there exists a y € J such that z <™ y,
for some <™ € M.

We claim that: <%/ is a Csdszar order on CpM:
(COy): We have {Oy} < {On} and {L} <X {L} since 05y <™ 0y and ey <™ epy.sss

(CO,): Suppose that I <1} J . To see that I < J, we take z € [ and y € J such z <™ y
which implies that x < y, thus I < J.

(COs3): We start with I < A <} B < J. For any x € I, there exist y € A 2z € B and
t € J such that
z <y §M z < t.

Then z <M ¢, showing that I <1} J. By construction, Co(M is regular, being a collection

of strongly regular ideals.

It remains to show that Cy¢M is strong and symmetric. Let us denote by M the Csdaszar
structure on Cp M. Well, for symmetry, we assume that z <}’ y, for some <Y € Mc, and
x € [ and y € J. Then, by definition, for some <™ € M (which is symmetric because M is

proximal),

r <M yandsoy* <M z*; thus y* <@ 2%,

which shows that J* <}’ I*) where J* = {u* | u € J}; thus CyyM is symmetric. Finally, for
strongness of Cp(M, suppose that < € M¢ and let I <}’ J, and let <* be the associated
Csaszar order in M. Since M is strong (being proximal), we find an order < € M such

that
M

UQMU:UQé\/]wQO v,

for some w € M. There is a <}’ generating the <12 so that <}’ C (<}!)?, so <}/ is strong

as desired. O

Lemma 4.1.4. The map
v i CuyM — M, I'—>\/I>

(that is, the join map vy ) is a dense onto proximal map.

Proof.
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We first note that for a map
oy M — CuM, u—] u,
the map vy, is onto because for each v € M it holds that
va o (pu(u)) = vu(lu) = w,

We also see that for any I € Cy(M, it holds that

1\

(prarovm)(I) = PM(\/I) :i(\/]) 1

which means that v, is a left adjoint of pys; consequently it must preserve all updirected

joins. So, if I <a. Jiand I, <! Jy, then (see Definition 2.3.1)

VM(]l\/IQ) = VM(Il)\/VM(IQ) <m VM<J1)\/I/M(J2).

In addition, if
J = \{IeCuMell <'J},

it easily follows that this left adjoint satisfies
v (J) = \[{vn(D) | T <! T},

To show that pys : CayM — M preserves finite meets, we take I, J € Cy(M, and note that

v(INT) = \Ir\/J
= \{urv|uel velJ}
< \/{w|w€IﬂJ}
= wvy(INJ)
< v Avu(J).

On the other hand, we also have

i) Ao = (DA )

\Vun.g
v (I N J);

IN

whence,
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For denseness, we proceed thus: let vy (I) = 0j; and note that then

\/-[ = 0M7

can only be true if I = {0/}, the bottom element of Cy(M. It is also true that

vu({L}) = AL} = en

We have therefore shown that v, is a dense onto proximal map. a
Putting these results together, noting also that \/{L} = ey, we have proved that

Proposition 4.1.5. The pair (CapqM, var) is a compactification of a proximal Csaszar frame

(M, M). O
By definition we have PCsFrm C ReglFrm, so we derive the following:
Corollary 4.1.6. The prozimal frame homomorphism vy : CpyM — M is a monomorphism.

Proof. Since CyM ia proximal, it is regular. Since vy, is dense (onto), it follows from

Murugan in [27] (see Lemma 1.1.5) that this morphism vy, is a monomorphism. O

Analogous to Banaschewski and Mulvey in [7], there is more if M is compact in the sense of

the following.

Proposition 4.1.7. In our construction, if M compact, then for any strongly reqular ideal
I € C\yM, it holds that

x € [ if and only if x <p V I,

for all x € M. Moreover, vy : CpyM — M is an isomorphism in PCsFrm.

Proof.

We need only find an inverse for vy;. We claim that py, : M — Cy(M is actually the desired
inverse. Since we saw in Lemma 4.1.4 that I < (vp 0 par)(), it is enough if we can show
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ii) Since CpM is compact, then for any I C CyM with \/ I = e there exists a finite
U C I with \/ U = e. From the definition of py; we have that py (1) = \/ I, it implies
that \/ I is a subset of M and \/(\/ I) = \/(e) = e. We also have that \/U C \/ I and
V(VU) =\/(e) = e. Therefore M is compact.

We close this section by relating compactifications with strong inclusions as advocated by
Banaschewski in [5]. The definition of a strong inclusion was given in Chapter 2 (Definition
2.1.4).

Proposition 4.1.8. If h : N — (M, M) is a compactification of M, then the relation
<" CP(N) x P(N) defined by

u <" v if and only if there exists s and t in N with h(s) = u and h(t) = v

s a strong inclusion on M.

Proof.

i) Suppose x < wu <" v < y. Then there exists s,t € N such that h(s) = wu and
h(t) = v. We then have x < h(s) <" h(t), h(t) <y which then shows that x <" y.

ii) Suppose u <" v and u <" w. Then there are 7, s, € N such that h(r) = u,h(s) = v
and h(t) = w. We then have that

h(r) <" h(s) and h(r) <" h(t)

Since h is a compactification and hence a proximal homomorphism, it follows that:

Therefore u <" v A w.

On the other hand, suppose u <" w and v <" w. Then we have
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h(r) <" h(t) and h(s) <" h(t) for r,s,t € N.
Since h is a proximal homomorphism, we have that
h(rvVvs) <" h(t)Vh(t) = h(t)

This implies that u A v <" w as was to be shown.
(iii) Suppose u <" v. It immediately follows that u <" v since <" is coarser than <i".

(iv) Suppose u <" v. Since h is a compactification, then h is a proximal homomorphism
and thus implies that N and M are proximal frames. By property (PF3) there exists
a € N such that v <" a <" v.

*

(v) Suppose u <" v. Since M is a proximal frame, then by (PFg) it follows that v* <" wu*.

(vi) For any u € N, by (PF;) there exists v € N such that u = \/{v € N | u <" v}.

Therefore <" is regular. O

4.2 L-Connectedness of Csaszar frames

When Csdszdr introduced syntopogenous space, he did not treat connectedness. However,
Sieber and Pervin in [32] noted this omission and then introduced it via separated sets and
proceeded to show which familiar properties of connectedness are do-able in syntopogenous
spaces. It is in this regard that this section is aimed at translating their approach into the
setting of Csdszdr frames, which are attributed to the work of [12]. This work is influenced
by remarks made by Baboolal in his paper [3] where connectedness is as looked at in relation
to some earlier work of Whyburn which we will not touch on here. In addition, we want to
point out that connectedness is an important concept in pointfree topology. For the purpose
of this work, we cite the work of [11], [3] and [4] who respectively introduced connectedness
in frames, introduced and classified various properties of connectedness in uniform spaces,
and its relation of other topological notions such as Property S. In fact, there are many
weaker forms of connectedness that have been shown in pointfree topology which we will not

mention in this exposition.

Definition 4.2.1. Let (L, L) be a Csdszar frame.

67



(i) Two elements u,v € L are said to be L-separated if there exists a Csdszdr order <* € L

such that v <% v* and v <% u*.

(ii) An element w in (L, £) is said to be L-connected if whenever w = u V v, u and v are

L-separated, then w = u or w = v.
(iii) The frame (L, £) is L-connected if its top element, ey, is L-connected.

(iv) A frame (L, L) is locally connected if each element is a join of L-connected elements.

Remark 4.2.2. Our definition is influenced by what has been done in fuzzy syntopogeneous
spaces [25]. Since L—separated are disjoint, it is clear that an £L—connected element is also

connected in a familiar sense.

Remark 4.2.3. Recall that in Chapter 1 we showed that if h : M — L is a frame homomor-
phism where (M, <™) is a Csdszar frame, then (L, h(<™)) is a Csdszar frame where h(<™)

is given by
zh(<M)y in L if and only if there exist a,b € M such that z < h(a), a < b and h(b) <y

We use this result to show that

Lemma 4.2.4. For any frame homomorphism h : (M, M) — L from Csaszar frame M, it
holds that if uw and v are M-separated in M, then h(u) and h(v) are separated relative to the

induced Csaszar order h(<M) for some <™ € M.

Proof: If u and v are M-separated then

u<Moy*and v <™ u

for some <™ € M. By the remark above, we have that

h(u) h(<™) h(v*) and h(v) h(<™) h(u*).

By [31]), we know that



So we find that
h(u) h(<™) A(v") < [h(v)]" and h(v) (<) A(w") < [A(u)]"
By a familiar property, we must have
h(u) h(<™) [A(w)]* and h(v) A(<™) [A(v)]",

which shows that h(u) and h(v) are separated relative to h(<1™). O

In [32], Sieber and Pervin showed that analogous to the topological setting, £-connectedness
is related to a constant continuous function on a discrete space. We follow the approach by
Baboolal and Banaschewski in [3] and show that £-connectedness is also related to a certain

factorisation.

Theorem 4.2.5. A frame L is connected if and only if each homomorphism h : 4 — L

factors through the unique homomorphism h : 2 — L.

Proof:

Let L be connected. Suppose x and y are the non-zero element of 4. The connectedness of L
implies that h(z) V h(y) = e and h(x) A h(y) = 0 for any frame homomorphism h : 4 — L.
It then follows that h(z) = e or h(y) = e and we can define h : 4 — 2 by h(z) = 1 or
h(y) = 0 and this shows that h factors through the homomorphism h : 2 — L.

Conversely. Suppose that h : 4 — L factors through a unique homomorphism A : 2 — L.
Take any s,t € L such that sVt =eand s At =0. We get h : 4 — L by letting h(w) = s
and h(z) =t. The fact that h factors trough h, we have s = e or t = e. This completes the
proof. O

Corollary in [32] can be cast into Csdszdr frames as follows, see also [11] in Lemma 3.1.

Theorem 4.2.6. For any dense frame homomorphism h : (M, M) — (L,L), if L is L-

connected, then so is M.

Proof:
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We assume that h : (M, M) — (L, L) is dense onto frame homomorphism with A(u) and
h(v) L—separated for some u,v € M. We claim that

*

u <M v and v <M wu*.

By definition we have

h(u) <* h(v*) and h(v) <* h(u®).
Let us pick a,b € M satisfying
h(u) < h(a), a <™ band h(b) < [h(v)].
We set s = h(a) and t = h(b). Similarly, for v <™ u*, take z,y € M with
B(v) < h(), = <M yand hiy) < [A(w)]".

By definition of h(<1™), we have that s h(<1™) t. Since h(u) < s is clear, we remain to show

that h.(t) < v*. Since h is onto, we must have that

hlv Aho(t)] = h(v) Ahoht)
= h(v)At
< h() Ah(0)]
0,

thus h[v A hy(t)] = 0. But h is dense, so we must have
vAh(t) = 0
from which it follows that h.(t) < o*. This completes the proof that v and v are M-

separated. O

Definition 4.2.7 ([3]). A family {u; € (L, L) | i € I} is said to be chained if u; Au; # 0 for
any i # j.

Proposition 4.2.8 For any pairwise L-connected family in (L, L), the join u = \/;u; is

L-connected.

Proof:
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Let {u; | i € I} be a pairwise L-connected family in (L,L£). This implies that u; is £-
connected for each ¢ € I. Take a,b € L with \/u; = a V bfori € I, where a and b are
L-separated. Then

= V)

= 0.

Therefore u = \/ u; is L-connected. O
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