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Abstract

Our discussion starts with the study of convergence and clustering of filters initiated in
pointfree setting by Hong, and then characterize compact and almost compact frames
in terms of these filters. We consider the strict extension and show that 7ol is a zero-
dimensional compact frame, where O denotes the set of filters in L. Furthermore, we study
the notion of general filters introduced by Banaschewski and characterize compact frames
and almost compact frames using them. For filter selections, we consider F'—compact and
strongly F—compact frames and show that lax retracts of strongly F—compact frames are
also strongly F—compact. We study further the ideals Rs(L) and Rx(L) of the ring of real-
valued continuous functions on L, RL. We show that Rs(L) and Rx(L) are improper ideals
of RL if and only if L is compact. We consider also fixed ideals of RL and showthat L
is compact if and only if every ideal of RL is fixed if and only if every maximalideal of
RL is fixed. Of interest, we consider the class of isocompact locales, which is larger that the
class of compact frames. We show that isocompactness is preserved by nearly perfect localic
surjections. We study perfect compactifications and show that the Stone-Cech
compactifications and Freudenthal compactifications of rim-compact frames are perfect.
We close the discussion with a small section on Z—closed frames and show that a basically

disconnected compact frame is Z—closed.
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Chapter 1

Introduction and preliminaries

1.1 Synopsis of the dissertation

The notion of compactness is one of the most studied concepts both in classical and point-
free topology. The formal definition of compactness in spaces was brought by Fréchet (see
[28]), and in frames compactness was studied by several authors namely Banaschewski,
Mulvey, Hong, and Baboolal just to name a few. The purpose of this dissertation is to collate

and study variants of compactness in pointfree setting.

The dissertation consist of 7 chapters, and is structured as follows: In the first chapter, we
give some preliminary definitions, notations and basic results to be used in the upcoming
chapters. Chapter 2 introduces the concept of compactness in frames and is characterised
in terms of convergence and clustering of filters. This idea was introduced by Hong in [30].
We also discuss the concept of almost compactness and show that in a regular frame, these

two concepts coincide.



In chapter 3, we first discuss strict extensions of frames and give some of the properties of
strict extensions. In the second section of this chapter we use the paper by Banaschewski
and Hong [9] to construct strict extensions of frames related to a set of filters. This con-
struction was first introduced by Hong in [30] where he also constructed a zero-dimensional
compactification of a zero-dimensional frame. We end this chapter with a constructive com-

pactification of completely regular frames.

The work in chapter 4 is based on the papers [16] and [12]. The focus is mainly about general
filters on frames, which were introduced by Banaschewski in [7]. Just as in [30], weuse
general filters to characterise compactness and almost compactness. The third section in this
chapter is based on the paper by Banaschewski and Hong in [12], where the notion of F-

compactness is introduced.

In chapter 5 we study ideals in RLZ, the ring of real-valued continuous functions on a regular
frame L. The concept of weakly spatial frames is introduced and we show that fixed and
strongly fixed ideals are equivalent in the case of weakly spatial frames.

The work in chapter 6 is based on the paper [23]. Dube, Naidoo and Ncube introduced the
concept of isocompactness in the category of locales. In chapter 7, we first discuss perfect

compactifications of frames. This work was introduced by Baboolal in [2].



1.2 Definitions and preliminary results

Definition 1.2.1. A partially ordered set is a set P with a binary relation < such that for

all x, y,z € P, the following conditions are satisfied:

i. Reflexivity: x < x;
ii. Antisymmetry: if x < y and y < x; then x = y;
iii. Transitivity: if x < y and y < z; then x < z.

Definition 1.2.2. Let 4 and B be partially ordered sets. Monotone increasing maps
f:4— B and g: B — A are said to be (Galois) adjoint if f(y) < x if and only if g(x)
< y. This condition is equivalent to fg(y) < y and gf (x) = x forallx € 4, y € B. We say
fis the left adjoint of g and g is the right adjoint of f.

The lower bound of a nonempty subset S of a partially ordered set P is an element / €
P such that / < s for all s € S. Similarly, the upper bound of a subset S of a partially
ordered set P is an element u € P such that u > s for all s € S. A partially ordered set
P is called a lattice if every pair of elements has a unique least upper bound (supremum)
and a unique greatest lower bound (infimum). A lattice L is called a complete lattice if

every subset S of L has a supremum and infimum in L.
Definition 1.2.3. A frame is a complete lattice L satisfying the distributive law

V V
aNn( S)= {ans | s€S8} whereae Land S < L.

We denote the bottom element of a frame L by 0 (or 0r), and the top element by 1 (or

11).



One example of a frame comes from the lattice of open subsets of a topological space X,

denoted O(X) and ordered by set inclusion < with finite meets and arbitrary joins given

by intersection and union of sets, respectively.

Definition 1.2.4. Let L and M be frames. Then a map & : L — M is called a frame
homomorphism if h preserves finite meets (including 1) and arbitrary joins (including 0).

That is:

i. h(a A b)=h(a) A h(b) for all a,b € L;
.V \

. h( S)= h(S) for any S < L;
iii. 2(0)=0and A(1)=1.

For any topological spaces X and Y, a continuous map f: X — Y induces a frame

homomorphism of O(f): O(Y) — O(X) which maps U € O(Y) to f~-1(U) € O(X).

For any frame homomorphism 4: L — M, we say & is dense if h(a) = 0 implies @ = 0 and

we say & is codense if h(a) =1 implies a = 1.

Definition 1.2.5. For any frame homomorphism 4: L — M there exists a map h«: M —

\
L, called the right adjoint of h, defined by h«(b) = {a € L: h(a) < b}.

The right adjoint of a frame homomorphism is not necessarily a frame homomorphism,

but it preserves arbitrary meets. We observe that /4 is onto if and only if hh« = idu.

Definition 1.2.6. An element p in a frame L is said to be prime if p < 1 and a A b <

pimpliesa < p or b < p.
Denote by 2L, the set of all prime elements of L. The set XL is called the spectrum of L.

Definition 1.2.7. A frame L is spatial if for all a, b € L such that a 1 b, there exists

p € ZLsuchthata < pbutbh1p.



Definition 1.2.8. Let L be a frame. A nucleus is a map j: L — L such that for all

abelL:

1. a <j(a);

2. ja A b) =j(a) A j(b);

3. j*(a) = j(a).

V
The set Fix(j) = {x € L | j(x) = x} is a frame with meet as in L and join j( S) for each

S € Fix(j). Furthermore, j : L — Fix(j) is a quotient map with the inclusion Fix(j) '—
L as its right adjoint.

Definition 1.2.9. The pseudocomplement of an element a in a frame L is the element

, \V
givenbya*= {x€L| xAa=0}

If a* =0 in a frame L , we say a is a dense element, and we shall denote by D(L) the set
of all dense elements in the frame L. Furthermore; for a frame L, the set BL = {a € L |

a** = a} is called the Booleanization of L. In fact, BL forms a frame.

Definition 1.2.10. We call an element a in a frame L complemented if there exists an

element a! € L such thata A al=0and a V a! = 1.

Throughout this work, we shall denote by C(L) the set of all complemented elements of a

frame L.

Well below, rather below and completely below relations

Definition 1.2.11. In a frame L, we say an element a is well below b € L, written a « b,

V V
if for any § © L with b < S, there exists a finite 7 & S such thata < T.



Definition 1.2.12. In a frame L, we say an element a € L is rather below an element
b € L, written a < b, if a* V b =1 or equivalently,

a < b if and only if there exists ¢ € L such that a Ac=0and ¢V b =1 (c is called the

separating element).
Lemma 1.2.1. In a frame L, the following properties are satisfied for <:

1. a< b implies a < b.
2.0<a<1forallaclL.

3. x<a<b<yimpliesx <y.
4. If a < b then b* < a*.

5. If a < b then a** < b.

6. If ai,a2 < by, b2, then a1 V a2 < b1 V b2 and a1 A a2 < b1 A ba.

Definition 1.2.13. Let L be a frame. Then we say an element a is completely below
an element b, written a << b, if there are a» € L (r rational, 0 < r < 1) such thatao

=a, a1=>b and ar < as for r <s.

Lemma 1.2.2. In a frame L, the following properties are satisfied for <<:

1. a << b implies a < b.

2. a<<bimpliesa < b.

3. 0<<a<<1forallaclL.

4. x <a<<b<yimpliesx << y.

5. If a << b then b* << a*.



6. If a << b then a* << b.
7. If a1, a2 << by, b2, then a1 V a2 << b1 V b2 and a1 A a2 << b1 A ba.

Proposition 1.2.1. The relation << is interpolative, that is, for all a € L: a <<

b implies there exists ¢ € L such that a << ¢ <<b.

<< 1is the largest interpolative relation contained in <.

Definition 1.2.14. We say a frame L is:

V
1. continuous ifa= {x€L|x«a}forallaclL.
, \Y
2. regularifa= {x€L|x<a}forallac L.

V
3. completely regular ifa= {x &€ L|x<<a}forallae L.

Ideals and filters

Foranelementainaframe L, set la={x € L | x > a} and la={x € L | x < a}. Then

U
we say asubset U € L is an up-setif tU={1a|a€ U} = Uand wesay D < L is a down-

U
setif ID= {la|a € D}=D. We shall denote by DL the set of all down-sets ofa frame
L.

Definition 1.2.15. An ideal in a frame L is a subset / < L such that :
. 0
il. a,b €[ impliesa Vb € I

1. b <aand a € I implies b € 1.



Proposition 1.2.2. The set I(L) of all ideals in a frame L, ordered by the inclusion, is a

frame.

Proof. Let (Ij)jes be a collection of ideals in L.

n
1. 0 /jforallj € Jimplies 0 € ;1

n
. a,b € ;ljimplies a b € Ij for all j € J which implies a vV b € [j for all j € J and

n
thusaVvbe il

n
. a < band b € ,;I; implies b € I for all j € J which implies a € [; for all

n
JE€Jand thusa € ;1

Hence the intersection of ideals is an ideal. Now for the join of a collection of ideals (/j)je,

define

Vv \Y . U . . .
jeali ={ X | X finite, X jEJIj}. We show that this set is an ideal.

V_V \%
Take X, Y € ;I then
\% \% \% \Y , .
( XHXVv( Y)= IxvylxeXyeVY}e jeJIj.Slnce{x\/nyEX,yEY}1sa
U Vv Vv
finite subset of ;[ Now, leta < X forsomea € Land X € ;I Then

V ) )
a=anN( X)= {anx|x € X}, and {a Ax | x € X}is a finite subset of e Ij» hence
\V

a < jEJIj‘
o . \ : U
If K is an ideal containing all of the /;, then X € K for any finite X & ;I

V V
Now let ([j), K be ideals in L. If a € ( j ;) N K, then a = X for some finite



U U \ \
XS gl ButX < i, (ijnK) hencea= Xe& ,(jnNK). Conversely,

V n \V4

u
(i K)={ X | X finite X = (jNK)}
JEJ JEJ
\V4
={ X |Xfinite X< ( [I)NK}
u jeJ
\V4
c{ X|Xfinite XS [}NnK
ul JjeJ
\V4
-( Nk
jeJ

Hence I(L) is a frame.
Definition 1.2.16. A filter in a frame L is a subset F' < L such that :

. leFand 0 €F;
il. a,b € F impliesa A b € F;
1ii. b > a and a € Fimplies b € F.

Definition 1.2.17. We say a filter ' in a frame L is:

1. prime if xVy € Fimplies x € F ory € F for each x,y € L;
LWV _—

2. completely prime if S € Fimplies SN F /= for each § € L;

3. Boolean if for each x € F, there is y € FF N C(L) such that y < x;

4. an ultrafilter if whenever G is a filter in L with F € G, then F = G.



Lemma 1.2.3. If F is a filter in a frame L, then the set

secF ={x €L |xAa /=0 foralla € F}is also a filter.

Proof. Since 0 Aa =0 for all @ € F, then 0 &€ secF and 1 € secF since 1 A a /= 0 for all

a € F. Now let x,y € secF,thenx Aa /[=0and y A a /=0 for all a € F. Therefore

@xAYANa=xANa)A ¥ Aa)

/=0 for all @ € F implies x A y € secF.

Lastly, if x € secFand x < y for some y € L, then x Aa < y Aa for all a € F. But

x A a /=0 which implies that y A a /=0 and hence y € secF. Thus, secF is a filter. —

Furthermore, we observe that F' < secF'since x Ay /=0 for all x,y € F.

10



Chapter 2

Compactness in frames

In this chapter we study convergence and clustering of filters and characterise compact
frames and almost compact frames in terms of these filters. Compactness plays an im-
portant role both in classical topology and pointfree topology. Our interest is to focus on

compactness in the area of pointfree topology.

2.1  Background

While Fréchet [28] introduced the definition of compactness in spaces, Alexandroff and
Urysohn [1] generalized this definition in terms of open covers in spaces. This generalization

then gave rise to the study of compactness in frame setting, and several authors have since

studied and expanded this concept (see [7], [30], [12], [20]).

\V
Definition 2.1.1. A cover of a frame L is a subset 4 < L such that A4 =1.

Definition 2.1.2. A frame L is said to be compact if every cover of L has a finite subcover.
V
That is, L is compact if for every subset 4 © L with A4 = 1, there exists a finite subset

-V
B < 4with B=1.

11



The following example is taken from [35] on page 131.

Example 2.1.1. [35] The set I(L) of all ideals in a frame L is compact. Let (/))jes be a

\ U
coverof I(L). Then1 € L =111y = ;1. Hence there exists a finite X & ;¢ ;/; such that

U
1= X. But since X is finite, X &, I; for some finite Jo < J. Hence

V V
l= Xe ;== liny=L= ;1

Proposition 2.1.1. IfL is a compact frame, then the up-set 'a of any elementa inL is

compact.

V
Proof. Suppose L is compact and let a € L. Take any cover 4 of Ta, then 4 = 114 = 1. This
means that 4 is a cover of L, and since L is compact there exists a finite B C A4 such that

B =1L =114 Hence 'a is compact. -

Observation 2.1.1. Ifa < b and 'a is compact in a frame L, then 1b is compact. To see this,

we note that ta 21b and a cover for ta is also a cover for 1b.

Lemma 2.1.1. [19] Let a and b be elements of a frame L. If ta and b are both compact,

then 1(a A b) is compact.

Proof. Let C be a cover of 1(aAb). Then{aVx | x € C}is a cover of ta and {bVx | x € C}is
a cover of Th. By compactness of ta and 1b, there exists finite S, 7 < C such that

\ \%
aV S=1land bV T =1. Therefore
V V
(av S AV T)=1.
Applying the distributivity law repeatedly we arrive at
Vv Vv Vv Vv
(@anb)yvibA SyV@an T)v( SA T)=1.

. . Vv V _

Each of the terms in the brackets is below (S U T'), consequently (SUT)=1 —

12



If the codomain of a codense frame homomorphism 4#: L — M is compact, then we know

that the source is also a compact frame. We capture this nice result in the following theorem.

Theorem 2.1.1. Leth:L — M be a codense frame homomorphism. If M is compact, then

L is also compact.

\%
Proof. Let A be a cover of L, then 4 = 11 and since frame homomorphisms preserve top

V V
elements, it follows that /4(A4) = h( A) = h(1L) = 1. This means that 4(A4) is a cover

\%

of M. M is compact, therefore there exists a finite B & h(A) such that B = ly; say
\ \ V

B ={h(a), ..., h(an)}. Now, 1y = {h(a1),..., h(an)}= "_ h(ai)) = h( "_ ai) which

=
...V, . . . .
implies . ai= 1L since & is codense. Thus {ai, ..., an} is a finite subcover of 4, and

hence L is compact.

2.2 Convergence of filters in frames

In this section, we define the convergence and clustering of a filter introduced in [30] by

S.S Hong.

Definition 2.2.1. A filter ¥ in a frame L is said to be:

1. convergent if F meets every cover C of L.
2. clustered if secF meets every cover C of L.

Lemma 2.2.1. [30] Let F' be a filter in a frame L.

1. IfF is completely prime, then F is convergent;

13



2. IfF is convergent, then F is clustered;

3. A filter containing a completely prime filter is convergent;

Proof. 1. Suppose F'is a completely prime filter in L, then for any cover C of L,

C € F implies C N F /= since F is completely prime and hence F is convergent.

2. Suppose F is convergent filter in L, then for any cover C of L, C N F /= (. Hence

C NsecF |= @ since F < secF. Therefore F is clustered.

3. Suppose F' is a filter in L containing a completely prime filter G, then for any cover

V
Cof L, C e GimpliesCNG /=0 and hence CNF [=1.

Lemma 2.2.2. [30] If F is a maximal filter in a frame L, then F is convergent if and

only if it is clustered.

Proof. (=): Let F be a convergent maximal filter in a frame L and C be any cover of L.
Then CNF /=, since F is convergent. But F is maximal and therefore F = secF implies
secFF N C /=1, and hence F is clustered.

(<): Suppose F is a clustered maximal filter in L. Then for any cover C of L, secF N C /=

@ implies C N F /= @ since F = secF. Hence, F is convergent.

Recall that in a frame L, we say 4 S L refines B < L if for any a € A, there exists

b € Bsuchthata < b. Itis also worth noting that If C is a cover of L that refines B, then B

is also a cover of L.

Proposition 2.2.1. [30] A filter F in a frame L is clustered if and only if

V
{x*|xe F}=1.

14



Proof. (=): Suppose F is a clustered filter in the frame L, then secF meets every cover of
V

L. If {x* | x € F} =1, then there exists x! € L such that x! € secF N{x* | x € F } which

implies that x! € secF and x! € {x* | x € F}. But x! € secF implies x! = x* such thatx

€ F and this implies that x! =x* € secF and x € F implies x! A x=x* A x /=0 which is

a contradiction.

V
(<): Suppose {x*|x€ F} /=1.1f Cis a cover of L such that secF N C = {, then fr
any ¢ € C there exists x € F such that ¢ A x = 0. Which implies ¢ < x* meaning C refines
{x* | x € F'} and since C is a cover of L , this means that {x* | x € F} is also a cover of

L, contrary to the assumption {x* | x € F} 1. Thus secF meets every cover of L, and

therefore F' is clustered. _

Theorem 2.2.1. [20] A frame is compact if and only if each of its prime up-sets converges.

Proof. (=): Suppose L is a compact frame, U S L a prime upset and C S L a cover of L.

Then there exists a finite K & C such that K=1.But 1 € Uimplies K &€ U which implies
V
KnU /=0,and hence CNU /= 0.

(<): Suppose that each prime upset in the frame L converges and let C be a cover of L.

If C has no finite subcover, then
V .
U={x€L|x1 S for any finite S < C}
is an upset and U N C = @ which is a contradiction. —

Next we consider the class of almost compact frames, we start with the following definition.

Definition 2.2.2. A frame L is almost compact if for any cover C of L, there is a finite

Y
T < C with (' T)* = 0.

V V
In the definition above, we observe that ( 7)* = 0 which implies that ( 7)** = 1, that

is, T is dense.
15



Remark 2.2.1. Compactness implies almost compact since for any cover C of L with a
V.
finite subcover 7', 7=1. Then ( 7 )*= 0 and hence almost compact. Therefore the class

\% L
of compact frames 1s contained in the class of almost compact frames.

Proposition 2.2.2. [30] A frame L is almost compact if and only if for any filter F in L,

V
{x*|xeF}l=1.

V
Proof. (=): Suppose L is almost compact and let ' be any filter in L. If Ax;" | x; €
F} =1, then there exists {x% | x;€ F, i =1,2,...,n} € {x} | xi € F,i € I} such that

( " x®)*=0 which implies that

- " x» =0 implying 0 € F, which is a contradiction.

i=

V
(<): Suppose that for any filter F in L, {x* | x € F} = 1. Then by Proposition 2.2.1

F is clustered. Thus for any cover S of L, we have secF NS /= {. Pick a finite number ¢

elements xs;, Xs,,...,Xs, € secF' N S. Then for each xs; € secF' NS, there is x}, such that

xs; Axt, =0 and xs; V x3, is dense. Now T = {xs; Vx5, | i =1,2,..., n} is a finite set such

VvV
that ( 7)* = 0. Thus L is almost compact. —

Corollary 2.2.1. [30] For a frame L, the following are equivalent:

1. L is almost compact;
2. every filterin L is clustered;

3. every maximal filter in L is convergent.

Proof. (1) = (2): Suppose L is almost compact and F is a filter in L. If " does not
cluster, then by Proposition 2.2.1, {x* | x € F'} = 1 which implies that {x* | x € F }isa

cover of L, and since L is almost compact, there exist {x3, x3, ..., x5} S {x* | x € F} such
that xi" Ax3" A... Axy = 0. But x < x** for all x € F and therefore x** € F which

implies that x{* Ax3* A... Ax} € F, contrary to 0 € F'. Hence, F' clusters.

(2) = (3): This follows immediately from Lemma 2.2.2.

16



(3) = (1): If every maximal filter filter F in L converges. Then F N C /= O for any cover

V
C € L. By Lemma 2.2.2 F is clustered and so {x* | x € F'} /= 1. Then by Proposition

2.2.2 L is almost compact.

Corollary 2.2.2. [30] For a regular frame L, the following are equivalent:

1. L is compact;
2. every filterin L is clustered;

3. every maximal filter in L is convergent.
Proof. It follows immediately from Proposition 2.2.2. _

We show below that in a regular frame, compactness and almost compactness coincide.

Proposition 2.2.3. [30] A regular almost compact frame is compact.

V
Proof. Suppose a regular frame L is almost compact and let ( {xie L|ie I} =1.Since
. Vv Vv .
L is regular, x; = {y;, < x; ji € Ji} and therefore {y;<x;, ji€ J, i € I} =1.L is
: . u , (V
almost compact, therefore there exists a finite K < {J; | i € I} such that = {yx |k €

K} =1. Clearly, ( bl bk €e K} < ( {xi| k € Jifork € K}, thatis, {xi|k
€ J; for k € K} =1 and hence L is compact. -

Next we consider maps that transport filters, in particular we consider these maps which
will map filters in the domain to filters in the codomain. These maps have been considered

by Hong in [30].
Lemma 2.2.3. [30/Let h: L — M be a frame homomorphism.

1. For any filter F in M, h"\(F) is again a filter in L.

17



2. If h is dense, then for any filter F in L, h(F) is a filter base in M.

3. If h is dense, onto and F is a filter in L, then h(F) is a filter in M.

Proof. 1. For any frame homomorphism, h(1) = 1 € F so that 1 € h-Y(F). Leth(x),
h(y) € F. Since F is a filter, it follows that A(x) A h(y) € F which impliesthat A(x
Ay) € F sothatx A y € h"}(F). Thatis, x A y € h-}(F) whenever h(x) A h(y)
€ F . Furthermore, if x € h~1(F ) and x < y for some y € L, then there exista € F
such that x = A~1(a) which implies that a < A(y) and since F is a filter, then h(y) € F

. Hence y € h-}(F), and A~Y(F) is a filter.

2. Let a = h(x), b = h(y) for some x,y € F so that @, b € h(F). Since x,y € F andF
is a filter, it follows that x A y € F and so thatx A y /=0. By denseness of /1(x A

Y)=h(x) A h(y) /=0 and h(x A y) < h(x), h(x Ay) < h(y) € h(F). Thereforeh(F) is
a filter base in M.

3. Since 1 € F, h(1) = 1 and therefore 1y € A(F) and Oy = h(0) & h(F) since h is

dense. Next, let @, b € h(F'); then there exists x,y € F such that a = A(x) andb
= h(y). Therefore a A b = h(x) A h(y) = h(x A b) € h(F') since x A y € F . Lastly,
let a < b and a € A(F). Since h is onto, there exists x,y € L such thata = h(x)
and b = h(y), thatis, h(x) < h(y). Again by ontoness of 4, we have hh(x) < h«h(y)
implying x < y which implies y € F since x € F'. Thus h(y) € h(F). Therefore h(F) is

a filter in M whenever F is a filter in L.

The next two propositions show that convergent filters and clustered filters are preserved

and reflected under the suitable mappings.

Proposition 2.2.4. [30] Let h: L — M be a frame homomorphism.

18



1. If F is a convergent filter in M, then h-\(F) is also convergent in L.

2. Assume that h is dense, codense and onto, and a filter F in L is convergent,then

h(F') is also convergent.

Proof. 1. Take any cover C of L, then h(C) is a cover of M. Since F is convergent,we

have F N h(C) # 0. Take x € C with h(x) € F, then x € h~1(F) n C. Hence h-1(F

) is convergent.

2. Suppose C is a cover of M, then 4~1(C) is again a cover of L since / is onto and codense.

Therefore, there exists x € h~}(C) N F, which implies that h(x) € C N sec h(F),

and hence A(F') is convergent.

Proposition 2.2.5. [30] Let h: L — M be a frame homomorphism.
1. IfF is a clustered filter in M, then h"\(F) is also clustered in L.

2. Assume that h is dense, codense and onto, and a filter F in L is clustered, then

h(F) is also clustered.

Proof. 1. Take any cover C of L, then 4(C) is a cover of M . Since F' is clustered, we have

secF N h(C) + 0. Take x € C with h(x) € secF, then x € sec h—'(F) n CHence

sec h-1(F) is clustered.

2. Suppose C is a cover of M, then 41(C) is again a cover of L since / is onto and codense.

Therefore, there exists x € h1(C) N sec F, which implies that A(x) € C N h(F),

and hence sec h(F') is clustered.

Proposition 2.2.6. [16] A filter F in a frame L is clustered if and only if for every cover

C of L, there exists x € C such that x* £ F .
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Proof. (=): Assume that F clusters and let C be any cover of L. If x* € F Vx € C, then

x* € {y* | y € F'} and since x < x**, we have

\/

1= C
\V4

= {x|xeC}
V

< {x>|xe C}
V

< {a* | a € F}, where a=x*

hence Xz* | @ € F} =1 and by Proposition 2.2.1, this contradicts the fact that F clusters.
(<): Suppose that for any cover C of L and any filter ' in L there exists x € C with x*
Z F. Let F be afilter in L. If F does not cluster, then {)\c{‘ | x € F} =1 which means

{x* | x € F}is a cover of L. Now, let a € {x* | x € F} such that a* € F. But a = x* for

some x € F', which implies that a* = x** £ F', a contradiction. —

2.3 Compactness and separation in frames

We know that regularity does not imply normality and normality does not imply regularity
in classical topology. This is indeed the case in pointfree setting. We show below that a

compact frame is normal if the frame is regular.

Definition 2.3.1. A frame L is normal if for all ¢, b € L with a V b = 1, there exists

uve Lsuchthatu Av=0andaVu=1=5bVv.

Theorem 2.3.1. [35] A regular compact frame is normal.

Proof. Suppose L is a regular compact frame and let @, b € L such that @ V b = 1. Since
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. \ \Y
L is regular, we have a= dxi€ L |xi<a}land b= dyi € L |yi < b} Now

l=aVvb
V V
= {xi€L|xi<a} Vv {yvie L|yi< b}
i€ i€
\/ T
= {xiVyi€L|xi<ayi<b}
el

Then {x; V yi € L | xi < a,yi < b} is a cover of L and since L is compact, there exists

xrVykeL|keKys{xivyieL|i€ I} where xk < a and yx < b for some finite

K</

Vv
such that ,cx(xk V yk) = 1 which implies that

kex(Xk V k) T=1"=0 implies g X% Ay = 0 implies ek Xk N ek Vk =

Putu= ,cxgxtandv= ,cgyr thenuAv=0 and
uvVa= X; Va
keK
= xXiVa
keK
= (H=1.
keK
Similarly,
vVb= Vi Va
keK
= Vi Va
keK
= (H=1.
keK

Hence L is a normal frame.
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In the presence of regularity, normal frames are completely regular just as in the classical

case.

Proposition 2.3.1. [35] A regular normal frame is completely regular.

Proof. Let L be a regular normal frame and @ € L. Take any x < @, then x* V a = 1 and
since L 1s normal there exists v, v € L suchthatu Av=0andx*Vv=1=aV u. Butu
A v =0 implies that v < u, therefore a V v* < a V u =1, which implies @ V v*=1 and hence
v < a. Also, x* V a =1 implies that x < v. That is, x < v < a. Continuing the process we
can interpolate infinitely many elements which are between a and x that are rather below

them. Therefore a sequence indexed by rationals between 0 and 1 is formed. Thus, x << a

as desired. —

Remark 2.3.1. [35] Let L be a regular frame. Then each codense frame homomorphism

h: M — L is one-one.

Proposition 2.3.2. [35] Let L be a compact frame and M a regular frame. Then each

dense frame homomorphism h: M — L is one-one.

Proof. By the previous remark, it suffices to prove that / is codense. Suppose /4 is dense

V
and let #(a) =1 for some a € M. Buta= {x € M | x < a}, therefore

1="h(a)
Vv
=h {xeM|x<a}

V
= {h(x) | x < a}.

Which implies that {/(x) | x < a} is a cover of L and since L is compact, there exists

V
X1, X2, ..., xn < a such that = A(x)=1.
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Now, let u =x1 Vx2 V...V xpn, then u < a implies u* V a = 1, and A(u) = 1. Now,

h(u*) < (h(u))* = 0 enforcing A(u*) = 0 and since 4 is dense, u* = 0.

Then from u* V a=1, we have a = 1.
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Chapter 3

Strict extensions of frames

In this chapter we consider strict extensions and show that dense frame homomorphisms are
strict extensions on a regular frame. The notion of strict extensions of frames was introduced
by Hong [30]. Strict extensions were further considered by Banaschewski and Hong in

terms of filters and general filters, see [9] and [11].

3.1 Strict extensions

In this section, we give the definition of a strict extension and show that dense frame

homomorphisms act as examples in regular frames.
Definition 3.1.1. A frame homomorphism 4: L — M is called:
i. an extension if & is dense and onto.
ii. strict if L is generated by A«(M).

If & satisfy i. and ii., then we say /4 is a strict extension of M.
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Now let us look at one of the basic examples of a strict extension of frames.

Example 3.1.1. [9] Consider the frame DL of all non-empty downsets of a frame L, with

union as join and intersection as meet. Define the map 4: DL — L by h(U)= U.
1. We note that Opr = {01} and 1pr = L. Therefore
V V
h(L)= L=1rand h{0}h) = {0}=0r.

2. For any U, V € DL, we have

v v
WUOYAWVY= U AV

v
- UNY)

— WU NV)

— WU A V)

3. Let S < DL, then

V u
h S =h {Ui|lU€es}
i€
V 'u
= {U; | U; € S}
ic
u v
= { U |U €S}
el
Ul
= {wU) | U; € S}
I

1S

= h(S)
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hence /4 is a frame homomorphism with the right adjoint /.: L — DL, defined by

V V V
hia)= {Ue€ DL |WU)<al= {UcDL| U <a}=la. Also,

u
h(L)= {la|ae€lL}

V
= DL since for any U € DL, U = {la | a € U}

V
therefore /4 is strict. We also observe that #(U) = Or implies that U = Ot if and onlyif
U = {0}, and 4 is dense. Lastly, since for all x € L there exists |x € DL such that 4(!x)

= (lx)=x, his onto. Thus, 4 is a strict extension of L.

The following lemma is a property stated after Definition 1 in [9].

Lemma 3.1.1. [9] For a regular frame L, any dense frame homomorphism h : L — M is

strict.

Proof. Let a € L and take any x < a in L, then x < a. Since x < hsh(x), we need
only to prove that A:i(x) < a. We do this by showing that A4«A(x) < a. Since x < ax*

V a =1 and we observe that

\ \
h(hOG)Ax*= {yeL|h(y)<hX}IAN {z€L|zAx=0}

\V/
= {yeL|hy)=h(x)}IA{zeL|zAx=0}

V
= {yAzEL|AY) < hkx), zAx=0}

Since 4 is a frame homomorphism, A(x)Ah(z) = h(xAz) = 0. Now A(y) < h(x) implies that
h(y)ANh(z) < h(x)Ah(z) = 0 which implies that A(y)Ah(z) < 0, and hence hA(y)Ah(z) = 0.
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But 0 = A(y) A h(z) = h(y A z) and since /4 is dense, then y A z = 0. Therefore

\
h«(h(xX) Ax*= {y Aze€L|hQy) < hx), zAx=0}
\V4
= {0}

Which implies that x* is a separating element for /+A(x) and a, and hence A:h(x) < a.

V _
Thus for any x < a, x < h«h(x) < a and hence a= {h+h(x) | h+h(x) < a}. -
The following lemma is extracted before Lemma 1 in [9].

Lemma 3.1.2. [9] For any strict extension h: M — L, there exists an onto frame homo-

~ ~ V
morphism h: DL — M such that hh = , as in the commutative diagram below

DI L

\Y,
Proof. Since h is strict, @ = {h«(x) | h«(x) < a} for all @ € M. Therefore define

~ ~ V
h: DL — M by h(U)= {h«(x) | x € U} for any U € DL. Then for any a € L,

N V
h(lay= {h«(x) | x €la}
\%
= {h(x) | x < a}

= h«(a).

We now show that 7 is a frame homomorphism.
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R(10) = h«(0)

\V4

= {xe€L]|hkx =<0}
\V

— {xeL|hkx) =0}
\/

= {0} since % is dense, x = 0.

=0.
o~ V .
. p(ll)y=h«(1)= {x€L|h(x)<1}=1since A(l) < 1.

iii. Let U, V € DL, then

_ _ \V}
WYANRV )= {h(x) | x€UIN {h(y)|yEV}

< <

= {h)AhO)|xeU yeV}

<

= {hxAy)|IxeUyer}

<

= {h(2)|lz€eUnV}

=hUNV).

1v.

u A\V4 u
h U = {h(x)|x€ Ui}
i€l i€l
\V4
= {hx) | xe€ U}
i€l
V.
= hU))

el
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Hence 7 is a frame homomorphism. To show that 7 is onto, take any a € M, then

a= {h«(x) | x € L}, since A is strict

V

= {h«(x) | h«(x) < a}
Vo _ o ~

=  {h(lx) | h(lx) < a}, since h = h«
(V

=% {lx|A(lx) <a}, since & is a frame homomorphism.

Lemma 3.1.3. [9] If h: M — L is a strict extension of L such that h = f o g, whereg

:M — Nisontoand f: N — L is any frame homomorphism; then fs = g o h» and f isa

Strict extension.

Proof. We start by proving that /= = g o h«. We show that for x € N and y € L.x
< f«(y) if and only if x < gh«(y). Suppose x < gh«(y), then f(x) < fgh«(y) impliesthatf
(x) < hh«(y) since fg = h and hh«(y) = y since h is dense and therefore f(x) <y
which implies that x < f«(y). Conversely, suppose that x < f«(y), then f(x) < y. Since g
is onto, we have x = gg«(x) therefore f'(gg«(x)) < y. Butfg = h therefore hg«(x) < y
implies g«(x) < h«(y). Then gg«(x) < gh+«(y) and hence x < gh«(y) since gg«(x) = x. We
now prove that f is a strict extension. For any a € N, there existsx € M such that a

= g(x) because g is onto. Then since # is strict, then /+«(L) generates M therefore x =

\
{h«(y) | h«(y) < x where y € L} and

a=gx)
V
=g 1O | () < x}
V
= {gh») | h(y) = x}
V
= {0 | A(y) = x}
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Which implies that f«(L) generates M and hence f'is strict. Now, if y € L then since 4 is
onto, there exists x € M such that #(x) =y implies fg(x) = y where g(x) € N and hencef
is onto. To prove that f'is dense, suppose f (a) = 0 for some a € N . Since g is onto, there

exists x € M such that a = g(x) implies thatfg(x) = 0 which implies /4(x) = 0 implies that

x = 0 implies that y = g(x) = 0 and hence f"is dense.

3.2 Filters and strict extensions

Let L be a frame and Q denote a set of filters in L and P(Q) be the power set lattice.

Furthermore, we let

soL={(x,2) € LXP(Q) | forany F € X, x € I'}

and let s : soL — L be the restriction of the first projection to soL. Then soL is a subframe
of the product frame of L and P (Q) and s is an open dense onto frame homomorphism,
which is called the simple extension of L with respect to Q, see [[9], [30], and [31]] for
details. Let s+ denote the right adjoint of s, then s«(x) = (x, £x) for any x € L, where
Sc={F € Q| x € F}. Clearly s«(L) is closed under finite meets in so. We present this

as a lemma below.

Lemma 3.2.1. [30] s«(L) is closed under finite meets in solL.

Proof. Let x,y € L. Then s«(x) = (x, Zx) € soL and s«(y) = (y, Zy) € soL. Now

sx(x) A s+() = (x, Zx) A (1, Zy)

=X AYZx Ny
= (X Ay, Zxy)
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Indeed, if x and y are elements of a filter /', then x A y € F and hence s«(L) is closed

under finite meets in soL. —

Let toL be the subframe of sol generated by s«(L). Then
V
toL={ {(x.Zx) [ x € 4} | 4 = L}.

Let ¢: toL — L be the restriction of s to toL, which is clearly a dense onto frame homo-

morphism.

We now define in line with the above notation the following.

Definition 3.2.1. The frame homomorphism ¢: 1ol — L is called the strict extension of

L with respect to Q.

The next example is given by Banaschewski and Hong in [9].

Example 3.2.1. [9] Let L be a frame, Q a set of filters on L, and O(Q) be the topology

on Q generated by the sets Qa = {FF € Q | a € F}, where a € L. Define the maph
U
: DL — O(Q) by i(U) = Qu = ey Qa that is, each downset U € DL is mapped tothe

U
union of all the filters in Q containing elements of U. Now, h(U) = _;0a=1{F €Q|F

N U /= @}. We show that 4 is a frame homomorphism. Firstly, we observe that 4(10) = &
because |0 N F= for all F€ Q and A(11) = Q since 1 € Ffor all F € Q.

Now, let U, V€ DL. Then

KUNV)Y={F€EQ|FnUNYV) |=Q}
={FeEQ|FnUNEFNYV) |=D}
={FeQ|l(FnU) /=OIn{F €eQ|(FNnNV) /= O}
= h(U) N h(V).

And for some S € DL, we have
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V u
h S =h {U|UEeS}

={FeQ|qu{U|U€S}/=®}

u
={F € Q| {FNU|UEeS}/|=T}
U UeS
= {[FeQ|FnU/=Q}
UesS
u
= {WU)| U €S}
V
= h(S).

V
hence /4 is a frame homomorphism. Now consider the join map : DL — L which isa
frame homomorphism (by Example 3.1.1), then the map n: DL — L X O(Q), U — (

U, QV)’ isa fram\e;, homomorphism. Now let #(DL) = 7oL and 7: 7oL — L be defined
by 7( U Qu) = U. Then the composition DL L, T L L is a factorisation of
C
and hence by Lemma 3.1.3, 7 is a strict extension of L with respect to O with right

adjoint w«(a) = (a, Qa).

3.3 Compactification of frames

Recall that in a frame L, an element x € L is complemented if there is an element x! €
Lsuchthatx A x! =0andx Vv x! =1. We denote by C(L) the set of all complemented elements
in L. A frame L is zero-dimensional if C(L) is a base for L. In this section, L isa zero-

dimensional frame and Q is the set

{F | F is a non-convergent maximal Boolean filter}.

By a maximal Boolean filter we mean a Boolean filter which is maximal in the collection

of Boolean filters in a given frame. 37



Proposition 3.3.1. [30] For a zero-dimensional frame L, the following are equivalent:

1. L is compact;
2. Every Boolean filter in L is clustered;

3. Every maximal Boolean filter in L is convergent.

Proof. (1) = (2): It is immediate from Corollary 2.2.1.

(2) = (3): We note that a Boolean filter in L is maximal if and only if sec F N C(L) € F . Thus
the implication follows from 5) of Remark 1.2 in [30], for C(L) is a base for L.

(3) = (1): Suppose that there is a cover C of L which does not have a finite subcover. Let
T ={te C(L) | t < cforsomec € C}, then T is a cover of L, which does not have a

finite subcover. Thus {x! | x € T} generates a Boolean filter, which is denoted by F .Let

G be a maximal Boolean filter containing F. By the assumption, G is convergent, so

GNT /=10.Pickte GNT,then ¢, /@ € G which is a contradiction.

Here we show that /oL is a zero-dimensional compact frame and hence ¢: 1oL — L is a

zero-dimensional compactification of L. Before presenting this result, we need a series of

lemmas.

Lemma 3.3.1. [16] In any zero-dimensional frame, every completely prime filter is Boolean.

Proof. Suppose that L is a zero-dimensional frame and P is a completely prime filter in

L withx € P. Thenx= T for some T < C(L). Since P is completely prime, ¢ € P for

some t € T. Thus t € P N C(L) with ¢ < x. Hence, P is Boolean. —

Lemma 3.3.2. Ifa, b € C(L), thena A b € C(L).

Proof. Let a,b € C(L). Then there exists a!, o' € L such that a Aa'=0and a V al =1,
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also b A b' =0 and b vV b' = 1. Now, we claim that a' vV b is a complement for a A b.

@AB)A@VHY=(@AbAa)V (@AbAD)
=0V 0
= 0.

Now let a' V bl = g, therefore

(@nbyvg=(@vagADbVyq)
=(@aVadVvb)yA(bVadvVbhb
=1A1

= 1.

Lemma 3.3.3. [30/ s*(C(L) is contained in C(tol) and is closed under finite meets in

toL. Furthermore, s*(C(L) generates toL.

Proof. Let(x, ,)€ sf C(L) . Then (x, ,) € tol andx € C(L). Since ,={F €
O | x € F} and F is a maximal Boolean filter, it follows that either x € F or x! € F.

Since x € C(L), so x! € C(L). If x € F, then x! € F but x! € G where G is a maximal
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Boolean filter in Q. In other words (xI, ) € oL, therefore

(x, A (xI = x A x| N
X b P X
= x A Xxl,
( XAX
= 0,
0
=(0,0)
and
(x vV ()cI = x V! U
(
= x Vx|
( xXVXx
= 1,
1
=(1, Q).
( . (
Hence x, , € C toL , which implies that s« C(L) < C(¢oL). Now let

x D0 e s*(C(L) , therefore x, y € C(L)

and by Lemma 3.3.2, x A y € C(L). Then

XAV, = xAy, N

= X A (y, S s*(C(L)

and hence s*(C(L) is closed under finite meets. To show that s*(C(L) generates 1oL,

\
note that foranya € L,a= {x € L | x € C(L)} since L is zero-dimensional and
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since O consists of maximal Boolean filters, we have a € F &€ Q implies there exists
x € C(L) such that x < a which implies that x € C(L)N la. Therefore (a, ,) =

V
{(x, ) |xe€ CL)N la}, thus 7oL is generated by s*(C(L) .

Lemma 3.3.4. [30] For any maximal Boolean filter ¥ in toL, (V) is also a maximal

Boolean filter in L.

Proof. Letx € #('¥). Since ¢ is onto, there exists (x, ,) € ¥ suchthat#(x, ,)=x. Since ¥
is a maximal Boolean filter, it follows that there is a complemented (v, ,) € ¥ such that

O ) = (x, ,). Therefore there is (z, ,) € C(foL) such that

( ( B
Y, VAN = y Az
y z YNz
= (OJ
0
=(0,9)
and
( _
y: V Z, - y \/ Z,
y z yz
= (1’
1
= (1, 0).

Now, #«(y, ,)=yand#z ,)=z. Furthermore, (y, ,) =< (x, ,)impliesy =< x. Also,

yAz=0and y Vz =1 shows that y is complemented in L and y € #«(¥). Hencet('P) is

a Boolean filter in L. To show that #') is maximal, note the following:

(P)={xeL|(x ,) € ¥}and sec (¥)=1{y € L | forall x € (¥), x Ay /= 0}
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Therefore

S*(sec () ={s«(y) | y € sec ((\¥)}

= {(y, € tol | forall x € ((¥),x Ay /= 0}
Y
_ ( ( -
={ € toL | for all x, eV, xAy, /=1(0,0)}
y x Ay
=sec VY.

Now

s*(sec Y)NnClL) = s*(sec (?) N s*(C(L)
c s*(sec t(?) n C(tQL

=sec ¥ N C(tQL

then we have

S*(sec (V)N CL) < sec?n C(tQL cvY

since ¥ is a maximal Boolean filter, and hence sec #('¥) N C(L) S #¥) which implies that

t(P) is a maximal Boolean filter.

Theorem 3.3.1. [30] toL is a zero-dimensional compact frame and hence t: tol. — L is

a zero-dimensional compactification of L.

Proof. Take any maximal Boolean filter ¥ in 7oL and suppose #('¥') is convergent in L.

Let

o= (x, YeEtoll @, y) S (x, forsome (y, )€ 1H(P)) N C(tQL)',
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then @ is a Boolean filter in ¢oL containing ¥, hence ® = ¥. By Proposition 2.2.4,
t-1(#(¥)) is convergent and since 7oL is a zero-dimensional frame, ¥ = @ is also convergent
in toL. Now suppose that #('t) is not convergent, then #¥) € Q. Take any cover S of
toL with S < S*(C(L) which generates toL. Letp: toL — P(Q), defined by p((x, ) =

. Then p is a frame homomorphism, hence p(S) is a cover of P(Q); «('¥) € p((x, ,)) =

x for some (x, ) € S. Hence there is (v, ) € ¥ with#(y, ) =x so that

G P=E@=@ Y

implies (x, ,) € SN, and therefore ¥ is convergent in foL. Thus by Proposition 3.3.1,

tol is compact. _

3.4 Some constructive results

In this section we give a constructive compactification of completely regular frames. These
results will show that the category RegKFrm of regular compact frames is a coreflection

of the category CRegFrm of completely regular frames.

Proposition 3.4.1. [35] Let L be a frame and define the following maps v: I(L) — L and
V

o: L - I(L) byl - [ anda —la, respectively, foralll € I(L) and foralla € L. Then

v is a dense onto frame homomorphism.

Proof. We observe that for all / € I(L) and for all @ € L we have

v(a(a)) = v(la)
\V4
= (o

=da
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and V

o(v(D) =a 1
V
=1 Il
oI

Therefore v is a left Galois adjoint and hence preserves arbitrary joins. Now, for any

I, J € I(L) we have

V V
v() AN v(J) = I A J

V
= {aAb|laelandbeJ}

V
< {clcelInJ}
=v(l NJ).

V V
Butv(I N J) < v(I) N v(J) since INnJ <= N A J and hence v(/) A v(J) =v({

V
N J). The map v preserves the top element since V(L) = L = 1. For any a € L, there exists
la € I(L) such that v(a(a)) = v(la) = (la) = a, hence v is onto. To show that v is
V

dense, suppose v(I) = 0 for some I € I(L). Then [ = 0 implies / = {0}. Hence v isa

dense onto frame homomorphism.

Definition 3.4.1. [35] An ideal / in a frame L is regular if for every a € I, there exists

b € [ such that a << b.

The following propositions are crucial in the sense that they play a vital role in Stone-Cech

compactification of completely regular frames.

Proposition 3.4.2. [35] The set of regular ideals in a frame L, denoted RL, is a subframe

of I(L). Hence it is a compact frame.
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Proof. Let I,J € RL and a € I N J. This means that a € [/ and a € J but both / and
J are regular, so there exists b1 € [ and b2 € J such that a << b1 and a << b2 hence

U
a=aNa<<btANbrelInNJ. Now let (lo)achn € RL and F = ,.xIx for some finite

K < A. For each ax € Ik there exists bx € [k such that ax << bx for all £ € K. Thus
V

we have cgak << kek bk € F. Showing that RL is a subframe of I(L) and hence compact.

Proposition 3.4.3. [35] Let L be a frame. Then for each a € L, the set
o(a)={b € L | b << a} is a regular ideal.

Proof. To show that o(a) is an ideal, let b1, b2 € o(a). Therefore b1, b2 << a implies thatb1
V b2 << aand hence b1 V b2 € o(a). Now, suppose that b1 < by and b2 € o(a) for someb: €

L. Then b1 < b2 << a implies b1 << a which implies b1 € o(a) and hence o(a) is an ideal.

a(a) is regular since the relation << is interpolative. —

Lemma 3.4.1. [35] If b << a in a frame L, then o(b) < a(a) in the frame RL.

Proof. Suppose b << a in the frame L. Since the relation << is interpolative, there exists
X,y € L such that b << x < y << a. Since b* A b = 0, we have a(b*) N a(b) = {0} andb
<< x implies x* << b* which implies that x* € a(b*) S a(b)* therefore

o(b)* V a(a) = 1rL = L implies o(b) < o(a). -

Proposition 3.4.4. [35] If L is a completely regular compact frame, thenv: RL - L, I —

ITando: L - RL, a —{b € L | b << a} are mutually inverse isomorphisms.

Proof. Let I € RL and a € 1. Since L is completely regular,

\ vV ,
a= {bE€L|b<<a}<< [since [ is regular.

This implies that
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V
ac{be L|b=<< I}impliesa € {b € L| b << v(I)} which implies a € a(v(l) and

hence I < o v(J) .

V
On the other hand, if a € ¢ v(/)Mthen a < [ and a* V ( I) = 1. Since L is compact,

there exists xx € I where k£ € K for some finite K such that

(Vv

Vv
a VvV exXk =1. Letx= ,cxxk € I and hence o v(I) < I.

3.5 Compactifications of completely regular frames

The following lemma is a property stated in [35], page 133 (4.4).

Lemma 3.5.1. Let h: L — M be a frame homomorphism. If [ € L is a regular ideal,

then the following conditions are satisfied:

1. aVv b e h(l) for all a, b € h(I); and

2. for each a € h(l), there exists b € h(I) such that a << b.
Proof. 1. Let a b € h(l), then there exists x, y € I such that a = h(x) and b = A(y).
Therefore a V b = h(x) V h(y) = h(x V y) implies a V b € h(l) since x V y € I.

2. Let a € h(l), then there exists x € I such that a = A(x). Since [/ is regular, there

exists y € [ such that x << y. Put b= A(y), and hence a << b.
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Theorem 3.5.1. [35] Let L be a completely regular frame and define vi: RL — L by
V

vilth= [ andvu:RM — M byvu(J)= J. IfM is a compact frame and h: L —
Vv

M is a frame homomorphism, then there exists a functor

R: CRegFrm — KRegFrm

such that the following diagram commutes:

RhA
RL RM

VL VM

Proof. Consider the categories CRegFrm and KRegFrm of completely regular frames

and compact regular frames, respectively, and define R: CRegFrm — KRegFrm by
L — RL for all L € CRegFrm and R(h: L — M)=Rh: RL — RM, h(l) — lh(])

for any frame homomorphism %: L — M in CRegFrm. Firstly note that, in line with
the previous lemma, RA(]) =\ h(l) extends A(/) into a regular ideal for each regular ideal

I in L. Next we prove that R is a functor. Let # : 4 — B and g : B — C be frame

homomorphisms in CRegFrm, then

(Re) o (RII) = Rg" 1h(1)

=1g( Lh(I)
=lgh(l)

= R(gh)(D).
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Now take any 4 € CRegFrm and its identity morphism ida: A — 4, a — a. Then
Rida: RA — RA, Rida(I) =lida(I) =11 = I and hence R is a functor.

V V V V
Lastly, vir o Rh(l) = vu(Lh(D)) = Lh(l) = h() and hov(l) = h( )= h().
An

VM © (Rh © O'L)(a) = VM © (Rh © O'L(a)

=vy h or(a)

\4 (

= Lh o(a)
V

= hola)

(V
=k oua)

= h(a).

Hence the category RegKFrm is coreflective in CRegFrm.
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Chapter 4

General filters on frames

General filters on frames were introduced by Banaschewski to address the deficiency of
classical filters in frames to describe the notion of completeness. In [16] Bhattacharjee and
Naidoo revisited the notion of general filters in a frame and introduced the concepts of
clustering of general filters, maximal general filters and general ultrafilters. Using these

concepts the authors then characterised almost compact frames and Boolean frames.

4.1 Convergence of general filters on frames

To address the deficiency of classical filters in frames on the notion of compactness, Ba-

naschewski [7] introduced general filters on a frame as follows. Let L be a frame, and

denote by 2 = {0, 1} the two-element frame. "%e characteristic function of a set K S L is

. 1 ifa€eK
the mapping yx : [ — 2 defined by yx (@) =

0 ifaZK.
A subset /' € L is a filter in a frame L if and only if yr is a meet-semilattice homomor-

phism. Replacing 2 with an arbitrary frame 7', Banaschewski defined a T —valued filter ona

frame L to be a 0—meet semilattice homomorphism y : L — T . If T is unspecified, one speaks

of a general filter on L.
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Definition 4.1.1. [16] A general filter on a frame L is any bounded meet semilattice

homomorphism ¢: L — T from L into any arbitrary frame 7.
Definition 4.1.2. [16] Let ¢: L — T be a general filter. We say ¢ is:
1. prime if ¢ is a lattice homomorphism;
2. completely prime if ¢ preserves all joins if and only if ¢ is a frame homomorphism;

\
3. regular if ¢(a) = {p(x) | x < a} for all a € L;

4. convergent if ¢ takes covers to covers;

5. strongly convergent if h < ¢ for some frame homomorphism 4: L — T.

Proposition 4.1.1. [16] A convergent regular (classical) filter is completely prime.

Vv
Proof. Let F be a convergent regular filter in a frame L, and S € F for some S < L.
\%
Then there exists y € F such that y < ~ S. The set {y*}U S is a cover of L, which implies

that F N ({*} U S) /= 0. Now, since y* &€ F, we must have F NS /= 0, and hence F%

completely prime.

Proposition 4.1.2. [16] A convergent regular general filter is a frame homomorphism.

Proof. Let¢ : L — T be a convergent regular general filter, we show that ¢ preserves all joins.

V \
For any 4 S L, we have ¢( 4) = {¢(a) | a € A}. Since ¢ is regular,
\J \Y V V .
d( A) = {p(x) | x < A} Forany x < A, {x*}U 4 is a cover for L,

and since ¢ is convergent, we have ¢(x*) V V{qﬁ(a) | a € A} = 1 which implies that ¢(x)
V . V Vv Vv Vv
< {#(a) | a € A} since ¢p(x) A ¢(x*)=0.Thus ¢( A)= {p(x) | x < A} < {d(a)
| a € A} which implies that
\ \ \ \
p( A) =< {p(a) | a € A} hence ¢( A)= {¢(a) | a € 4}.
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Recall the following characterization of clustering in terms of covers : A classical filter ' in

a frame L is clustered if and only if for every cover C of L there exists ¢ € C such that

c* Z F. Given a general filter ¢: L — T, we denote by ¢ (1) the classical filter

p=()={xe L|skx)=1}%

The following lemma shows that the convergence of classical filters is stronger than the

convergence of general filters.

Lemma 4.1.1. [16] Given a general filter¢: L — T, if (1) is convergent, then ¢ is also

convergent.

Proof. Suppose the classical filter ¢<(1) is convergent and let C be a cover of L, then ¢<(1)
\
NC [=10. Say a € ¢<(1) N C implies a € ¢< (1) and a € C with ¢(a) = 1. Hence ¢(C)

=1 and ¢ is convergent. -

The converse is however not true, for, the identity map idr: 4 — 4 (4 = {0, a, a*, 1}),

which is a convergent general filter. The subset {a, a*} is a cover of 4 so idi({a, a*}) =
{a, a*} which is still a cover for 4. But {a, a*} N ids (1) = 0 since idr(a) = a 1 and

idi(a*) = a* /=1, hence ids (1) is not convergent.

Definition 4.1.3. [16] A general filter ¢: L — T is said to be clustered if for every cover

C of L, there exists ¢ € C such that ¢(c*) /= 1.

We note that if ¢—(1) clusters, then for any cover C of L, there exists ¢ € C with

¢t Z ¢—(1) implies @(c*) /= 1. Hence ¢ (1) clustered implies ¢ clusters.

Proposition 4.1.3. [16] A convergent general filter clusters.
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Proof. Let ¢ : L — T be a convergent general filter. If ¢ is not clustered, then there exists
a cover C of L such that ¢(c*) = 1 for every ¢ € C. Since ¢ is a semilattice homomorphism,

we have 0 = ¢(c) A ¢(c*) = ¢(c) for every ¢ € C, which implies that ¢(C) is not a cover

of 7', contrary to the hypothesis that ¢ is convergent. _

We show that almost compactness can be characterised in terms of general filters. Hong [30]
characterized almost compactness in terms of maximal filters in a frame L and compactness
in terms of maximal filters in a regular frame L. We have included the results as Corollary

2.2.1 and Corollary 2.2.2. We start with the following lemma.

Lemma 4.1.2. [16] Every general filter on a frame is below a maximal one.

Proof. Let ¢ : L — T be ageneral filteron L, andS = {u: L — T | ¢ < u}. Let
Vv

C < S beachain,anddefineamapy :L — T by w(a)= {y(a) |y € C}. We show that

y 1s a general filter on L. It is obvious that w(0) = 0 and w(1) = 1. To show thaty

preserves binary meets, take any a, b € L, then

\% \%
wa@) Ay(b)= {pa) [y e Ctn {u®d)|uecCt
\%
= (@ ly e ChAafu®d) lpech

Vv
= {y@) Au®d) |y uecCt

since C is a chain, for any y, u € C,

either y(a) A u(a) < y(a) A y(b) = y(a A b) or y(a) A u(a) < u(a) A u(b) = u(a A b).

V
w(a) A w(b) = {y(a) A u(b) | y, u € C}
V
< {danb)|oéeC}

=yla N D)
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and hence y(a) A w(b) = w(a A b). Thus, w is an upper bound for C, and by Zorn’s lemma

S has a maximal element. _

Observation 4.1.1. ([16], after Lemma 2.4) A general filter that is below a clustered
one is clustered. To see this, suppose that v < ¢ and ¢ is clustered. Then there exists

¢ € C such that ¢(c*) /= 1. So indeed y(c*) < ¢(c*) /= 1. Hence y(c*) /= 1.

Proposition 4.1.4. [16] The following are equivalent in a frame L.

1. L is almost compact.

2. Every general filter on L clusters.

3. Every maximal general filter on L clusters.

Proof. (1) = (2): Suppose that L is almost compact and let ¢: L — T be a general

filter on L. Let C be a cover of L, then since L is almost compact there exists a finite

{c1, c2, ..., cn} S Csuchthat (ciVe2V..., Ven)*=0. ThenciAcsA..., Act, =0, and

hence

0=¢g(ci A5 A..., Act) = @(ct) ANP(cHNA, ..., Ap(cy)

since ¢ is a meet-semilattice homomorphism. If ¢(cz) =1 foralli =1, 2, ..., n, then
this contradicts the previous equation. Thus for some i = 1, 2, ..., n, @é(c3) 1 and

hence ¢ clusters.

(2) = (3): This is trivial.

(3) = (1): Let F < L be a classical filter, and consider the general filter yr : L — 2. By

Lemma 4.1.2, there is a maximal filter 7: L — 2 with yr < 7. By the present hypothesis,

7 clusters, which implies yr clusters, and hence F clusters. It therefore follows from

Corollary 2.2.1 that L is almost compact. —
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We give the following lemma without proof.

Lemma 4.1.3. [16] A classical filter F in a frame L is an ultrafilter if and only if for any

x €L, eitherx € Forx* € F.

Definition 4.1.4. [16] We say a general filter ¢: L — T is:

1. an ultrafilter if for all x € L, ¢(x) V ¢(x*) = 1;
2. balanced if ¢(x) /=0 for any x € D(L).
The following proposition and its proof is found in [18], here we leave out the proof.

Proposition 4.1.5. [18] Every filter in a frame is the intersection of prime filters con-

taining it.

The proposition below is culled in [16] and the proof is found in [18].

Proposition 4.1.6. [16] A classical filter F is an ultrafilter if and only if it is prime and

balanced.

In accordance with the above Proposition 4.1.6, the necessary part also holds in the case

of general filters.

Theorem 4.1.1. [16] Every general ultrafilter is prime and balanced.

Proof. Let ¢ : L — T be a general ultrafilter. To show that ¢ is balanced, let x € L be dense,
then x* = 0 and ¢(x*) = 0. Since ¢ is an ultrafilter, 1 = ¢(x)V @d(x*) = ¢(x) implies ¢(x) /= 0

and hence ¢ is balanced. Now, to show that ¢ is prime let ¢, b € L. Since ¢ &
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an ultrafilter, we have ¢(z) V ¢(z*) = 1. Therefore

glaV b)=g¢(aV b) N ¢a)V (/5(61*):I A g(b) v (/5(17*):I

=plavD)n a)V ¢(a*)] AglaV b) A ¢(b) vV ¢(b*)]

= glaV D) A dla)V laV b) A ¢(a*)] A gla N D) A g(b)V glaV b) A ¢(b*)]

=¢((avb)/\a V¢((a\/b)/\a*]/\ ¢((avb)/\b \/¢((a\/b)/\b*]

= ¢(a) vV ¢(b A a*)] A () V dla A b*)]

< daV ¢(b)] A ¢(b) v ¢(a)]

= ¢(a) Vv ¢(b),

whence we deduce that ¢(a) V ¢(b) = ¢(a V b) as the opposite inequality holds by virtue

of ¢ being an increasing map. Therefore ¢ is a prime filter.

In [16] an example is given which shows that the converse of the above theorem is not true.

Proposition 4.1.7. [16] Every general ultrafilter is maximal.

Proof. Let ¢: L — T be a general ultrafilter on L, and consider any general filter 7: L —

T with ¢ < 7. For any x € L, we have ¢(x*) < 7(x*). Since ¢ is an ultrafilter,

1 =¢(x) V ¢(x) < ¢(x) V 7(x*)
which implies that 7(x) < ¢(x) since 7(x) A 7(x*) = 0. Thus 7 < ¢ implies ¢ = 7. —
Combining Proposition 4.1.7 and Proposition 4.1.4, the following corollary is immediate.

Corollary 4.1.1. [16] A frame is almost compact if and only if every general ultrafilter

on it clusters.

Definition 4.1.5. [16] A general filter ¢: L — T on a frame L is Boolean if for every

a € L with ¢(a) = 1, there is a complemented element ¢ € L with ¢ < a such that ¢(c) /= 0.
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Lemma 4.1.4. [16]On a zero-dimensional frame, every completely prime general filter is

Boolean.

Proof. Let ¢ : L — T be a completely prime general filter on a zero-dimensional frame L.
Suppose that x € L and ¢(x) = 1. Since L is zero-dimensional, there exists 4 & C(L) such

V
that x = A, and since ¢ is completely prime, we have 1 = ¢( AN- {¢(a) | a € A}. Hence

#(a) /=0 for some a € 4, and a < x since a € C(L). -

Theorem 4.1.2. [16] The following are equivalent for a frame L:

1. L is Boolean.

2. Every general filter on L is regular.

3. The general filter br: L — BL is regular.

4. Every general filter in L is Boolean.

5. Every general prime filter on L is an ultrafilter.

Proof. (1) = (2): Assume that L is Boolean, and let ¢: L — T be a general filter on L.

V
For any a € L, a < a, so that ¢(a) = {d(x) | x < a}, and hence ¢ is regular.
(2) = (3): Trivial.

(3) = (4): Assume that br: L — BL is regular. Then, for any a € L we have

a=<a*
=bi(a)
V
= {b(x) | x < a}
= {x*|x<a}

<a

)
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which says that a = a**. Therefore L is Boolean.

(1) & (4): If Lis Boolean, ¢: L — T is a general filter on L, and a € L such that ¢(a) =1,
the ¢ = a is a complemented element of L such that ¢ < a and ¢(c) /= 0. Therefore ¢ 8
Boolean. Conversely, let 0 /=5b € L. Consider the general filter yr: L — 2 on L, where F
is the classical filter F =1b in L. By the present hypothesis, yr is Boolean. Sinceyr
(b) = 1, there exists some complemented ¢ < b such that yr (¢) /= 0. This in turn implies

that yr (¢) = 1, that is, ¢ €1bh, meaning that ¢ > b. Consequently, ¢ = b and hence L is

Boolean.

(5) = (1): If L is Boolean and ¢:L — T is a prime general filter on L, then for anya
€ L we have a V a* = 1, which, by primeness, implies that 1 = ¢(a V a*) = ¢(a) V ¢(a*),
thus showing that ¢ is an ultrafilter. Conversely, suppose, by way of contradiction, that
L is not Boolean. Take a € L such that a vV a* < 1. By the dual version of the Stone’s
separation lemma, there is a prime filter /* C L such that a V a* &€ F'. The general filter
xr: L — 2 is prime, so, by the present hypothesis, it is an ultrafilter. In consequence,
xr(a) V yr(a*) = 1, which implies that a € F or a* € F, neither of which is possible sincea

V a* € F'. Therefore L is Boolean.

4.2 A stronger variant of clustering

The notion of a strong variant of clustering was introduced to address the deficiency re-
garding clustering of classical filters. In any Boolean frame without atoms, the classical
filter Ta (a /= 0) clusters but is not contained in a convergent filter. There is no similar
situation for these in topological spaces. Dube and Naidoo [24] defined a classical filter
F in a frame L to be strongly clustered in an effort to address the situation. The definition

is as follows.
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Definition 4.2.1. A filter F in a frame L strongly clusters if {x* | x € F} < p for some

p € XZL.

Theorem 4.2.1. [16] A filter F in a frame L strongly clusters if and only if there is a

completely prime filter P < L such that P < secF .

Proof. (=): Suppose that F' strongly clusters. Then {x* \I/x € F} < pforsomep € EL. Then

P ={x € L | x 1 p}is completely prime. If x € P, x A y =0 for some y € F, thenx < »*

<{x|x é/F} < p which is a contradiction. Thus foreachx € P, x A y /=0 foreach y €

F. Thus x € secF’ so that S S secF'.

(<) If O € secF for some completely prime filter Q in L, then p = V(L\Q) e XL. If
{x*| x € F} € Q, since Q is com{)}etely prime, x* € Q for some x € F. Then x* €

secF which is a contradiction. Thus {x* |x € F} € QO and hence {x*|x€ F} <p.
V

Hence F strongly clusters. _

Motivated by the results of Dube and Naidoo in [24], that a classical filter in a regular frame
strongly clusters if and only if it is contained in a convergent filter, Bhattacharjee and

Naidoo formulated the following definition:

Definition 4.2.2. A general filter ¢ : L — T strongly clusters (or is strongly clustered) if there

is a convergent general filter 7: L — T such that ¢ < 7.

The relationship of strong clustering to other properties of general filters are given in the

proposition below.

Proposition 4.2.1. [16] The following properties hold.

1. If a general filter strongly clusters, then it clusters.

2. A maximal general filter (and, hence an ultrafilter) strongly clusters if and only if it

converges.
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3. A prime general filter on a regular frame strongly clusters if and only if it strongly

converges.

Proof. 1. Let ¢:L — T be a strongly clustered general filter. By definition, there isa
convergent 7: L — T such that ¢ < 7. Let C be a cover of L. We cannot have ¢(c*)

=1 for every ¢ € C as that would imply

We conclude therefore that ¢ is clustered.
2. This is immediate.

3. Since strong convergence implies convergence, which, in turn, implies strong cluster-
ing, only one implication needs to be shown. So suppose that ¢ : L — T is a strong
clustering prime filter on a regular frame L. Take a convergent 7: L — T such that
¢ < 7. As shown in Banaschewski and Hong [10], the map 7°: L — T defined byz
“(a) = M(x) | x < a} is a frame homomorphism. We show that 7° < ¢. Leth
€ L, and consider any x < b. Then x*V b = 1, which, by the primeness of ¢, implies1
=@(x*) V ¢(b) < t(x*) V ¢(b), whence 7(x) < ¢(b), consequently 7 °(b) < ¢(b), bythe

regularity of L. Therefore strongly converges.
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Corollary 4.2.1. [16] The following are equivalent for a regular frame L:

1. L is compact.
2. Every prime general filter on L strongly clusters.

3. Every general ultrafilter on L strongly clusters.

Proof. (1) = (2): Since every cover of a compact frame admits a finite cover, every prime

general filter on a compact frame takes covers to covers, and therefore strongly clusters.

(2) = (3): This follows from the fact that every general ultrafilter is prime (Theorem
4.1.1).

(3) = (1): If every general ultrafilter on L strongly clusters, then every general ultrafilter on

L clusters, and so L is almost compact by Corollary 4.1.1. Since L is regular, this means

that L is compact. —

4.3 F-compactness

In this section we consider compactness in terms of convergence of filters. In particular, we
consider filters of certain type and require that all filters of that type be convergent. This

exercise is briefly known as filter selection.

Definition 4.3.1. [12] An object function F on the category of frames is called a filter

selection if F(L) is a class of filters ¢: L — T for each frame L such that:

1. every frame homomorphism L — M belongs to F(L);

2. F(L) is closed under composition, that is, for any ¢: L — M in F(L) and w: M —
N in F(M), v o ¢ belongs to F(L).
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Definition 4.3.2. For any filter selection F of filters, a frame L is called an F—lax retract
of a frame M if there exists a frame homomorphism /4 : L — M and a filter ¢ : M — L in

F(M) such that ¢ o h < id;.

Definition 4.3.3. [12] For any filter selection F, a frame L is called F-compact if everyg

€ F(L) is convergent and we say L is strongly F-compact if every ¢ € F(L) is strongly

convergent.

Proposition 4.3.1. [12] For any filter selection F, closed quotients of F-compact frames

are F-compact.

Proof. Let L be any F-compact frame, a € L and v: L — Ta be defined by v(x) = xVa for all
x € L.Foranyt: ta — Tin F(1a), since F is a filter selection, we have 7 o v € F(L) which
implies that z o v is convergent since L is F-compact. Now, let C < a be a cover of 1a, therefore

C is also a cover of L and x = a for all x € C. Then

vO)={xVal|lxeC}
=aVvC

= C since a is the bottom element in 1a. Therefore

t o v(C) = f(V(C) =17(C)

which implies that 7 (C) is a cover of T (by convergence of 7 o v) and hence 7 is convergent.

Hence ta is F-compact. -

Proposition 4.3.2. [12] For any filter selection F, F-lax retracts of F—compact frames

are F—compact.

Proof. Let M be an F—compact frame, #: L — M be any frame homomorphism such that
woh <idy forsome w: M — Land ¢: L — T in F(L). Then ¢ o w € F(M), making it
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convergent and hence also ¢ o y o & is convergent. —

Proposition 4.3.3. [12] This also holds for strong F-compactness, thatis, closed quotients of

strongly F-compact frames are strongly F-compact.

Proof. Suppose that L is a strongly F-compact frame and consider any 7: ta — T in F(1a).
Then o v: L — T belongs to F(L) and since L is strongly F-compact, there exists a frame

homomorphism /4: L — T such that 2 < 7 o v. Then

h(a) < t o v(a)

=17 v(a)

=rt(a) since v(a)=aV a=a

=07 since a = 01¢

therefore h(a) < 07 == h(a) = Or hence & factors through v, which means # = k o v for

some k: ta — T. Hence k < 7, showing that ta is strongly F-compact. —

Proposition 4.3.4. [12] F-lax retracts of strongly F-compact frames are strongly F-compact.

Proof. If M is strongly F—compactand 4 : L — M, y: M — L exhibit L as an F—lax retract
of M, then forany ¢ : L — T in F(L), again ¢y € F(M ) and hence k < ¢y for some frame
homomorphism k: M — T by the present hypothesis. It follows that k o h <¢p oy o h <
@, the latter since w o h < idr, showing ¢ is strongly convergent which provesL is strongly

F—compact. —

Lemma 4.3.1. [12] For any frame homomorphism h: L — T and any filter ¢: L — T, if
h| X <¢|X for some generating set X of L, then h < .

Proof. Let M={x € L | h(x) < ¢(x)}. Then 0, 1 € Mandx A y € Mforanyx, y € M.

\ \ \ \
Further, for any subset Sof M, h( S)= {h(H)|t€ S} < {g(®)|t€ S} <¢( S)and
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V
hence S € M. Thus M is a subframe of L, and since it contains the generating set X of

L it is equal to L. —

For the next few results we first need the following definitions.

Definition 4.3.4. In a category C, a coproduct of a collection of object A; i € J, is a
system of morphisms gi: A;i — A, i € J such that for every system fi: Ai — X, i € J, in

C there is exactly one /= A — X such that fg; =f; for all i € J.

Definition 4.3.5. Let F: D — C be a functor and 4 € Obj(C). A subset S < Obj(D) is
a solution set for A with respect to F if for each B € Obj(D) and for each f: A — F(B) in
C thereare S €S, a: S — B and E : A — F(S) such that the diagram

- B
A F(S)

x ‘F(a)

F(B)

commutes.

is a Solution set for A with respect to

Proposition 4.3.5. [12] For any filter selection F, coproduct of strongly F—compact frames

are strongly F—compact.

E
Proof. For any strongly F-compact Lg, let L ®BLs with coproduct maps iq : La — L and

consider any ¢ : L — Tin F(L). Then ¢ o iq : La — T belongs to F(La) so that there exist
frame homomorphisms /4q: La — T below ¢ o iq, and choosing such hq: Lq — T for eacha
we obtain a frame homomorphism 4 : L — T such that 4 o iq = hq. It then follows thath o
ia < ¢ o iq for each a, and since L is generated by the union of the /m(iz) and the previous

lemma shows that # < ¢. —

Proposition 4.3.6. [12] For any filter selection F, the F-compact regular frames are core-

flective in Frm. 53



Proof. Note that F—compactness = strong F—compactness and strong convergence is

unique in this setting. Also, since the regular frames are coreflective in Frm it is enough to
argue within the category RFrm of these frames. Now, since coequalizers in RFrm are
closed quotients the previous two propositions show that the only thing left to check here is

the existence of a Solution Set. We claim this is provided, for any frame L, by the

set of all F—compact regular quotients of the down set frame DL of L. To see this, let

h : M — L be any frame homomorphism from an F-compact regular frame M into L and

consider its dense-onto factorization

h:M v ts k L

where s = h«(0), v= (") Vs, and k such that k o v = A. Then 1s is F—compact regular,
as closed quotient of M, and & is dense. It follows that the right adjoint k«: L — 15 ofk
is a filter and hence induces a frame homomorphism / : DL — 1s such that I(la) = k«(a).
Furthermore, s is generated by /m(k«) since it is regular and consequently / is onto. In

all this shows 1s is isomorphic to a quotient of DL which proves the claim. —

Remark 4.3.1. [12] The same proof leads to the corresponding result for completely regular

and for zero-dimensional frames.

For any frame L, F(L) determines a nucleus nrr defined by

n
nr(U) = {¢.6(U) | ¢ € F(L)}

where ¢: DL — T is the frame homomorphism associated with the filter ¢: L — T and

@« is its right adjoint so that ¢.4 is the nucleus determined ¢. Note that nr(U) S|

V V V
( U ) (Maken in L) because idr € F(L) and hence nr(U ) = U , showing that the
V

homomorphism : DL — L given by taking joins in L induces a frame homomorphismk

: Fix(nrr) — L. Further, nrr(! a) =! a for each a € L, and consequently we have

l: L — Fix(nrr). In the following, set FL = Fix(n¥rL).
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Proposition 4.3.7. [12] For any natural filter selection F, the following are equivalent.

1. L is strongly F—compact.

2. 1. L — FL is strongly convergent.

3. L is alax retract of FL.

Proof. (1) = (2): Immediate by definition of natural F.

(2) = (3): By hypothesis, there exists a frame homomorphism 4 : L — FL such that 4 <!,
and for the homomorphism k: FL — L introduced above we then have k o h < id;.

(3) = (1): By Proposition 4.3.4, it is enough to show that FL is strongly F—compact.
Consider thenany ¢ : FL — T'in F(FL). Then w=¢o |: L — Tbelongs to F(L) by naturality
of I and hence the corresponding homomorphism ! : DL — T determines a homomorphism /4

: FL — T such that 4 o nrr = y/!. Now

h(la) = h o nrr(la) = yl(la) = y(a) = ¢(la),

and since the la generates FL and by Lemma 4.3.1 implies that 2 < ¢, showing FL is

strongly F'—compact. —

Proposition 4.3.8. [12] All these filter selections are natural.

Proof. We begin with a more general consideration. Let U be any collection of subsets of a
frame L such that{a A | r € S} € U foreach S € U anda € L, and call filter ¢ : L — T U-
prime if ¢( VS) = ¢(S) forall § € U. Further, let C < DL be the closure system of all
Ue DL Sl}éh that S < U implies\§ € U for all S € U and [ the corresponding closure
operator on DL. Then [ is a nucleus and C a frame, as is readily seen by the fact that the

operator /o on DL such that

u Vv _
h=Uu {I( S)|S<cUinU}
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is a prenucleus with Fix(lo) = Fix(l) = C. For this, note that trivially U < lo(U) and
V
lo(U) < lo(W) whenever U < W, while lo(U) N W < lo(U N W) because a < S forS

C UinU anda € W impliesthat{a A ¢| t € S} & U N W which belongs to U and has join

a.

Further, la € C for each a € L so that we have the filter |: L — C, and since
\/ U V
{leleeSt=I( {{tlteshH=1( 9

for any S € U (where the first join is in C) this is U-prime. Finally, for any U-prime filter
¢ : L — T, the induced frame homomorphism ¢! : DL — T has the property that ¢'(/o(U)) =

#'(U), as seen by straightforward calculation, and consequently also ¢!/(/(U)) =

#(U). It therefore follows that /[(U) < ¢l o ¢/(U) which shows that

(U) = n{¢l* od(U) | ¢: L — T U — prime filter}

equality since |: L — C is one of the ¢ and the term corresponding to it is actually /(U ).
Now, if F is any of the above filter selection then, for any frame L, the condition assumed
above for U clearly holds for the S < L specified in each of these cases. It follows that

l: L — FL corresponds to the above !: L — C and hence belongs to F(L), showing F is

natural, as claimed. -

Remark 4.3.2. [12] The above proof also identifies the corresponding FL for the different
F involved here as follows:

A - DL

P - IL

S the frame AL of o-ideals

D the frame GL of Scott closed downsets
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Recall that a frame L is supercompact if each cover of L contains 1.

Proposition 4.3.9. [12] A frame L is:

1. A-compact if and only if it is supercompact,
2. P-compact if and only if it is compact,

3. S-compact if and only if it is Lindelof.

Proof. 1. (=): Inparticular, |: L — DL is convergent so that {!s | s € C} is a cover
U
of DL for any cover C of L but {la | s € C} =l1 implies 1 € C, showing L is

supercompact.

(<): Since any cover C of L contains 1 and the same holds for ¢(C) where ¢: L —

T is any filter so that ¢ is trivially convergent.

2. (=).Since !: L — IL is convergent, {!s | s € C}is a cover of I(L) for anycover
C of L and hence the ideal generated by it is ! 1. Consequently, there exists s1, 52, . .
.,8n € C such that s1 Vs2 V...V sn=1, showing L is compact.

(<): Any bounded lattice homomorphism ¢: L — T takes any finite cover to a

cover, and for compact L this says it takes every cover to a cover, that is, it is

convergent.

3. (=): Again, since !: L — HL is convergent, {ls | s € C} is a cover of HL for any

cover C of L and hence the o—ideal generated by it is ! 1. Further, if the Axiom
V

of Countable Choice is assumed this o—ideal consists of all ¢ < X for countable

X € C and hence C has a countable subcover.

(<): This is the same as in 2.
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V
Recall that an element a in a frame L is compact if forany S € L, a < S implies there exist

V
a finite 7 < § such that a < T. We denote by K(L) the set of all compact elements of L.
V

Thus L is called algebraic if foralla € L, a= ,;x; for some x; € K(L) and L is called

compact if its top element is compact.

Definition 4.3.6. A coherent frame is a compact algebraic frame L such that a A b €

K(L) for all a, b € K(L).

Proposition 4.3.10. [12] A frame L is:

1. strongly A-compact if and only if it is supercompact,

2. strongly P-compact if and only if it is a lax retract of a coherent frame, and

3. strongly S-compact if and only if it is a lax retract of a o—coherent frame.

Proof. 1. It is immediate from the previous proposition together with the fact that

A-compactness = strong A-compactness for supercompact frames.

2. (=): By Proposition 4.3.7 and Proposition 4.3.8, L is a lax retract of its ideal lattice
I(L) which is coherent.
(<): By Proposition 4.3.4, it is enough to prove that any coherent frame M is strongly
P—compact. Let ¢ : M — T then be any bounded lattice homomorphism. Then its
restriction to the sublattice K & M of all compact elements induces aframe
homomorphism f: IK — T such that f{!c) = ¢(c) for each ¢ € K. Further,if g: M
— IK is the inverse of the familiar isomorphism : IK Y M and h =fog: M
— T then

h(c) =1 o g(c) = f(lc) = ¢(c)
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for all ¢ € K, proving &7 < ¢ by Lemma 4.3.1 since K generates M.

3. The proof is the exact analogue of that of 2, with ideal lattices replaced by o—ideal
lattices and compact elements by Lindelof elements, using the Axiom of Countable

Choice in the appropriate places.

Recall that a continuous frame L is stably continuous if L is compact and x « aAb whenever

X « aand x « b.

Corollary 4.3.1. 1. Every stably continuous frame is strongly P-compact.
2. Every stably o-continuous frame is strongly S-compact.

Proposition 4.3.11. The Prime Ideal Theorem holds iff every frame in which all classical

prime filters are convergent is compact.

Proof. We only need to show (<) and do this by proving that the hypothesis implies
the Tychonoff Product Theorem for compact Hausdorff spaces, which is known to be
equivalent to the Prime Ideal Theorem. For this, let X4 (a € I) be any family of such spaces,
X = Xg, and h: OX, — X the homomorphism induced by the mapsOX, — OX
resulting frothhe product projections X — Xa. Now, for any classical prime filter ¢ : OX
— 2, ¢ o hstrongly converges since  OXjg is cgmpact regular, saying that¢ < ¢ o i for
some homomorphism ¢: OXg — 2. OE the other hand, % is known to bethe reflection map
to spatial frames; hence there exists a homomorphism : OX — 2 suchthat = { o A, hence
h is onto it follows that { < ¢. Now, the given hypothesis shows that OX, and hence X, is

compact, as desired. —

64



Chapter 5

Ideals in RL and compact frames

In this chapter we study fixed ideals and strongly fixed ideals in RL. In the ring C(X),
the maximal ideals are precisely the fixed ones for a compact Hausdorff space X. On the
other hand, if every maximal ideal is fixed, then X is compact. A Tychonoff space X is
compact if and only if every proper ideal in C(X) is fixed. Our goal here is to study these in

the setting of pointfree topology.

5.1 The cozero map

Definition 5.1.1. The frame of reals, denoted L(R), is the frame generated by all ordered

pairs (p, ¢) € Q? such that
L@@ A@s)=@VrqgAs);
2. (p,q)V (r,s)=(p,s), whenever p < r < g < s;

Vv
.= {(ns)Ip<r<s<gh
Vv
4.1= {(rs)|pqe€Qk
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A continuous real-valued function on L is a frame homomorphism L(R) — L. The elements
of the ring RL are real-valued continuous functions on L, and the operation on RL is0
€ {+, , A, V} such that for o, 8 € RL

a0f(p, q) = {\({c(r, AP, w) | (r, s)o(u, w) < (p, @)}, where (r, s)0(u, w) < (p, g) means

that for each » <x <sand u € y < w we have p < x 0 y < gq. For any » € R, define the

= 1 for p <r<g,
constant mapr £ Ry r = 0

0 0 otherwise

Definition 5.1.2. The cozero map is the map coz: RL — L given by
\Y

coz (@)= {a(p, 0) V a0, q) | p, g € Q} =a(—, 0) V a(0, —), where
Vv

0,-)= {(0,9) | ¢ €Q,¢g >0} and

V
(— 0= {P.0)|peQp<0}

A cozero element of a frame L is an element of the form coz («) for some oo € RL. And
the cozero part of a frame L, denoted Coz L, is the sublattice of L consisting of all cozero

elements of L.

Lemma 5.1.1. [19] A frame L is completely regular if and only if Coz L generates L.

Proof. (=): Suppose that L is completely regular and let @ € L. Then by complete
regularity, a = \fx € L | x << a}. Thus for each x << a, there is a ¢ € Coz L such thatx
<< ¢ << a by [ [5], Proposition 2.1.4] thus a =\{/x EL|x<<a}l= {x€ CozlL |x
<< a} and hence Coz L generates L. v

(<): Suppose that Coz L generates L and let a € L. We assume without loss of generality
that 0 /=a /= 1. Then there is an element x € L such that x < a. Then x* V a = 1. BRypothesis

we find ¢c1 << x* and ¢2 V a such that ¢1 V ¢2 = 1. By [[5] , Corollary 5.1.3]

Vv
find b; € Coz L such that b; << cijand b1 V b =1. Thusa= {bi € Coz L | bi << a} =

{bi € L | bi << a} and hence L is completely regular. _
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Proposition 5.1.1. [26] Let L be a frame. Then for any o, f € RL, we have:
1. coz(0)=0 and coz(1)=1
2. coz (af) = coz (a) A coz (p);
3. coz(a+p) < coz(a)V coz (p);
4. coz (a+f)=coz(a) V coz(f), ifa, f = 0;
5. coz(| a|) = coz(a);

6. coz(a A p)=coz(a) A coz(p), if o, f = 0;

An element f of RL is said to be bounded if there exists n € N such that f(—n, n) = 1.

The set of all bounded elements of RL is denoted by R*(ZL) which is a sub-f ring of RL.

Notation 5.1.1. Let a € L and o € RL. Set L(a,a) = {r € Q | a(—,7) < a} and
U@aa) ={s € Q| a(s,—) < a} . Then for any a /= 1, we have r < s for eachr

€ L(a,a) and s € U(a, a).

Proposition 5.1.2. [27] Let L be a frame. If p € XL and o € RL, then U(a, a) ={s €
Q | a(s, —) < a} is a Dedekind cut for a real number which is denoted by p(c).
Proof. Since p is prime, using a(—, ) A a(r, =) = 0 we get L(p, a) U U(p, @) = Q. Since

V
Upa) X —7) = p, L(p a) Q, and similarly, U(p, «) /= Q. Obviously L(p, @) is a

downset and U(p, o) is an upset.

Proposition 5.1.3. [27] Ifp is a prime element of a frame L, then there exists a unique

map p: RL — R such that for each o € RL, r € L(p,a) and s € U(a, &) we have

r<pla) <s.
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Recall that an f-ring R is a lattice-ordered ring such that (a A b)c = (ac) A (bc) for alla,
b€ Randc € Rt ={x € R| x = 0}. Also, recall that a linear map between two vector spaces
Uand V overafield F isamap 7: U — V suchthat T (u +v) =T (u) + T (v) and T (au) =

oT (u) forallu, v € U and o € F'. The proof of the following proposition is found in [27].

Proposition 5.1.4. [27] If p is a prime element of a frame L, then p: RL — R is an

onto_f-ring homomorphism. Also, p is a linear map with p(1) = 1.

We say an element a of a frame L is small if whenever ¢ € Coz L and a V ¢ = 1,
then !¢ is compact. Given a frame L, we set Ro(L) ={¢ € RL | coz a is small} and Rx(L)

={¢ € RL |1(coz a)* is compact}. It is shown in [19] that Rx(L) S Rs(L) and that they

coincide for basically disconnected frames.

Lemma 5.1.2. [19] A necessary and sufficient condition that a € L be small is that, for

eachc € CozL, 1c be compact whenever 1(a V c) is compact. Hence, the join of two small cozero

elements is small.

Proof. Clearly the condition is sufficient. To see necessity, it suffices , by complete regular- ity,
to show that every cover of Tc¢ by cozero elements of L has a subcover. So suppose {xa |a €
A} € Coz L with xq = ¢ for each a and xq ;/1. Then {a V xa | a € A} is a cover ofthe
compact frame T(a V ¢). Compactness yields finitely many indices a1, a2, . . ., am such that a
V Xa, V Xay V...V Xxq, = 1. Since xq; V Xaq, V... V xq, € Coz L and s is small,

T(xa V Xa, V ... V Xq,) is compact. Now, {(xa, V Xa, V ... V Xq,) V xa | a € A} is a cover
of the compact frame (xq, V Xa, V ... V Xq,). There are therefore finitely many indices
b p2 ..., Pr such that xa, V Xa, V... V Xq, V xg, Vxg, V...V xg, =1, which shows that
tc is compact, as required. Now let c1, c2 be small cozero elements, and d be a cozero element

withd V (c1 V ¢2)=1.Then (d V c1) V c2 =1, and hence 1(d V c1) is compact sincecz is small

and d V c1 € Coz L. Thus 1d is compact by the first part, and hence c1 V ¢2 is small. 63



We show that Rs(L) is a proper ideal of RL if and only if L is not compact.

Proposition 5.1.5. [19] Rs(L) is an ideal of RL which is improper if and only if L is

compact.

Proof. (=): Clearly, smaller than small is small. Therefore a¢p € Rs(L) whenever ¢ €
Rs(L) and a € RL. Next, if ¢1, 92 € Rg(L), then coz a1 V coz a2 is small, and hence
coz (g1 + ¢2) is small, so that @1 + ¢2 € Rs(L). For the latter part, if Rs(L) is improper, then
1 € Ry(L), and since 0 € Coz L and 0 V coz 1 =1, it follows that 10 = L is compact. (<):

If L is compact, then every element of L is small and so 1 € Rg(L). —

In a similar fashion, we show that Rx(L) is a proper ideal of RL if and only if L is not

compact.

Proposition 5.1.6. [19/Rk(L) is an ideal of RL which is improper if and only if L is

compact.

Proof. From Lemma 2.1.1, if ¢, b € L such that Ta and 1h are compact then t(a A b) is

also compact. Now, let ¢1, 92 € Rik(L). Then T(coz ¢1)* and T(coz ¢2)* are compact.

Therefore
t(coz ¢1)*A 1(coz ¢2)* =T((coz #1)* A (coz ¢2)* =1(coz ¢1 V coz ¢2)* is compact.

But (coz ¢1 V coz ¢2)* < coz (g1 + ¢2)*; so ¢1 + ¢2 € Rk(L). Next, if ¢ € Rx(L) and

o € RL, then 1(coz ag)* is compact since (coz ag)* > (coz ¢)*. Lastly, since (coz 1)* =L,

it follows immediately that Rx(L) = RL if and only if L is compact. -

n
Proposition 5.1.7. [19/Ry(L)= {M < RL | M is a free maximal ideal}.
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Proof. Let ¢ € Rs(L) and / be a point of SL with v I=1. We must show that r(coz ¢) <
1. If not, then r(coz @) < VI = 1g1, and therefore there is a cozero element ¢ in 7 such that
¢V coz ¢ = 1. Thus, Tc is compact since ¢ € Rs(L). But now the set /' =7 N Coz L isa
proper ideal of Coz L such thatc € I' and 1! ;/ 1. This violates the lemma, and hence
establishes the inclusion S. On the other hand, let ¢ be in the stated intersection.

Suppose, for contradiction, that ¢ & Rs(L). Then there is a cozero element ¢ such that

¢V coz ¢ =1 but Tc is not compact. By the lemma, select a proper ideal J of Coz L such

V
thatce J and J =1. PutQ={a € RL | coza € J}. Clearly Q is a free proper ideal

of RL, and so is contained in some free maximal ideal M. Take y € RL such thatc = coz

y. Then M contains both y and ¢, and hence the invertible element y?+¢2, which

is impossible. Therefore the inverse inclusion also holds. -

Corollary 5.1.1. [19] The following are equivalent:

1. R«(L) is a prime ideal.
2. R«(L) is a free maximal ideal.

3. BL is a one-point compactification of L.

Definition 5.1.3. An ideal Q of R(L) is a z-ideal if whenever a € Q and coz a = coz f for

some f# € R(L), then f € Q.

Lemma 5.1.3. [19] A z-ideal Q is prime if and only if whenever off =0, then a € Q or
pEQ.

Proof. The forward implication is trivial. Conversely, let O be a z—ideal with the stated
property. Then coz [Q] is an ideal of Coz L such that whenever a A b = 0 in Coz L, thena

€ coz [Q] or b € coz [Q]. Thus, by Lemma 3.8 in [22], coz [Q] is a prime ideal of Coz L. Now,

suppose aff € Q.
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Then coz o A coz f € coz [Q]. We may assume that coz a € coz [Q]. Since Q is a z—ideal

it follows that a € Q. Therefore Q is a prime ideal. —

Proposition 5.1.8. [19] Rk(L) is prime if and only if L is a noncompact continuous

frame, and whenever a A b =0 in Coz L, then ta* or 1b* is compact.

Recall that a frame L is nowhere compact if, for any a € L, 1 a compact implies a is dense.

Proposition 5.1.9. [19] The following are equivalent for a frame L:

1. L is nowhere compact.

2. Ro(L) is the zero ideal.
3. Rk(L) is the zero ideal.
4. R«(L) is the zero ideal.

Vv
5. For every nonzero J € L, there is a point [ of L with [=1and IV J = 14

Let R be a commutative ring with unit; then an ideal of R is pure if for every x € [ there
exists y € [ such that x = xy. The operator m is defined on the lattice of ideals of R by
ml ={a € R | a= ab for some b € I}. In general, the ideal m/ need not be pure, but in the
case of RL, mQ is pure for every ideal Q.

Given an ideal Q of RL, let ap denote the element of L defined by ao =V{coz al o€ O}

V
If we write ar = coz yn with coz yn << coz yn+1 for each n. Then we have the following

proposition.

Proposition 5.1.10. [19] mRk(L) is finitely generated if and only if ar is compact.
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V
Proof. (=): Suppose mRx(L)= ¢r| k € A, for some finite A , thenar = coz @x Fix
k. Since ¢x € mRk(L), then there exists ¢ € Rx(L) such that coz ¢gx << coz ¢ < ar. Since
#dx € Ri(L), then T(coz ¢x)* is compact. Consequently coz ¢x << ar. Now suppose 7' < L
V

such that a = T, then since coz ¢k << ar, there exists a finite 7x S 7 such that coz ¢x <

\4 U . : .
Tk. Now put S = ;cp Tk, them\p is a finite subset of 7' such thatar = S, and hence a is

compact.

(«<): If ar is compact, then there are finitely many elements a1, a2, ..., an in mRx(L) such
that a = coz a1 V coz a2 V + + + V ¢coz an = coz (a? + a?1+ - 2+ + a?). Weshow

that mRx(L) = a1, a2, . . ., an . The one inclusion is trivial. Let ¢ € mRk(L), then there

exists y € Rx(L) such thatcoz ¢ << coz y. Now take any ¢ € RL such that coz ¢ <<

cozt << cozy =< ar, we get
coz ¢ << coz 1 << coz (af+oa%t - - - +a%),

showing that ¢ is a multiple of a4+ a2+ - - - + of, establishing the reverse inclusion. —

5.2 Weakly spatial frames

Definition 5.2.1. A frame L is weakly spatial if for a € L, a < 1 implies that X, /= X1.

Lemma 5.2.1. [26] A frame L is weakly spatial if and only if there is a prime element

p €L suchthata <p <1 foreverya<1.

Proof. Suppose that L is weakly spatial and a < 1 for some a € L. Then Z, /= X1 = XL,
which implies that there is a prime element p € XL such that p £ ¥, and hence a < p.

Conversely, let a < 1 and p € XL such that a < p. Then p € XL\X4 and hence XL

[Za which implies that L is weakly spatial. -

Observation 5.2.1. [26] We observe that if L is spatial, then it is weakly spatial.
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The following example is due to Estaji [26].

Example 5.2.1. [26] Let L be a nonspatial frame and M = L U {l1u}, where the order
of M is the same as in L for the elements of L and for every x € L,x < luy. Thetop
element 17 is a prime element of M, so M is weakly spatial for all L. Now sinceXM =

>L U {11}, M is nonspatial.

Proposition 5.2.1. [26] Every compact frame is weakly spatial.

Proof. Let L be a compact frame and a € L such that a < 1. Since every ideal / can be
written in the form 7 ={lx | x € I}, by the Axiom of Choice we can find a maximal ideal
P C Lsuchthata € P.Letp =P, then b}\//compactness of L, p < 1. Since P is maximal, then
lp={x € L | x < p}=P.Also, Pis aprime ideal and hence p is also prime and hence a

< p implies X4 /=ZL. —

Lemma 5.2.2. [26] Let L be weakly spatial and o € RL. If Xcoz(a)=9, then coz (a) = 0.

Proof. Let r,s € Q such that » < 0 < s and p € XL. Suppose XZcoz(a) = ¢, then

P & Zcoz (o) Which implies that coz (a) < p. Now, if a(r, s) < p, then

coz (a) V a(r, ) = a(0, =) V a(—, o):| vV a(r, s)
= a0, =) V a(—, 0) V afr, 5)
=a ((0, =)V (= 0)V(rs)
=a(l)

= 1.

Which implies that coz () V a(r, s) =1 < p implying p = 1, and this contradicts the fact

that p < 1. Hence we must have a(7, s) 1 p, which implies that p € Zg4(r,s) implies XL S

Xa(r,s) and hence XL = Xq(rs). Since L is weakly spatial, we conclude that a(r, s) = 1.
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On the other hand,

0= (a(—, r)Voa(s, =) N o(r,s)

= (a(—, r)Va(s, —) N1

o(—, 1)V a(s, —).

V
Therefore, coz (o) = {a(—,7) Va(s, =) | r <0 <s}=0. —

Corollary 5.2.1. [26] In a compact frame L, for any o € RL, if Zcoz (a)=¢, then coz (a) =
0.

Proof. This follows from the fact that every compact frame is weakly spatial. —

Definition 5.2.2. A frame L is conjunctive if for every a € L with a 1 b, there exist

c€LsuchthataVe=1andbVe/=1.

For background information about conjunctive frames and separation Axioms, see [[33],
[37], [35]], although the terminology is different, they call a sublift frame for what we call

a conjunctive frame.

Lemma 5.2.3. [26] A frame L is spatial if and only if for eacha, b € L witha 1 b, there exist

a prime elementp € L such thatalp and b < p.

Proof. (=) Suppose that L is a spatial frame and a, b € L witha 1 b. Since a spatial frame
is weakly spatial, then for every a < 1, there is a prime element p € L such thata < p
<I1.Nowa>b,sob<1landb < p. If ais apoint of L, then a is a maximal element below
the top, soa 1 p and b < p.

(<): This follows immediately from the definition. —

Proposition 5.2.2. [26] Let L be a conjunctive frame, then L is a spatial if and only if it

is weakly spatial.
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Proof. (=): This is immediate (see Observation 5.2.1).

(<): Leta, b € Lsuchthata 1 b. Then there exists ¢ € L suchthata V ¢=1, b V ¢ /= Since
L is weakly spatial frame, we conclude by Lemma 5.2.1 that there exists a prime element p
€ Lsuchthatc Vb <p. Ifa<p,then cVa=1 < p, which is a contradiction.

Hence a 1 p and b < p, which follows that L is spatial. —
By [ [34], Proposition 1.5] every regular frame is conjunctive, so we have the following.

Corollary 5.2.2. [26] For a regular frame L, the notion of spatiality and weak spatiality

coincide.

Lemma 5.2.4. [19] Let ¢ € CozL. Then tc is compact if and only if for any proper ideal
V
I of CozL with I=1,c&lI.

V
Proof. («): If Iis a proper ideal of CozL with I=1,then{c V x | x € I} is a cover of the
compact frame T¢, and so ¢ V y =1 for some y € I. Since / is a proper ideal, it follows that ¢
Z1.

(=): Let 4 be a cover of Tc, and put J = {u € CozL | u < a for some a € A}. Then

\Y/
J =1 by complete regularity. Put / = {v € CozL | v < S for some finite S < J}.

V
Then 7 is an ideal of CozL containing ¢ and such that S = 1. The current hypothesis

V
therefore implies that 1 € 7, thatis, S= 1 for some finite S < /. Hence 7 =1 for some

V _
finite T < A. —

5.3 Maximal, fixed and strongly fixed ideals of RL

\
Definition 5.3.1. Anideal / of RL is called fixed if c;coz(a)<1.

Lemma 5.3.1. [25] The following are equivalent for a completely regular frame L:
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1. L is compact.

2. Every ideal of RL is fixed.
3. Every ideal of R*(L) is fixed.
4. Every maximal ideal of RL is fixed.

5. Every maximal ideal of R*(L) is fixed.

Proof. (1) = (2): Because 0 is a cozero element which belongs to every ideal of Coz L, and
since 10 =L, a lattice reflection on Lemma 4.5 of [19] shows that 1 and 2 are equivalent.

(2) & (3): If (2) holds, then L is compact, and hence RL = R*(L), so that (3) holdsas
well. Conversely, let O be a free ideal in RL. For any ¢ € Q, ¢*(1 + ¢?)~! is an element of
O N R*(L) with the same cozero element at ¢. Hence QO N R*(L) is a free ideal.
Consequently, (3) implies (2).

(2) = (4) and (3) = (5): These equivalences follow from the fact that every free ideal

1s contained in a free maximal ideal.

Definition 5.3.2. Let L be a frame and o € RL. A zero-set in L is defined by
Z(a) ={p € ZL | a[p] = O}.
The collection of zero-sets in L will be denoted by Z[L].

Lemma 5.3.2. [26] Let p be a prime element of L. For o € RL, a[p] =0 if and only if coz

(2) < p.

Proof. (=): Suppose that a(p) /= 0. If a[p] > 0, then there exist a rational numberr
such that a[p] = r > 0. Thus, by Proposition 5.1.2, » € L(p, r), and by definition of L(p,

r), a(—,r) < p. Now, if coz (&) < p, we have 1 = a(0, —) V a(—,7) < coz (a) V p <
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p V p=p and obtain a contradiction. Therefore coz (a) 1 p. In the case a[p] < 0, the case

is similar.
(<): Suppose that a[p] = 0. So by Proposition 5.1.2 for every two rational numbers

r <0 <s,we have r € L(a,p) and s € U(a, p), and hence a(—, r) V a(s, —) < p. Thus,

V
coz (a)= {a(—,7r) Va(s, —)} < p. -

N
Definition 5.3.3. Let 7 be any ideal in R(L) or R*(L). If  Z[I] /=0, we call I a strongly

n
fixed ideal, and if  Z[I] = O then [ is a strongly free ideal.

Lemma 5.3.3. [26] [f XL O, then the zero ideal in RL or R*(L) is strongly fixed.

Proof. If XL /= 0, then there is a prime element p € L such that Z(a) ={p € L | a[p] =
n
0} = @ and since Z(a) NZ(B) =Z(| o | + | B |) = Z(a® + p?), it follows that  Z[I] /= & if

I is a zero ideal, and hence [ is strongly fixed.
We omit the proofs of the following lemmas because they are immediate.

Lemma 5.3.4. [26] If Z(a) /= O, then the principal ideal in (o) is strongly fixed.

Lemma 5.3.5. [26] If L is a weakly spatial frame, then every strongly free ideal in RL or

R*(L) contains nonzero strongly fixed ideals. In fact, if [ contains a nonzero function

f whose zero set is nonempty, then I contains the nonzero strongly fixed ideals (f).

Lemma 5.3.6. [26] No strongly fixed ideal can contain a strongly free ideal. Also, if
@ =8 c XL, theni{a|S < Z[a]} is strongly fixed.
Proposition 5.3.1. [26] Every strongly fixed ideal in RL or R*(L) is fixed.

n n
Proof. Let I be a strongly fixed ideal in RL or R*(L), then Z[I] 0. Letp € Z[I],

then by Lemma 5.3.2, _;coz (a) < p < l,and hence [ is a fixed. —
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Example 5.3.1. [26]

1. Let L be a completely regular frame such that XL = {J. Then, every ideal in RL or

R*(L) is strongly free.

2. If o € RL such that coz () < 1 and the ideal 7 of RL is generated by «, then

er©0z (f) < coz (a) < 1, and so / is a fixed ideal in RL.

Proposition 5.3.2. [26] If L is a weakly spatial frame, then every fixed ideal in RL or
R*(L) is a strongly fixed ideal in RL or R*(L).

\%
Proof. Let I be a fixed ideal in RL. Since L is a weakly spatial frame and _;coz (a) < 1,

\%
we conclude by Lemma 5.2.1 that there exists p € XL such that _;coz (a) < p <1.

n
Then by Lemma 5.3.2 , p € Z[I], that is, [ is a fixed ideal in RL. -

Define M, ={f € RL | f[p] = 0} for every prime element p € L. In the following proposition,
we show that the strongly fixed maximal ideals are exactly the ideals Mp. We regard the
Stone-Cech compactification of L, denoted by L, as the frame of completely regular ideals
of L. We denote the right adjoint of the join map jr : L — L by r1 and recall that rr(a) =
{xe L|x<<a}l. Wedefine MI={a € C(L) | ri(coz (a)) S I}, for all 15 /=1 € BL.
If MI= MY, then I =J.

Proposition 5.3.3. [26] Let L be a completely regular frame.

1. The strongly fixed maximal ideals of RL are precisely the ideals My, for p € XL. The
ideals M, are distinct for distinct p € L. For each p € XL, RL/My is isomorphic
with the real field R; in fact, the mapping a + M, — a[p] is the unique isomorphism of
RL/Mp onto R.

2. The strongly fixed maximal ideals of R(L) are precisely the ideals M,"= {a €

R*(L) | a[p] =0} (p € ZL). The ideals M, are distinct for distinctp € XL.
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For each p € L, R*(L)/M, is isomorphic with the real field R; in fact, the mapping

o+ M, — a[p] is the unique isomorphism of R*(L)/M, onto R.

Proof. Mp is the kernel of the homomorphism p': RL — R. Since by Proposition 5.1.4,the
homomorphism p! is onto the field R, RL/M, = R. Hence its kernel M) is a maximal
ideal. It 1s clear that M) is a strongly fixed ideal for every prime p € L. Therefore, Mp is
a strongly fixed maximal ideal. On the other hand, if M is any strongly fixed maximal ideal
in RL, then there exists a point p € Z[M?. Evidently, M < M, which has

just been shown to be an ideal. Hence since M is maximal, M = Mp. Now, suppose
that p, ¢ € ZL and M, = Mg. So, M ™P) = M, = My = M ™9, that is ri(p) = ri(q).

Therefore, we conclude that p = g. Thus the ideals M, are distinct for distinctp € L. —

Corollary 5.3.1. [26] If L is a completely regular frame and M is a maximal ideal in RL,
then M is a fixed maximal ideal in RL if and only if M is a strongly fixed maximal ideal

in RL.

Proof. As in Proposition 3.3 in [21], we have that the fixed maximal ideals in RL are

precisely the ideals M), for prime elements p € L. Now, by Proposition 5.3.3, the proof

is complete.

Lemma 5.3.7. [26] Every strongly fixed ideal of RL is contained in a strongly fixed max-

imal ideal.

Proof. Every ideal is contained in the maximal ideal, so any strongly fixed ideal in RL is

contained in a strongly fixed maximal ideal. —

Proposition 5.3.4. [26] Let L be a completely regular frame. The following statements

are equivalent:

1. L is a spatial frame.
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2. For every ideall € RL, I is a fixed ideal of RL if and only if I is a strongly fixed
ideal of RL.

3. Every fixed ideal of RL is contained in a fixed maximal ideal.

Proof. (1) = (3): See Corollary 3.5 in [21].

(1) = (2): This follows from the fact that a spatial frame is weakly spatial together with
Proposition 5.3.2.

(2) = (1): Let1 /=a € L. Since L is a completely regular frame, we conclude that

V
there exists {aj}jes = RL such that a = c;coz (@). Put I = a; | j € J . Then
V
acrcoz (a) = a < 1, that is, / is a fixed ideal of RL. By hypothesis, 7 is a strongly

N
fixed ideal of RL, and so there exists p € XL such that p €  Z[[]. Thus by Lemma 5.3.2,
a = _;c0z (a) < p < 1. Therefore, by Lemma 5.2.1, L is a weakly spatial frame. Now,

by Corollary 5.2.2, the proof is complete.

Proposition 5.3.5. [26] Let L be a weakly spatial frame. Then L is a compact frame if

and only if L is a compact space.

a; = 21 since

Proof. (<): Suppose that L is a compact frame, and UJ-EJ 2a, =2L. So X
L is weakly spatial, ;= 1. Hence, by compactness of L, there exists ji, j2, ..., jn €
J such that aj, VajV, ..., Vaj, =1, and so Xq; UZa L = 2.

(=): Suppose that XL is a compact space and Vaj = 1. Hence, ZXq = X o

21 = 2ZL. Thus, by compactness of L, there existhJjL J2, ..., jn € J such that 2q; U

2% ..... U, = Z1. So 2aj va;v,..va;, — 21. Hence, since L is weakly spatial, aj, V

Proposition 5.3.6. [26] If L is compact and M is a maximal ideal of RL, then there

exists a prime element p € L such that M = M.
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Proof. Assume that for every prime element p, M cJ Mp. We have that for every p €
L there exists fp € Mp. So, by Lemma 5.3.2, coz (fp) 1 p, and hence p € Zcoz (f). There-
U .
fore, ,C0Z (fp) = p\fcoz () = XL = Z1. Hence by weak spatiality, ,coz (fp) = I.
So, since L is compact, there are p1, p2, ..., pn € XL such that coz (fp,)Veoz (fp,)V, ..., Veoz (fp,) =

1. Thus by the property of cozero map, coz (f3 + 2 + ...+ /%)= 1, and hence

h=f? f, +/ i +...+/% € M is invertible, which is a contradiction. Therefore, M < M, for
some p € XL. Since M is maximal, we conclude that M = M),. -

Proposition 5.3.7. [26] If L is compact and M is a maximal ideal in R*(L), then there

exists a prime element p € L such that M = M.

Proof. It is similar to Proposition 5.3.6. -
There is a homeomorphism 7: £L(R) — R such that » < 7(p) < s if and only if (r,s) 1
p for all prime elements p of R and all », s € Q (see Proposition 1 of [[8], page 12]).

Lemma 5.3.8. [26] Every prime (maximal) element of R is of the form px = \((—, r) V(s,
)|l rs € Qr <x < s} for somex € R, and t(px) = x. In particular, for everyr €

Q pr=(—r)V (r,—) and r((—, )V (,—-)=r.

Proof. Since R is a completely regular frame, the prime elements are precisely the maximal

elements, and maximal elements are of the form py for some x € R. —

Theorem 5.3.1. [26] Let L be a weakly spatial frame. Then the following statements are

equivalent:

1. L is a compact frame.

2. Every proper ideal in RL is strongly fixed.

3. Every maximal ideal in RL is strongly fixed.
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4. Every proper ideal in R*(L) is strongly fixed.

5. Every maximal ideal in R*(L) is strongly fixed.

Proof. (1) = (2): LetI be a proper ideal in RL. By Proposition 5.3.6, there exists a prime
n

element p € L such that I & Mp. So, p € Z[Mp] & Z[I]. It follows that / is a strongly fixed
n

ideal.

(1) = (4): is similar to (1) = (2).

(2) = (3) and (4) = (5) are trivial.

First we show that XL is a compact space to prove (3) = (1). For this, we prove that every
maximal ideal M in R(ZL) is of the form M for some x € XL. Define ¢ : RL — R(ZL) by
#(f) =10 Xf=10 fi, where 7 : ¥R — R is the homomorphism discussed in Lemma 5.3.8

and f+: L — R is the right adjoint of /. By hypothesis, there is a prime element p € L such

n n
that ¢-1(M) S Mp, so M < ¢(Mp). Hence {Z(f) | f € ¢(Mp)} C {Z() | f € M}.

N
Now, it is enough to show that {Z(f) | /'€ ¢(Mp)} = 0. Let f € My, then_f[p] = 0 and
by Lemma 5.3.2 coz () < p, that is to say, f((0, =) V (—,0)) < p. So (0,—) V (—,0) <

f+(p), thus since (0, —) V (—, 0) is a maximal element of R and fi(p) is a prime element,
(0, =) V (=, 0) = fi(p). Now, by Lemma 5.3.8, we have 0 =7 ((0, —) V (—, 0)) = tf«(p) =

n

&(f). Therefore p € {Z(f) | f€ ¢(Mp)} C {Z(f) | f€ M}. So M= M. Hence every
n

maximal ideal of C(ZL) is fixed, thus XL is compact. Since L is weakly spatial, by

Proposition 5.3.5, L is compact. (5) = (1) is similar to (3) = (1). —

Remark 5.3.1. Let M(RL) denote the set of all maximal ideals in RL. We makeM(RL)

into a topological space by taking, as a base for the closed sets, all sets of theform

Fla)={M € M(RL) | a € M} (o € RL).
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Define ®: XL — M(RL) by O(p) = Mp. If L is a compact completely regular frame, then

by Proposition 5.3.3 and Theorem 5.3.1, ® is one-one and onto, respectively. Also,

O-Y(F(a)) = Z(a) and ®(Z(a)) = F(a). Therefore, XL and M(RL) are isomorphic.

Proposition 5.3.8. [26] Suppose that L and L' are two compact completely regular frames.

Then the following statements are equivalent:

1. L=L
2. XL and XL' are homeomorphic.

3. RL and R(L") are isomorphic.

Proof. (1) <= (2): Since every compact completely regular frame is spatial, we conclude that
L =0XL and L' = OZL'.
(1) = (3): Is immediate.
(3) = (2): Let ¢: RL — R(L'") be an isomorphism. Consider 7: XL — M(RL) and
w: XL — M(R(LY)) to be the homeomorphism corresponding to L and L! given in Remark
4.17 in [26]. It is clear that y: M(RL) — M(R(LY)) with p(Mp) = Myp) is one-one and

onto. Hence y~1yr: XL — ZL! is a homeomorphism. —
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Chapter 6

Isocompactness in the category of

locales

In this chapter we study isocompactness in pointfree topology. A space X is said tobe
isocompact if every closed countably compact subset of X is compact. The class of
isocompact spaces contains the class of compact spaces, the class of 6—compact spaces and
the class of paracompact spaces, see [39]. The definition of isocompactness extends to
locales easily by requiring that a locale to be isocompact if each of its countably compact
closed sublocales is compact. Furthermore, this extension is conservative because closed
sublocales are precisely its closed subspaces. That is to say, a space X is isocompact if and

only if the locale Le(X) of opens is isocompact.

6.1 Isocompact locales

Let f: X — Y be a continuous map of locales, and /* : OY — OX be the frame homo-
morphism defining it, and_f~ for the right adjoint of this frame homomorphism. Further,

for a frame L; we shall denote by Cq,, the nucleus on L sending x to a V x.
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Definition 6.1.1. A locale X is countably compact if every increasing countable cover of

X has a finite subcover.

We omit the proof of the following lemma.

Lemma 6.1.1. [23] A locale is countably compact if and only if every increasing countable

cover contains the top element.

The following definition extends easily from spaces.

Definition 6.1.2. A locale is isocompact if every countably compact closed sublocale is

compact.

In [23], the authors observed that a closed sublocale of an isocompact locale is isocompact.
To mimick their illustration, let X be a locale and take a € OX. Then the closed sublocales

of the locale Ta are exactly the closed sublocales 1h of X for b > a.

Vv
Definition 6.1.3. A filter F in a locale X clusters if {x* | x € F} /=1. F is o—fixed if
V
for any countable S € F, {s*|se€ S}=1

In the next definition, X3 denotes the smallest dense sublocale of a locale X.

Definition 6.1.4. A locale X is said to be almost realcompact if any ideal in O(Xp) with

VvV
ox! =1 has a countable subset § with xS =1.

The proof of the following lemma can be found in [17], Proposition 3.4.

Lemma 6.1.2. [23] A locale X is almost realcompact if and only if ever o— fixed ultrafilter

in OX clusters.

Recall in Corollary 4.2.1 that a regular locale is compact if and only if every ultrafilter in
it clusters. Now, the following lemma is culled out in [23], it is taken together with its proof.
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Lemma 6.1.3. [23] A regular almost realcompact, countably compact locale is compact.

Proof. Let X be such a locale and suppose, by contradiction, that X is not compact. Then
OX has an ultrafilter F which does not cluster. By the characterization of almost realcompact
locales cited above, F' is not ¢ — fixed, so there is a sequence (xn) € F suchthat x} =
1. Tl\l{ls {x* | n € N} is a countable cover of X. Since X is countably compact, there
are finitely many indicies ni, na, . . ., nk such that xj, v xj, V... Vxy, = 1.Since F is an
ultrafilter, it is prime, and so xj,, € F for some i, which is a contradiction since F' is a

proper filter. Therefore X is compact. —

Corollary 6.1.1. [23] Every regular almost realcompact locale is isocompact.

Proof. Let Ta be a countably compact closed sublocale of such a locale. By [17], Ta is almost

realcompact, and hence, being regular, the lemma above implies that it is compact.

Next, we recall that a subspace S of a topological space X is said to be extension-closed if
every open cover of S extends to an open cover of X (see [29]). This notion was extended to
sublocales and to arbitrary continuous maps of locales in [23] as in the following definition.

We will also need the following definition:

Definition 6.1.5. A continuous map of locales f: X — Y is extension-closed if f» : OY — OX

Preserves covers.

If a sublocale inclusion j : S - X is extension-closed, we shall also say the sublocale is

extension-closed.

Definition 6.1.6. A continuous map of locales /': X — Y is said to be perfect if f» : OY —

OX preserves directed joins. A proper map is a continuous map of locales which is closed and

perfect.

For the purpose of our study we will need the following definition which was introduced

in [23]. 36



Definition 6.1.7. A continuous map of locales f: X — Y is nearly perfect if fi: OY —

OX preserves directed covers.

Proposition 6.1.1. [23] If f: X — Y is a nearly perfect localic surjection and X is

isocompact, then Y is isocompact.

Proof. Let Ta be a countably compact closed sublocale of Y. We show that the closed
sublocale 1/*(a) of X is countably compact. Let {hn} be an increasing countable cover of
1/*(a). Then f*(a) < bn for every n, so that a < fi(bn) for every n. Since Vbn =1 and
the join is directed, we have v f+(bn) = 1, since f"is nearly perfect, and so {/«(bn)} is an
increasing cover of the countably compact locale ta. Thus, f<(bm) = 1 for some index m,
whence b = 1, implying that 1 f*(a) is countably compact. So 1f*(a) is compact since
X is isocompact. Now let C be a directed cover of Ta. Then 1f*[C] is a directed cover of
1/*(a). By compactness of this locale, there is a ¢ € C such that f*(c) = 1. Since fis a localic

surjection, ¢ = 1, which implies that Ta is compact. Therefore Y is isocompact. —

If the codomain of the continuous map of locales is isocompact, we require a proper map

to reflect the isocompactness of the domain

Proposition 6.1.2. [23] Iff: X — Y is a proper map of locales and Y is isocompact, then

X is isocompact.

Proof. Let 1h be a countably compact closed sublocale of X. We show that 1/«(b) is

countably compact. Let {an} be an increasing cover of 1/%(b). Then the set
{bV f(an) | n=12...}

is an increasing cover of 1h. Since 15 is countably compact, there is m € N such thatb
V f*(am) = 1. Since f'is a closed map, this implies that f<(b) V am = 1, and hence am

= 1 since f«(b) < am. There 1f«(b) is countably compact, and hence compact since Y is

isocompact.
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V
Now let C be a directed cover of 15, so that C is directed and C = 1; whence {fi(c) |c

V
€ C} = 1 because f+ preserves directed joins. Since f«(b) < f<(c) for each ¢ € C, it
follows that £+<[C] is a directed cover of the compact locale 1/+<(h). Thus f«<(c) = 1 for some
c € C, which implies that

1 = f*fi(c¢) < ¢, whence it follows that 1h is compact. Therefore X is isocompact. —

Bacon in [[4], Theorem 2.1] showed that if a space X is the union of a countable collection
of closed isocompact subsets, then X is isocompact. This result has been extended to

pointfree setting by Dube [23] as in the proposition below.

Proposition 6.1.3. [23] A locale which is a join of countably many closed isocompact

sublocales is isocompact.

Proof. Let X be such a locale. The hypothesis, in frame terms, says there are countably
many elements a, in OX such that 'a, is isocompact for each n, and 2, Cqa, = idox.

Let Th be a countably compact closed sublocale of X. Let C be a cover of th. For each n,

t(an VD) is a closed sublocale of the countably compact locale 1h, and is therefore countably
compact. Butnow T(an V b) is a countably compact closed sublocale of the isocompact locale
tan, so it is compact. The set {an V b V ¢ | ¢ € C} is a cover of T(an V b), so thereis a
finite C(m < C such that (an V b) V C(")VZ 1. Now put D = CO U C?d uy ... and
observe that D is countable and (an V b) V D\i 1 for every n. Consequently,

o i(anVbVv VD) = @ (anV(bV VD)) = 1. But %,(anVx) = x for each x € L since

o \Y
n=1Ca, =idr,so bV \yD = 1. Since b < D (Indeed, b < d for each d € D), it follows
\%

that D = 1. Therefore D is a countable cover of the countably compact locale 1b, so it

has a finite subcover, which is a finite subcover extracted from C. Therefore 15 is compact,

and hence X is isocompact.

The following corollary is apparent from the definition of an Fs—sublocale and also extends

[[4], Theorem 2.2] to pointfree setting.
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Recall that an Fs—sublocale of a locale is one which is expressible as a join of countably

many closed sublocales.
Corollary 6.1.2. [23] Every Fo—sublocale of an isocompact locale is isocompact.

Recall that a countable cover {an} is shrinkable if there is a countable cover {b»} such that
bn < an for each n. Recall also that a locale X is countably paracompact exactly if every
countable cover {an} is shrinkable. We have that dense extension-closed sublocales of iso-
compact countably paracompact locales are isocompact. This is seen from the proposition

below culled from [23]. The proof is taken verbatim.

Proposition 6.1.4. [23] A dense extension-closed sublocale of a countably paracompact

isocompact locale is isocompact.

Proof. Let j : S — X be a localic inclusion of a dense extension-closed sublocale of an
isocompact locale. Let 1h be a countably compact closed sublocale of S. We show that
17«(b) is countably compact. Let {an} be an increasing cover of j«(b). Since X is countably
paracompact and {an} is increasing cover of X, there is a cover {dn} of X such that
dn < an for each n. The set {b V j*(dn) | n=1,2,...}is an increasing cover of 1h, andso,
by countable compactness of this locale, there is an index m such that b V j*(dm) = 1. Since
J« takes covers to covers, j«(b) V j*(dn) = 1, so that j«(b) V an =1 since j is dense and dm

< am. Thus, am = 1 because j«(b) < am. Therefore 1j«(b) is compact since X is

isocompact. From this it is easy to deduce (using the fact that j. takes covers to covers)

that 15 is compact. -

6.2 Closure-Isocompactness

A variant of isocompactness called closure-isocompact was first considered in topological
spaces by Sakai [36]. The concept of closure-isocompactness is stronger than the concept

of isocompactness.
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Definition 6.2.1. A locale is closure-isocompact (abbreviated cl-isocompact ) if the closure
of every countably compact complemented sublocale is compact. It is fully cl-isocompact

if the closure of every countably compact sublocale is compact.

A locale X is said to be perfectly normal if it is normal and every element of OX is
a cozero element. Examples of perfectly normal locales include metrizable locales and

Boolean locales.

Lemma 6.2.1. [23] A locale which has a dense pseudocompact sublocale is pseudocompact.

Proof. Letj:S — X be adense pseudocompact sublocale of X. Let {an} be a sequence in

Vv
OX withai1 < az,...and an=1. Then j*(an) < j*(an+1) in OS and j*(an) = 1. Then

\V4
pseudocompactness of S yields an index n with j*(an) = 1. By density of j,

lox = jy*(an) < an+1. Therefore X is pseudocompact.

For the next lemma, we recall from [23] that a sublocale S of a locale X is 6—compact if

there are countably many compact sublocales K» of X such that S = | Kn.

Lemma 6.2.2. [23] A completely regular locale which is pseudocompact and o-compact is

compact.

Proof. Let X be such a locale, and let {an} be a sequence in OX such that 1an, is compact

foreachnand $2,Cq, = idox. Let C be a cover of X by cozero elements. By compactness

V
of the frame tan, for each n there is a finite B < C such that an, vV B = 1. Put

Uo V
B= ", ,BM™andb= " B;thenanVbh=1 for each n, and hence %;(anVb) = 1. Thus,

( 5eqCay)(b) = 1, which implies that B = 1. Since B € Coz(0OX) and is countable,

V V
the pseudocompactness of X implies that D = 1, for some finite D S B. Thus, C has a finite

subcover for X. By complete regularity, it follows that X is compact. _
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If j: L — L is a nucleus on a frame L and a € L, then the join j V Cq is the composite

j o Ca[15]. We will need this result in the proof of the proposition below.

Proposition 6.2.1. [23] A complemented F,— sublocale of a completely regular cl-isocompact

locale is cl-isocompact.

Proof. Let Y be a complemented Fo-sublocale of a cl-isocompact completely regular lo-
cale X. Write ¥ = Vj’;’:l Kn, where K, are the closed sublocales of X. Let Z be the
complemented countably compact sublocale of Y. Then Z is a complemented sublocale
of X, and hence Z is compact since X is cl-isocompact. We claim that each Z A K is
countably compact. Fix any n, and say OZ = Fix(Z) and O(K») = Fix(Cqs), for some
nucleus Z on OX and some a € OX. Let {an} be an increasing cover of Fix(Z V Cz). Then (Z(a
V an)) is an increasing cover of the countably compact frame Fix(Z), and hence thereis an
index m such that (z(a V am)) = 1. But (Z(a V am)) = (Z V Ca)(am) = am; thusZ A Kn
is countably compact. Since Z A K, is a complemented sublocale of X and X is c/-
isocompact, Z A K, is compact for each n. Because Z is complemented in Sub(X), and Z

< ,Kn, we have

V \/
Z=ZAN ,Kn= (ZAKnp.

Since, for each n, Z A Kn < Z A Kn S_Z, the foregoing equality implies

V, — -
Z< C.ZANKn<Z,

AV
a consequence of which is that Z is dense in the sublocale 2, Z A K. Since Z is count-
|V
ably compact, and hence pseudocompact, it follows from Lemma 6.2.1 that %2, Z A Kn is
pseudocompact. But It is o-compact; so, by Lemma 6.2.2, it is commpact, and hence, by

[[32], Proposition III 1.2] it is a closed sublocale of X.
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Voo ———— = —
Now taking closure across the inequality Z < |, _; Z A Kn < ZshowsthatZ = 2, Z A Ky,
V

whence Z is Yompact. Since each K is closed, we have Z A Kn < Kn = Kn, and conse-
quently Z= |, Z AKn <Y, implying Z,=ZANY =2, hence Z , is compact.

We show below that fully cl-isocompact locales are reflected by nearly perfect continuous

maps. The proof is also taken verbatim.
Proposition 6.2.2. [23] Let f: X — Y be a nearly perfect continuous map.

1. If Y is fully cl-isocompact, then so is X.

2. If Y is cl-isocompact, and f is a sublocale inclusion of a complemented sublocale,

then X is cl-isocompact.

Proof. (1): Letj: S — X be a sublocale inclusion with S countably compact. We then

have the following commutative square

A
oY. ox
¢ J"
Im( ) ———0s

in Frm, where ; is the inclusion map and ¢ maps as j*f *. We must show that 1/.(0) is
compact. Observe that ¢@«(b) = fj«(b) for every b € Im(j*f*). Since Im(j*f*) is a
subframe of OS, it is isomorphic to the frame of opens of a countably compact sublocale
of T'. Therefore 1¢+(0) is compact because Y is fully c/-isocompact. Let D be a directed cover
of 1¢«(0). Since f'is nearly perfect, the set {f«(d) | d € D} is a cover of Y, and hence the
set {f«(d) V j+f+(0) | d € D} is a directed cover of 1fij«(0).
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Therefore, by compactness of this frame, there is a d € D such that f«(d) V j««(0) = loy.
Thus,

lox = f*(f«(d) V j+fx(0)) < d V j«(0) = d, Which shows that 1j+(0) is compact.

(2): Letj: § — X be a sublocale inclusion with § complemented and countably compact.

Using the diagram

A
0)4 @)
Kijn0) Kji0)
1£+7+(0) 17+(0)

as visual aid, we can complete the lines of the foregoing one, taking into account that S is

complemented in Sub(X).

Corollary 6.2.1. [23]/A closed sublocale of a cl-isocompact locale is fully cl-isocompact.

Next we recall the definition of a pullback in a category.

i
Definition 6.2.2. The pullback of a pair of morphisms (f, g) with B ——Y  4in

B
a category C is a pair of morphisms (a, f) with B 2 X —— 4 such that:

l.gop=foa

2. For any pair (A1, h2) of morphisms with B "2 M 4 and g o h1=fo hy, teexists a

unique morphism u : C — Xsuchthat 21 =/ o uand h2 = a o u, as in the commutative

diagram
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Proposition 6.2.3. [23] Let f: X — Y be a proper surjection in Loc.

1. If X is cl-isocompact, then Y is cl-isocompact.

2. If X is fully cl-isocompact, then X is fully cl-isocompact.

Proof. 1.Letj: S — Y be a countably compact complemented sublocale of Y. Consider

the squares

or-

(ORY

and
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in Loc and Frm, respectively, where the one on the top depicts the pullback of f along j,
and the on the bottom is its image under the functor O : Loc — Frm. By [[36], Proposition
4.2], g is a proper map, and, in fact, a locale surjection. Let (an) be an increasing cover
of P. Then {g«(an) | n € N} is an increasing cover of S, and hence g«(an) = 1, for some
index n. Thus, an = 1, which implies that P is countably compact. But P is a sublocale of

X (the ”inverse image” of S under /'), and, in fact, a complemented sublocale since inverse

images of complemented sublocales are complemented. So, 14+(0) is compact because X is
cl-isocompact. Let D be a directed cover of 1j.(0). Then {f*(d) | d € D} is a cover of X,
and hence the set {k«(0) V £ *(d) | d €D} is a directed cover of the compact frame 14«(0),
so that £«(0) V f*(d) =1, for some d € D. Since f'is closed (as it is proper), we have fik«(0)
Vd= 1. Now, fok =_jog implies that f«k«(0) = j«g«(0) = j«(0), the latter in viewof the
fact that g«(0) = 0, since g is a locale surjection. We deduce from fik«(0) V d =1 that d =

1x since j«(0) < d. Thus, 1j«(0) is compact, and hence Y is cl-isocompact. —
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Chapter 7

Perfect compactifications of frames

In this chapter we study perfect compactifications of frames. Perfect compactifications of
topological spaces were introduced by Sklyarenko [38] as a compactification Y of a space
X having the property that F,, O U = ClyF», U for every open subset U of X. The setO
U=Y \Cly (X\U) is the largest open subset of ¥ whose intersection with X gives the set
U and F'r is the frontier (or boundary) operator. Perfect compactifications of frameswere

introduced by Baboolal [2] in 2010.

7.1 Perfect compactifications

Baboolal introduced the perfect compactification of frames and rim-compact frames. The
author defined Freudenthal compactifications of rim-compact frames. The Freudenthal
compactification and Stone-Cech compactifications are examples of perfect compactifi-

cations. In this section, we study perfect compactifications in the context of pointfree

topology.
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Definition 7.1.1. Let 4 : M — L be a compactification of L, »: L — M be its right adjoint.

Then (M, h) is said to be perfect with respect to an element u € L if r(u V u*) =r(u) vV
r(u*). The compactification is said to be a perfect compactification of L if it is perfect with

respect to every element of L.

The pointfree Stone-Cech compactification was introduced by Banaschewski and Mulvey
in [14]. In [2], the author erroneously indicated that the proof of the following Theorem
”follows from the corollary to Lemma 5 in [3]”. There is no Lemma 5 in [3] and even
Lemma 1.5 in [3] has no corollary. We have included the proof for this Theorem in our

discussion.

Theorem 7.1.1. [2] The Stone-Cech compactification of a completely regular frame is

perfect.

Proof. Let L be a completely regular frame and 4#: M — L be its Stone-Cech compactifi-
cation with right adjoint »: L — M . Take any u € L, then u V u* is dense in L and since

h is onto, we have I, J € M such that #(/) = u and h(J) = u*. Now
hWINT)=hDANW)=uAnu =0

and by denseness of 4, I A J =0 in M. Now, I < r(u) and J < r(u*) so that

V
ruvu)y= {keM| hk)<uV u}
\
< ({keM|hk <utvike M| hk) <u})
\ \V

= {keM|hk)=utyv {keM]|hk) =< u}

=r(u) VvV r(u*).

On the other hand, u V u* = w and u V u* = u* so

r(u vV u*) = r(u) and n(u vV u*) = r(u*).
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Therefore 7(u Vu*) = r(u)V r(u*) and hence r(u Vu*) = r(u) V r(u*). Thus the Stone-Cech

compactification is perfect. —

The following lemma is due to Banaschewski (see [13]) and we take the proof verbatim.

Lemma 7.1.1. [2] Let h: M — L be dense onto, with r: L — M its right adjoint. Then

1. r(@*)=r(a)* foralla € L,
2. h(x*) = h(x)* for allx € M.

Proof. 1. h( r(a) A r(a*) = h( r(a) A h( ra*) = a A a* = 0implies r(a) A r(a*) =
0 since 4 1s dense, and hence r(a*) < r(a)*. Furthermore, r(a) A r(a)* =0 imlpiesa

A h r(a)* = 0 which implies that h(r(a)* < a* and hence r(a)* < r(a*).

2. 0=xAx* implies 0 = h(0) = h(x) A (x*) which implies A(x*) < h(x)*. Furthermore,

r(h(x)* = r(h(x) " since x < r(h(x) . Thus hr(h(x)* < h(x*), that is A(x)* <

“hx ).

We shall say that in a frame L, the pair (u, v) disconnects win L if w =uVv,uAv =0 and

u /=0,v /=0. We then have the following theorem:

Theorem 7.1.2. [2] The following are equivalent for a compactification h: M — L of L,

r being the right adjoint of h.

1. h: M — L is a perfect compactification.
2. if a pair (u,v) disconnects w in L, then the pair (r(u), r(v) disconnects r(w) in M.

3. r preserves disjoint binary joins.
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Proof. (1) = (3): Take any u, v € L,u A v = 0. We shall show the non-trivial inequalityr(u
V v) < r(u) vV r(v). Nowu A v=0 implies v < u* which impliesu V v < u V u* and thus

implying #(u V v) < r(u V u*) = r(u) V r(u*). Similarly r(u V v) < r(v) V r(v*). Hence

ruVv) < (r(u) Vv r(ut) A (r(v) Vv r(v¥)
= (r(u) V r(u*) A r(v):| \Y (r(u) VvV r(u*) A r(v*):|
= (r(u) Ar(v) V (r(u*) Ar(v) V (r(u) A r(v) Vv (r(u*) A r(v¥)

=r(u Av)Vru Av)V ruAv)V rut A v

r0) VvV r(v) V r(u) v r((u V v)*
=0V rHv)Vr(uV (r(u Vo)

=r(v) vV r(u) v (r(u V)

since A is dense and by virtue of Lemma 7.1.1 Thus »(u V v) < r(u) V r(v) as required.

(3) = (2): Suppose w =uV v, with u Av=0u /=0,v /[=0in L. Then r(iw)=
r(u) vV r(v) with »(u) /= 0,r(v) /= 0 and r(u) A r(v) = r(u A v) = r(0) = 0. Ths
r(u), r(u*) disconnects r(w).

(2) > (1): Take any u € L. Let w =u Vv u*. If either u = 0 or u* = 0, then »(u) = 0 or

r(u*) = 0 by denseness of /4, and the equality »(u V u*) = r(u) V r(u*) must certainly hold.

Ifu /=0and u* 0, then (v, u*) disconnects w, and thus the pair »(u), (u*) disconnects

r(w). Hence r(u V u*) = r(u) vV r(u*). —
Next we recall the concept of strong inclusion introduced by Banaschewski [6].

Definition 7.1.2. A strong inclusion on a frame L is a binary operation <J on L such

that:

l.ifx<a<Jdb<ythenx<Jy;
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2. <J is a sublattice of L X L;
3.a<db==>a<b;

4. a<db==>a<Jc<Jb for some c € L;
5.a<Jdb=> b*<Jax

V
6. foreacha€L,a= {x€L|x<Ja}

If a frame L is regular and continuous, then it has a smallest inclusion < on L given by
a € b if and only if @ < b and either T a* or T b is compact. Let K(L) be the set of all
compactifications of L, partially ordered by (M, h) < (N, f) if and only if there exists a

frame homomorphism g: M — N making the following diagram commute:

L- ¢ L

Also, let S(L) be the set of all strong inclusions on L, partially ordered by set in- clusion.
Banaschewski [6] shows that K(L) is isomorphic to S(L) by exhibiting maps K(L) — S(L)
and S(L) — K(L) which are order preserving and inverses of each other. The map K(L)
— S(L) is given as follows: For a compactification (M, h) of L, letr: L — M be the
right adjoint of 4. Then for any x, y € L define x <J y to mean that r(x) < r(y). Then <J
turns out to be a strong inclusion on L. For the map S(L) — K(L),let <J be any strong
inclusion on L. Let yL be the set of all strongly regular ideals ofL relative to <J, i.e.
those ideals J of L for which x € J implies there exists y € J suchthat x <J y. Then

yL — L is dense, onto and yL is a regular subframe of IdI(L), the
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frame of ideals of L, so that (yL, V) is a compactification of L. This is the compactification
associated with the given <J.

If (M, h) is a compactification of a frame L, it is of interest then to know what additional
properties the associated strong inclusion must satisfy if (M, I) is a perfect compactifica-

tion. This is given in the next
Proposition 7.1.1. [2] Let h: M — L be a compactification of L, and <J the associated
strong inclusion. If (M, h) is a perfect compactification, then <J satisfies

forallx,y € L, x <y,x<JyVy implies x <J y.

Proof. Suppose x <y, and x <J y V y* for some x,y € L. Then r(x) < r(y V y*) =r(y)
Vv r(y*), since (M, h) is a perfect compactification. Let ¢ € L such that »(x) A t=0, and t V

r(y) V r(y*) = 1. Then

Hx) A Gy o) = (r(x) AtV (r(x) )
=0V 1x) A (%)
= r(x) A r(y)
< Hx) A Hx)
= H(x A x*)
=r(0)

=0, by the denseness of 4.

Thus, r(x) < r(y), with the separating element ¢ V r(y*). Hence x <J y. —

Proposition 7.1.2. [2] Let <J be a strong inclusion on L, and (yL, V) the compactification

associated with <J. If <J satisfies
x=<yx<JdyVy impliesx<Jy forallx,y €L

then (yL, V) is a perfect compactification of L.
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Proof. We recall first from Banaschewski [6] that the right adjoint k: L — yL of V: yL —L
is given by k(a) = {x € L | x <J a}. We have to show that k(a V a*) = k(a) V k(a*) forany
a€l.

Suppose that x € k(a V a*), thenx <J a V a*. Further, x = (x A a) V (x A a*). Now
xANa<axANa<x<JaV a impliesx A a<J a V a*, which by virtue of the condition satisfied
by <J implies x A a <J a. Furthermore x <J a VvV a* implies x <J a* V a**, since a < a**. Hence x A
a*<J a* vV a**. Since x A a* < a*, by the condition satisfied by <J again, we havex A a* <J
a*. Thus x € k(a) V k(a*). The reverse inclusion being clear, this proves thatk(a V a*) =

k(a) V k(a®). —

In view of the isomorphism between K(L) and S(L) mentioned above, the two propositions

above imply the following:

Proposition 7.1.3. [2] A compactification (M, h) of a frame L is perfect if and only if its

associated strong inclusion <J satisfies
x<yx<JdyVy impliesx<Jy forallx,y € L.
Remark 7.1.1. [2] The above proof shows in effect that (M, k) is perfect with respect to

y € L if and only if whenever x < y,x <J y V y* then x <J y.

Given an arbitrary compactification (M, h) of L, we do not in general expect its right adjoint
r to preserve disjoint binary joins. However, if elements u, v € L are not just disjoint but
such that u <J v* then r(u V u) = r(u) V r(v) always holds as we show below. Of course we

also end this section with the following proposition.

Proposition 7.1.4. [2] Let h : M — L be a compactification of L, <J the induced strong

inclusion. If u,v € L and u <J v* then r(u V v) = r(u) V r(v).
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Proof. Since u <J v*, we have r(u) < r(v*) and hence »(u)*Vr(v)* = 1. Thus r(u*)Vr(v) =

1, since »(u)* = r(u*) by Lemma 7.1.1. Hence

Hu vV V) = Hu vV v) A (r(u*) Vv ()
= (r(u VoY) A Hut) v (r(u VoY) A H)
=r((qu)/\u* \/r((u\/v)/\v*
= (v A ) V U A V)

< r(u) vV r(v)

proving the non-trivial inequality. —

7.2 Rim-compact frames and Freudenthal compacti-

fication

Rim-compact spaces (also called peripherally (bi) compact spaces) are Hausdorff topolog-
ical spaces having a basis for the topology consisting of open sets with compact frontiers
(see [38]). Let X' be a topological space. For U € OX, FrxU = CIxU\U. Now for any

Ve OX, tV = 0X\V) as frames. Thus we have that T U U U* is compact if and
only if O (X\(U U U*) is compact if and only if O (X(\U )N (X\U*) iscompact if and only
if O (X\U) N CIxU is compact if and only if O(FrxU ) is compact if and only if FrxU is

compact. Therefore X is rim-compact as a topological space if and only if O(X) isrim-

compact as a frame.

\YJ
Definition 7.2.1. A regular frame L is called rim-compact if foreacha € L,a= {u €

L |1(u V u*) is compact}.
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In [2] the author remarked that a topological space X is rim-compact if and only if the lattice

OX of its open subsets is rim-compact.

The functors X and O induce a dual equivalence between the category of spatial frames

and the category of sober topological spaces. Since every rim-compact space is sober and

the lattice OX is rim-compact for each space X, it follows that the functor O embeds the
category of rim-compact spaces into the category of rim-compact frames. Therefore the

category of rim-compact frames is a wider class than the category of rim-compact spaces.

Definition 7.2.2. Let L be a rim-compact frame. A z-compact basis B for L is a basis

B for L such that:

1. a € B implies 1(a V a*) is compact;
2. a € B implies a* € B;
3. a,b € B impliesa A baVhbeB.

Example 7.2.1. [2] Let L be a rim-compact frame. Observe that L always has at least one
m—compact basis: Indeed, let B be the basis for L consisting of all elements 4 such that 1(b
V b*) is compact. We have to show (2) and (3) in the above definition. Let @ € B. Since a V a*
< a* V a*, we have 1(a* V a**) is compact since T(a V a*) is compact andthis proves (2).

For (3) let a, b € B, then we have to show that 1 (a A b) V (a A bg* and

t (aV b)V (aV b)* are compact. By Lemma 2.1.1 taq and 1h are compact if and only if
(
T(a A D) is compact. Now, (a Ab)V(aAb)* =aV(aAb)* AN bV(aAb)* = (aVa*)A(bV b*).Hence

T (a A b)V (a A b) iscompactsince T (a V a*) A (b V b*)is compact by the above note. Also

(avbyV(aVvby=(@Vhb)V(a Ab¥
=(@VvbVva)A(aVbV b

> (@Va)A bV b
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and so T((a V b) V (a V b)* is also compact.
Lemma 7.2.1. [2] Let L be a rim-compact frame and B be a n-compact basis for L. If

weL andu € B with wV u=1, then there exists v € B such thatv <u and w Vv =1.

V
Proof. Using regularity and the fact that B is a basis for L, we have w = {x € L |x

V

<ww€&B} ThenuVv {x&€ L |x<wx¢&B}=1and hence u Vu Vv {x &L |
V

x < w,x € B} = 1. Since T(u V u*) is compact, we can find x; € B,xi < w for

V V
i=12,..., nsuchthat u Vurv = x;=1. Putx= "= x; we have x € B,x < w and

uVuVx=1. Letv=u A x*. Then v € B, and furthermore

wVv=wV (u A Xx¥)
=wVu AWV x
=1A1

= 1.

Also, v < u:

VA VY)=@Au)V v AX)
=wuAx*Au)V (v AX)

=0and u VvV (u* vV x)=1.

Proposition 7.2.1. [2] Let B be a z-compact basis for a rim-compact frame L. Define

<JonLby:a<db & thereexistsu € B suchthata <u < b. Then<J is a strong inclusion

on L.

Proof. l.x<a<Jb<y=x<Jy: Find u € B such that a < u < b. Then, of course,

x <wu<yandsox<Jy. 105



2. <J is a sublattice of LXL : Condition 3 together with 2 of the definition of z—compact
basis gives us 0, 1 € B, and then of course 0 <J 0, 1 <J 1. Furthermore, the implications
x <J a, b implies x <J a A b, and x, y <J a implies x V y <J a follow from the properties
of rather below relation < and the fact that B is closed under finite meet and finite
joins.

3. x <J a implies x < a trivially.

4. Now suppose x <J y. Then there exists # € B suchthatx < u < y. Nowx* V u=1, and
so by Lemma 7.2.1, there exists v € B,v < u such that x* Vv = 1. Hencex < v

< u < y. Similarly we can getw € B suchthatx < v <w <u <y Thusx<Jw
<Jy.

5. Also, x <J a implies a* <J x* follows from the properties of < and the fact that B is closed

under pseudocomplementation.

6. Now for any a EL,aZYxEL | x < a,x € B}. Forx € B and x < a we havex*
€ Banda V x*= 1. By Lemma 7.2.1, there exists vE€ B, v < x*and a V v= 1. Hence

V
x<v<awithv €B. Thusx<Jaanda= {xe€L|x<Ja}

Let L be any rim-compact frame, and let B be any z-compact basis for L. Let ysL denote the

compactification of L associated with the strong inclusion <Jg given as in Proposition 7.2.1,

that is, a <Jp b < there exists u € B such that a < u < b. We then have the

following.

Proposition 7.2.2. [2] Let ysL be the compactification associated with the n—compact

basis B of a rim-compact frame L, and let (M, h) be any compactification of L such that (ysL,

V) < (M, h). Then (M, h) is perfect with respect to every element of B.
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Proof. By remark 7.1.1 we have to show that for each u € B, whenever x < u and
x<JuV u,then x <J u. Here <J is induced by (M, #). For x < u, x<J u V u*, we have
x < uVu* and thus x* Vu Vu*=1. Hence x* Vu =1, since x < u. By Lemma 7.2.1 there
exists v € B, v < u such that x* V v=1. Thenx < v < u with v € B. Thus x <Jp u, and

hence x <J u, since (yBL, V) < (M, h). —

The author in [2] remarked that (yBL, V) is a compactification of a rim-compact frame
L which is perfect with respect to every element of B. But it need not be perfect with respect
to every element of L, and consequently need not be a perfect compactification. Call a
compactification (M, i) of a rim-compact frame L a z-compactification of L if there

exists a w—compact basis B of L such that (M, h) = (yBL, V). We show in the next
proposition that such compactification of L possesses a base intimately connected with the

given 7—compact base for L.

Proposition 7.2.3. [2] Let (y8L, V) be the n—compactification of the rim-compact frame with
n—compact basis B. Let k: L — ygL be the right adjoint of V: ygL — L, that is,k(a) =
{x € L | x<Jpa}. Then k(B)=1{k(u) | u € B} is a basis for ysL.

Proof. ForanyJ € ygL, J Y {k(a) | a € J}. Since B is a basis for L, we have for each
a€J a= }{/l € B | u < a}. We shall show that k(a) = {k(u) | u € B,u < a}.Let
x € k(a). Thé{’l x <JB a and thus, since <J interpolates, there exists ¢ € L suchthat x
<Jpc <Jpa. Hencewecanfind u,v € B suchthatx < u < ¢ <v < a. Thus k(a)=

V{k(u) | u € B,u < a}. -

Following the discussion before Proposition 7.2.3, it would be nice if there were a 7-compact
basis B for a rim-compact frame L for which ygL is perfect with respect to every element

of L and not just to those elements in B. This is indeed the case, as we show below, if we

take B to consist of the totality of all elements u of L such that T(u V u*) is compact.
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Denote this compactification with the above mentioned basis by (yL, V). We call this the

Freudenthal compactification of the rim-compact frame L. Much interesting is that this

compactification is perfect as shown below.

Proposition 7.2.4. [2] The Freudenthal compactification yL is perfect.

Proof. Let u € L be arbitrary, x < u, x <J uV u*, where <J is the strong inclusion associated
with B mentioned above. We must show x <J u. Now find v such that T(z V v*) is compact and
x<v<uVu.Letw=vAu Then x < w. Indeed x < u,x < u V u* impliesx* V u
V u*= landhencex*V u = 1. Thusx < u, and since x < v as well, we havex < u A
v = w. Furthermore w < u: Find ¢ such that v At =0,7V u VvV u* = 1. Thenw A(tVu*)
=w AHV(wW Au) = Aunt)V(v AuAu*) =0. Thus w < u, with a separating element ¢ V
u*. We claim that vV vv < wV w*: Clearly v < w* since w < v. Hencev: < wV w*.
Also, v < uVu* impliesv=VAu)VWvAu)=wVE@Au) <wVu <wVw.Thus vV v <

w V w* and hence T(w V w*) is compact. —

7.3 The two point compactification

In this section we study a compactification for a class of regular continuous frames con-
structed by Baboolal [3]. This is the analog of the two point compactification for locally
compact Hausdorff spaces.

Take L to be a regular continuous frame. Suppose L has elements u and v with the property

that u A v=0, t(uV v) is compact, but neither tu nor Tv is compact. Put

Ni={x € L |[1(xV u)is compact} and N> ={x € L |1(x V v) is compact}.

Proposition 7.3.1. [3] Let L be a regular continuous frame and a € L. Thena « 1 if

and only if ta* is compact.
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V
Proof. (=): Suppose a « 1 and 1 = C for some C C L with a* < b for each b € C. Since

the relation « is interpolation, we can find x € Lsuch that a « x « 1. But

x « 1 implies there exists finite K & C such that x < VK. Now since a* V x = 1, we
have a* VvV VK =1 and hence VK = 1. Thus Ta* is compact.

(<): Suppose Ta*is compact and let v C =1 for some C < L. Then V{a* Vx| xeC}
= 1 and by compactness of Ta*, we have 1 =a* vV K for some finite subset K & C. Thus

V
a < K,and hence a « 1. -

Recall that a filter F' in a frame L is said to be regular if x € F* implies that there exists

y € F such that x < y. We show below that N1 and N> are regular proper filters of L.

Lemma 7.3.1. [3/ N1 and N2 are regular proper filters of L.

Proof. Note that 0 & N1, N2 since 1(0 V ) =Tu and 1(0 V v) =!v are not compact. Let

X, ¥ € Ni, therefore T(x V u)and 1(y V u)are compact, and thus T(x V u)A 1(y V u) is compact.
But

tx Vu)A T(y V u) =T((x Vu) AW Vu) =T((x A y) V u is compact.

Hence x A y € N1. Now let x € N1 and x < y for some y € L. Then x V u < y V u implies
(v V u) S1(x V u) and by compactness of T(x V u), we have 1(y V u) is compact and hencey
€ Ni1. Using the same argument for N2 shows that N1 and N2 are proper filters of L. To
show regularity, let a € Ni. Now 1 = {x é/ L | x« 1}, s0 1(a V u) compact implies there
exists x « 1 such that @ V u vV x = 1. But x « 1 if and only if Tx* is compact andthus x*
€ N1.

Now, x V u V a=1 implies (x V u)* V a =1 which implies (x V u)* < a and hence implying
x* Au* < a.Since u A v =0 implies v < u*, and since v € N1 , we have u* € Ni. Thusx*

€ N1, u* € N1 and hence x* A u* € N1. Thus N1 and N> are regular. —
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Lemma 7.3.2. [3] For any a € L, the up-set 'a is compact if and only if a € N1 N Na.

Proof. (=): Let a € L and suppose Ta is compact. Then T(aVu) and t(aVv) are compact
and hence a € N1 N Na.

(<): If a € N1 N N2, then 1(a V u) and T(a V v) are compact. Hence

taVu)A(aVvyv) =T((a Vu)A(aVv) =t(aVuAv)=tais compact.

Now define a <dbin L by : a<Jb < a < b and for each i = 1, 2 either a* € N; or b € N

Lemma 7.3.3. [3/ The relation <J is a strong inclusion on L.

Proof. 1. Assume x < a<J b <y. Now a < b, so clearly x < y. Take any N; (i = 1, 2).If

a* € N;, then x* € N;since a* < x* and N; is a filter. If b € N;, then b < y impliesy €
Ni. Thus x <J y.

2.0<J0since0 < 0and 0*=1 € N;foreachi. Also1 <J 1 since ]l < land 1 € N;
Then suppose x,y <J a. Then x < a, y < a,sox Vy < a. Fixi. If a € N; thenx
Vy<Jda If x* € Nyy* € N;, then x* A y* € N;, that is, (x V y)* € N;. Thusx V
y <J a. Now suppose x <J @, x <J b. Then x < a, x < b, so x < a A b. Fix i. Ifa A
b € Nj thenx <J a A b. If not, then either a lies outside N; or b lies outside N;. Thus x*

€ N; and hence x <J a A b.
3. x <J a implies x < a follows from the definition.

4. Now suppose x <J a. Then x < a. If either Tx* or Ta is compact, then x 4 a in which case
there exists y € L such that x € y « a. Since €<=<J this means x <J y <J a so that
interpolation holds. If Tx* is not compact and Ta is not compact then both x* and

a lie outside N1 N N2 by the above lemma.
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There are two cases here : (a) x* € N1 and a € N2 and (b) x* € N2 and a € Ni.
Symmetry considerations make it sufficient to consider just one of these cases, say
x* € N1 and a € N2. We seek y such that x <J y <J a. By the fact that T(x* V u) is
compact,x < aanda= {z € L |z «a}, wecanfindz « asuchthatx*VuVvz=1.
Also from the fact that 1(a V v) is compact, x < aandx*= {r € L |t « x*}, we can
find # « x* suchthata V vV t=1. Now we have x < u V zand x < ¢, and thus x
<WVaNt=@ANrt)AN(zAt) Wealsohaveu A t* < a, since the element u V ¢ is

such thata Vv Vv =1 and

WAYA@VO=WUALAVV UALtAL=0.

Alsoz At* <z < a. Hence (u A t*) V (z V t*) < a. Thus

X< UANYVEAt)=t ANV z)<a.

Put y =1 A (u V z). We claim that x <J y <J a.

x <J y : Obviously x < y, x* € Ni1. We show that y € N>. Now ¢ « 1 implies ¢ is
compact and hence * € N1 N N2 by the above lemma. Also u V z € N2 since u € Na.
Thus #* A (u V z) € N2, that is, y € N2. Hence x <J y.

y<Ja:Obviously y < aand a € N2. Now z « a implies z « 1 and so 1z* is compact.

Hence z* € N1. Alsov € N1, v « u* implies u* € Ni. Furthermore, z* A u* « y*

since

ZAUWNANY=ZZAUWNANEAW@Y )= AWACEANUY @AuAtAz)=0.

Hence y* € N1 and thus y <J a. Thus <J interpolates.

.x<da== a*<Jx: x<Jaimplies x < a and hence a* < x*. Again if either Tx* or

ta is compact, then a € a and hence a* € x* from which a* <J x*. As in 4 we need
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only consider the case x* € N1, a € N2. In this case a < a** implies a** € N2. Since

also x* € N1 we have then that a* <J x* as required.

6. Foreacha € L, a= {x € L | x € a}. But as remarked earlier, x € a implies
V
x<Ja. Hencea= {xe€L|x<Ja}

Thus <J is a strong inclusion on L. _

Recall that a congruence on a frame L is an equivalence relation on L which is also a

subframe of L X L. The congruence lattice CL of L consists of all the congruences on L.

Definition 7.3.1. For any compactification # : M — L, the remainder of L in the com-

pactification is the quotient M/® where ® = (ker h)*, the pseudocomplement of ker 4 in the

congruence lattice CL of M.

Let V: al — L be the least compactification corresponding to the least strong inclusion

V
< on L and let k: L — al be its right adjoint. Let J = {k(x) € aL | x « 1}, so thatby

Section 2 in [3], 1J would be the remainder of L in aL. Note further that J < L. We then

have the following:
Lemma 7.3.4. [3] If w € L, then w is compact if and only if k(w) vV J = L.

Proof. (=): Assume Twis compact. Now wV {x € L |x« 1}=1. Thus {wVx|x «
1} = 1, so by compactness of Tw we have w V x = 1 for some x « 1. Thus w V x** = 1,

whence x* < w. Since Tw is compact, this means x* € w and hence x* € k(w). Now
V

J=1implies {x*Vy |y € J} =1, from which, since Tx* is compact (as x « 1), we
V
have x* vV y =1 for some y € J. Thus k(w) V J = L.

(<): Assume k(w) V J=L. Then 1 =x V y for some x € w, y € J. Now either Tx* is
compact or Tw is compact. If Tx* is compact, then x « 1, so thatx « z « 1 for somez
€ L.Hence x 4z « 1 sothatx € k(z) < J. Thus 1 =x V y € J which would implyJ =

L, a contradiction. Thus Tw is compact. —
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As remarked in [3], the necessity of the above lemma was observed that Tw compact implies
k(w) vV J =L is in fact true for any strong inclusion <J on L, whether least or not, where

\%
as before £ is the right adjoint of the join map and J = {k(x) € al | x « 1}.

Theorem 7.3.1. [3] Let L be regular continuous. Suppose L has elements u and v with the

property that u Av =0, T(uVv)is compact, but neither tu nor v is compact. Let N1 =
{x € L |1(xVu) is compact} and N> ={x € L |1(xVv) is compact} . The compactification
V: yL — L arising from the strong inclusion <J given by: a <J b & a < b and for each

i=1,2 either a* € N; or b € N; is such that the remainder of L in it is disconnected.

Proof. LetJ = {\I/c(x) € al | x « 1} where k : L — yL is the right adjoint of the join map.
We show that the remainder 1J in ypL is disconnected. We claim that k(u V v) =k(u) vV
k(v): For this, obviously k(u) V k(v) S k(u V v). For the reverse, take s € k(u V v).Then s
<Ju VvV vandhences < u V v. Since u A v=0 we have thats A u < uands A v < v. We have
(s Au)yVu=1,s01(s A u)y* vV u=111is compact. Thus (s A u)* € N1. Also, since T(u A v)
i1s compact, we have u € N>. Thus for each i we have either (s A u)* € N; oru € N;, that is,
s A u<Ju. Similarly s A v <J v. Thus

s=(Au)V (s Av) € k(u) V k(v), proving the claim. Since T(u V v) is compact we have

by the above remark that k&(u VvV v) V J = L and hence that k(u) V k(v) V J = L. Thus
(k(u) vV J) VvV (k(v) VJ) =L, (k(u) vV J) A (k(v) Vv J)=J since

k(u) A k(v) = k(0)=0. Furthermore, k(u) vV J /=J for otherwise k(u) < J and hence k(v)
Vv J= L. Since J = {k(x) E\ch | x « 1} we have by the compactness of yL that k(v)Vk(x) =
L for some x « 1. Taking joins we then have v Vx = 1. Hence T(v Vx) =11 iscompact so
that x € N2. Now since x « 1 we have Tx* is compact and therefore x* € N,. Thus 0 = xAx*
€ N2 implying that v is compact, a contradiction. Hence k(«)VJ /=J and similarly k(v) V

J /=J. Thus 1J is disconnected. -
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Theorem 7.3.2. [3] Let L be regular continuous. Then every compactification h: M —
L has a remainder which is compact and connected if and only if whenever 1(u V v) is

compact and u Av =0 in L, then either 'u is compact or v is compact.

Proof. We prove the sufficiency first. Let 2 : M — L be a compactification of L. To avoid
unnecessary symbols let us simply denote the unique ar € M determining the remainder of
L in M described earlier by a € M. Now ta is compact, being a closed sublocale of
compact M . Assume 'a is not connected. Then there exists ¢, d €1a, ¢, d /= asuch that ¢
Vd=1landc A d = a. Since M, being compact regular, is normal there exists f, g €
M suchthatc VvV f=1, dV g=1,andfA g=0. Now (c V f) A (d V g)=1 implies ((c Vf)
Ad)V ((c V) Ag)=1 which implies (c Ad)V(fAd)V (cAg)V (f Ag)=1 and thusimplies
aVfVg=1. Consider the frame |a. We claim that in this frame 1**(#Aa)V (g Aa) is compact.
For this consider the map ¢ : 1(fV g) — 1'% A (f'V g) given by ¢(x) = x A a. We have ¢(f
Vag=aAn (fV g),dl)=1A a=aso ¢ preserves top and bottom. It is then clearly a
frame map. Furthermore, ¢(x) = ¢(y) implies x A a =y A a which impliesx=x A (a V f
Vg =xxANaVxANFVa=OAaV (fV g <yVy =y sothatx = y, by
symmetry. Thus ¢ is one to one. Furthermore, ¢ is also onto. Indeed, takey € M, a A

(fVg) <yandy < a. Then

VIV =0V VI ra=p AV ({(fVYAa)=yV({(fVeAna=y.

Thus 1(£V g) =% A (£V g), and since 1/7V g is compact, being a closed sublocale of M,

Y A (£V g) must also be compact. Thus 14(fAa)V(gAa)is compact. Since 4: la — L is
an isomorphism and ™(f A a) V (g A a) is compact, we must have TA(f) V h(g) compact

in L. Since A(f) A h(g) =0, we must have either 1A(f") compact or 1/(g) compact, say 4(g)

compact.
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Now take any 0 /= z < f. Then z* V_f = 1 and hence A(z*) V h(f) = 1. Now h(z*) =
V{w € L | w « h(z")}, and hence h(f)\/x{w € L|w«h(z)} =1, thatis, {A(f)V w |
w « h(z*)} = 1. Due to compactness of 14(f") we can therefore find w « A(z*) such that
h(f) vV w=1. Now w « h(z*) implies w « 1 and hence »(w) < a by the definition of a. Now
h(f*) < wsince A(f)Vw = 1 and hence f/* < r(w) < a. Thussince gAf =0, wehaveg < f
* < a, and therefore | =dV g <dVa=dsincea <d Hencec=cAl=cAd=aa
contradiction since ¢ /= a. Thus the remainder 1a is connected.

For necessity suppose every compactification # : M — L has a remainder which is compact and
connected. Assume the condition on L is not satisfied. Then there existsu, vE L, 1 (u VvV

v) compact but neither Tu nor tv is compact. It follows that # /=0 and v /= 0. Fm

Section 3 in [3] we can construct a compactification of L such that the remainder of L in

it is disconnected. Thus the condition on L must be satisfied. _

We end this this section with the following theorem which is also the main result in this

section.

Theorem 7.3.3. [3] The following conditions are equivalent for non-compact regular con-

tinuous frame L.

1. The least compactification of L is perfect.

2. Whenever t(u Vv v) is compact, u,v € L, u A v =0 then either k(u) vV J = L ork(v)
Vv J=L whereJL is the unique element in al such that |J — L is an isomorphism,

and k: L — oL is the right adjoint of V.

3. Whenever 1(u V v) is compact, u, v € L, u A v=0 then either u is compact or v is

compact.

4. For every compactification h : M — L the remainder of L in it is compact and

connected.
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Proof. (1) = (2): Assume V: al — L is perfect. Take u,v € L, u A v = 0 with
t(u V v) compact. By Lemma 7.3.4, k(u vV v) V J = L. Since (oL, V) is perfect, we then have
k(u) V k(v) v J = L. Now, we cannot have both k(#) S J and k(v) < J, otherwiseJ = L
which is not possible. Thus either k(u) cJ J or k(v) cJ J. Hence, by the remarks at

the end of Section 1 in [3] we have either k(u) V J =L or k(v) V J = L.

(2) = (3): Suppose T(u V v) is compact, u A v = 0. Then either k(u) V J = L or

k(v) vV J =L, and hence by Lemma 7.3.4, either Tu is compact or v is compact.

(3) = (1): We recall from Proposition 7.1.3 that if 4#: M — L is a compactification of
L with r: L — M the right adjoint of 4, then 4 : M — L is perfect if and only if the following
conditions are satisfied: x <J (u V u*), x < u implies x <J u for all x,u € L,where <J is
the associated strong inclusion arising from 4: M — L. In the present case

V: al — L with right adjoint k: L — oL, we have to show x € (u V u*), x < u implies
x du.

Consider first the case when T(u V u*) is compact. Then either Tu is compact or Tu* is
compact. Now x € u V u* implies x < u V u*, and x < u implies x < u: for, there existsv
suchthat x Av=0,vVuVu =1 Thusx A(@Vu)=xAvV)V (xAwu)=0andv VvV
w* V u =1 with a separating element v V u*. If tu is compact then x <« u. If on theother

hand, tu* is compact, then x < u implies u* < x* from which it follows that Tx* is compact.

This implies x € u as well.

Now consider the case where T(u V u*) is not compact. Take x € u V u*, x < u. As beforex
< u. Also either Tx* is compact or T(u V u*) is compact. Since the latter is not possible,we

have tx* compact. Hence x €« u and thus (al, V) is a perfect compactification. —
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