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Abstract 

Topological structures called Yosida frames and related algebraic frames 

are studied in the realm of Pointfree Topology. It is shown that in 

algebraic frames regular elements are those for which compact elements 

are rather below the regular elements, and algebraic frames are regular if 

and only if every compact element is rather below itself if and only if the 

frame has the Finite Intersection Property (FIP) and each prime element 

is minimal. 

We also show that Yosida frames are those algebraic frames with the 

Finite Intersection Property and are finitely subfit; that these frames are 

also those semi-simple algebraic frames with FIP and a disjointification 

where dim (L)≤ 1; and we prove that in an algebraic frame with FIP, it 

holds that dom (L) = dim (L). In relation to normality in Yosida frames, 

we show that in a coherent normal Yosida frame L, the frame is subfit if 

and only if it is regular if and only if it is zero- dimensional if and only if 

every compact element is complemented. 
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List of symbols 

 

( )LMin  :  The collection of minimal primes of L   

)(LMax   : The set of all elements ex <  in L  that are maximal  

)(LMaxL   : The set of all meet of maximal elements 

( )xMax*

 : 
( ){ }xmLMaxm ≥∈Λ       

( )LN   :       The collection of all nuclei on a frame L   

( )jFix           : ( ){ }xxjLx =∈    

 *x   :       V{ }0  =∧∈ yxLy . 

( )LSpec        :       The collection of prime elements of L  is denoted 

( )LReg  :       The collection of all regular elements of L   

dom ( )L  :       The join of the lengths of dominance chains of L . 

dim ( )L  :       The  maximum of the lengths of chains of primes.  

𝒞h𝔽rm :       The category of all coherent frames and   coherent  

   frame Homomorphisms.  
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Introduction 
 

This dissertation is an exposition of the interplay of mathematical 

structures in General Topology and Algebra on the one hand, with those 

in Pointfree Topology on the other. It is based on three related research 

articles of Martinez and Zenk, namely: 

 Yosida frames, Jour. of Pure and Appl. Alg. 204 (2006), 473-492. 

 When an algebraic frame is regular, Algebra Univers. 50 (2003), 

231-257. 

 Regularity in algebraic frames, Jour. of Pure and Appl. Alg.211 

(2007), 566 – 580. 

 

In this study, we selected results whose proofs are sketchy but are 

related to Yosida or algebraic frames in general and organised them into 

three chapters. 

 

In Chapter 1 (Regularity in algebraic frames), we study algebraic frames 

(those frames that are generated by compact elements). It must be 

recalled that frames are generalised complete lattices that are closed 

under finite meets and arbitrary joins in which the Generalised 

Distributive Law holds. We prove properties of compact and regular 

elements, the rather below relation and other frame-theoretic concepts in 

algebraic frames. We also study relative notions of regularity, namely, 

Reg(1), Reg(2), Reg(3) and Reg(4), in relation to pseudo-complements 

and complemented elements. 
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Chapter 2 deals with Yosida frames. These frames are not so well-known 

in the family of “Pointfree topologists” but enjoy very interesting 

properties.  

For instance, these frames are precisely those algebraic frames with the 

Finite Intersection Property that are finitely subfit. In fact, it is proved 

that if L is a semi-simple algebraic frame with the Finite Intersection 

Property and disjointification with dim(L)≤ 1 is a Yosida frame. Thus there 

are new concepts such as semi-simple, disjointification, subfitness, Finite 

Intersection Property, the Compact Splitting Property and zero-

dimensionality that we found enriching to study.  

 

In the last Chapter, we bring a collection of results from one of the most 

familiar authorities in Pointfree Topology Bernhard Banaschewski 

alongside those of Martinez and Zenk. We succeeded in showing that 

compact normal frames are related to regular frames and that, 

importantly, in a normal coherent frame, the frame is subfit if and only if 

it is regular if and only if it is a zero-dimensional if and only if every 

compact element is complemented. 

 

The approach, methods and techniques we used in this mini-dissertation 

are standard: many results are established from basic principles (i.e. 

definitions) and known techniques used in common (standard). There are 

no new results in the dissertation but some of the proofs constructed 

provide insight into the beauty of pointless thinking – and, indeed, as 

Peter Johnstone would say, there is a “point” in studying Pointless 

Topology. 
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Chapter 1 

 

Regularity in algebraic frames 
 

In this chapter we study the relationship between regularity, compactness, 

the rather-below relation, denseness and pseudo-complements in frames. 

We show how (pointless) regularity relates to d-elements, pseudo-

complements and compact elements in an algebraic frame L . Some of the 

results we prove in this chapter are the following:   

)i   Suppose that L  is an algebraic frame. Then Lx∈  is regular if and only        

     if every compact element xc ≤  is rather below x  (Proposition 4.2.1 ). 

)ii  An algebraic frame L  is regular if and only if for each ∈c 𝒞 ( )L , it holds   

     that ecc =∨ *  if and only if L  has the Finite Intersection Property    

     (FIP) and each prime of L is minimal (Theorem 6.2.1 ). 

)iii  In algebraic frame in which the rather below relation interpolates, the    

     collection of its regular elements is regular (Theorem 12.2.1 ). 

)  iv In an algebraic frame L  with FIP, the element **x  is regular if and only if  

     it is complemented, for every compact Lx∈ (Theorem 6.3.1 ). 

)   v An algebraic frame L  satisfies Reg ( )1  if and only if it has the Compact    

     Splitting Property (Theorem 7.3.1 ). 
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)  vi  In an algebraic frame L   possessing a unit Lu∈  and  satisfying Reg ( )4 , 

      every complemented element is of the form **a  for some compact Lx∈  

     (Proposition 13.3.1 ). 

 

1.1 Preliminary  Concepts 

We call a complete lattice L  a frame if the following generalised distributive 

law holds: 

∧b (V S ) = V{ }Ss  , ∈∧ sb , 

for each Lb∈  and any LS ⊆  .The bottom (respectively, top) element of L  is 

denoted by 0  (respectively, e ). A frame homomorphism LMh →:  is a map 

between frames preserving finite meets (including e ) and arbitrary joins 

(including 0). Frame homomorphisms are closed under composition, and 

therefore we have the category 𝔽rm of frames and frame homomorphisms 

(see Johnstone [ ]6 ). 

Many of the concepts we use in this dissertation have their origin in 

“pointful” topology. Given a topological space ( )X ,τX  and denoting by ( )XO  

the set Xτ  of open subsets of ,X  we know that 

) ( )XOXi ∈,  φ  

) ( ) ( ) ( ) { } ( ). each for     and    allfor  ,  
0

i

XOIiUXOUXOU,VXOVUii i
I

i ⊆∈∈







∈∈

∈
  

) ( ) { } ( ).  eachfor   ,  
Ii

XOIiUXOUiii ii ⊆∈∈
∈
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) ( ) ( ) { } ( ). and    eachfor     XOIiVXOUVUVUiv i
Ii Ii

ii ⊆∈∈=
∈ ∈
    

 

Therefore with  φ  representing the bottom element and X  the top element, 

  and   representing meet and join, respectively, the pair ( )( )XOX ,  is an 

example of a frame. 

 

Definition 1.1.1 (Martinez [12]) 

A frame homomorphism is a map MLh →:  between frames satisfying the 

following properties: 

) ( ) ( )

) ( ) ( ) ( )

) ( ) ( ) { } .  allfor   ,  

., allfor  ,  

.  ;00  

LIixxhVxVhiii

Lyxyhxhyxhii

eehhi

iiIiiIi
⊆∈=

∈∧=∧

==

∈∈

 

The preimage     1−f of any continuous function ( ) ( )Y ,: τYX, τf X →  between 

topological spaces satisfies (see Willard [16]) 

) ( ) ( )

) ( ) ( ) ( )

) ( ).  

. allfor   ,  

. and   

11

111

11





YiYi V
i

V
i

Y

VfVfiii

U,VVfUfVUfii

fXYfi

ττ

τ

φφ

∈

−

∈

−

−−−

−−

=










∈=

==

   

Therefore, with   and   representing meet and join, respectively, and φ and X   

being the top and bottom elements, respectively, the function 

( ) ( ) ( )XOYOfO →:  defined by ( )( ) ( )   eachfor   1
YτUUfUfO ∈= − is a “perfect” 
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example of frame homomorphism as it preserves finite intersections and 

arbitrary unions. 

 

Definition 1.1.2 (See e.g. Simmons [14]) 

Given a frame L , a nucleus on L  is a function LLj →:  satisfying:  

) ( )

) ( )( ) ( )

) ( ) ( ) ( ) L.x,yyjxjjiii

Lxxjxjjii

Lxxjxi

∈∧=∧

∈=

∈≤

 allfor  ,yx  

. allfor   ,  

. allfor   ,  

 

The collection of all nuclei on a frame L  will be denoted by ( )LN . 

 

Proposition 1.1.3  

For any subset ( ),LNS ⊆  the function LLS →Λ :  defined by  

( ) ( ){ }SjLxxjXS ∈∈Λ=    ,  

is a nucleus on L . 
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Proof:  

)  i Let   Sj∈  and Lx∈ . Then since j  is a nucleus on L , we have that 

( )

( ){ }

( )xSx

SjLxj

xjx

Λ≤⇒

∈∈Λ≤⇒

≤

                                                             

   ,xx                                                            

                                                                 

 

    

 

)  ii Take Lyx ∈,  and Sj∈ . Then since j  is a nucleus on L , it follows that 

( ) ( ) ( )

( ){ } ( ) ( ){ }

( ){ } ( ){ }

( ) ( ) ( ).                                                             

                                                                                       

                                                    

                                                                   

ySxSyxS

SjyjSjxj

SjyjxjSjyxj

yjxjyxj

Λ∧Λ=∧Λ⇒

∈Λ∧∈Λ=

∈∧Λ=∈∧Λ⇒

∧=∧

 

)  iii Finally, we have that 

( )[ ] ( )( ){ }

( )( ){ }

( ){ }

( ).                                                                                 

                                                                                   

                                                                                   

                                                                  

xS

Sjxj

Sjxjj

SjxΛSjxSS

Λ=

∈Λ=

∈Λ≤

∈Λ=ΛΛ

 

                                                                                                                                                                            ∎ 
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Recall (see e.g. Banaschewski [2]) that a frame homomorphism LMh →:  is 

dense if whenever ( ) 0=xh  implies 0=x . Dually, h  is said to be codense if 

whenever ( ) exh =  then ex = . Denoting by  jL   the set 

( ) ( ){ },                                                            xxjLxjLjFix =∈==  

we now have the following relationship between a nucleus j  on L  and its 

denseness. 

 

Observation 1.1.4 (Martinez [12]) 

The nucleus j  is dense if and only if ( ){ }xxjLxjL =∈=∈   0 . 

 

Proof: 

( )⇒ : Suppose that j  is dense and jL∉0 . Then ( ) 00 ≠j , so j  is not dense, a 

contradiction. Thus jL∈0 . 

( )⇐ : On the other hand, if jL∈0  and ( ) 0=xj , then ( ) 0=≤ xjx , proving that 

0=x .                         ∎ 

A closure operator on L  is a map LLj →:  which satisfies ( )i  and ( )ii  of 

Definition 1.1.2. Suppose LLjj →:, 21 are closure operators on L  and that  

( ) ( )xjxj 21 ≤  and take Ljs 2∈ . Then, by definition, we have that ( )sjs 1≤ , for all 

Ls∈ . Now if Ljs 2∈  then ( ) ( )sjsjs 12 ≥=  so that ( ) ssj =1  which means that 

Ljs 1∈ .  Hence LjLj 12 ⊆ . These calculations prove that 
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Observation 1.1.5 (Martinez [12]) 

Closure operators on L  are partially ordered by 21 jj ≤  if and only if LjLj 12 ⊆ .   

                                 ∎                                                        

Following Martinez and Zenk [ ]11 , we define the pseudo-complement of Lx∈  

to be  

=*x  V{ }0  =∧∈ yxLy . 

We say that y  is rather below x  (and write xy  ) if there exists an element  

Lz∈  satisfying  0=∧ zx  and  eyz =∨ . It is immediate that 0* =∧ xx  because  

=∧ *xx  V { }==∧∧ 0  yxyx  V 00 = . 

However, exx ≠∨ * , in general. The frame L  is complemented if exx =∨ *   for 

each Lx∈ . 

 

The following equivalent notion of a pseudo-complement is used to prove 

Lemma .7.1.1  

 

Remark 1.1.6  

)  a For each Lx∈ , if 0=∧ xz , then *xz ≤ . This follows since then 

{ }0                                                          =∧∈∈ xyLyz  

    so that ≤z  V{ } *0  xxyLy ==∧∈ . 

)b xy   if and only if :* exy =∨  If xy  , then 0=∧ zy  and exz =∨  for some  
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  Lz∈ . By )a , *yz ≤  so that xyxze ∨≤∨= * . Thus exy =∨* . 

On the other hand, if exy =∨* , then 0* =∧ yy and exy =∨*  gives xy  . 

 

Lemma 1.1.7  

For any elements yx,  in a frame L , the following hold: 

) **  xxi ≤ . 

)  ii If yx < , then ** xy ≤ . 

) ****  xxiii = . 

)  iv If yx  then yx ≤** . 

)  v If yx   in L , then yx ≤ . 

)  vi If byxa ≤≤  , then ba  . 

)  vii If ca   and cb  , then cba ∨ . 

 

Proof: 

)  i Since 0* =∧ xx  and 0*** =∧ xx , it follows from Remark .6.1.1  that **xx ≤ . 

)  ii Since 0** =∧≤∧ yyyx , it follows that 0* =∧ yx . But 0* =∧ xx , 

     so from Remark 6.1.1  we find that ** xy ≤ .          

)  iii Since **xx ≤ , then **** xx ≤ . Again **** xx ≤  by )i , thus **** xx = . 
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)  iv We only need to show that yxx ∧= **** . We proceed as follows: 

( ) ( )

( ) ( )

( )

( )yx

yx

yxxx

yxyxx

exx

∧=

∧∨=

∧∨∧=

∨∧=

∧=

**

**

******

***

****

                                       

0                                       

                                      

 since                                                   

                                



 

  

 

)  v Suppose that yx   in L . Then there exists Lz∈  such that 0=∧ zx  

    and ezy =∨ . So we have 

    

( )

( ) ( )

( )

( )

.    

   

0   

   

y

yx

yx

zxyx

zyxx

≤

∧=

∨∧=

∧∨∧=

∨∧=

 

 

)  vi Suppose that  byxa ≤≤   in L . Find Lz∈  such that  

0=∧ zx  and ezy =∨ . 

     Then xa ≤  implies  
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   0=∧≤∧ zxza , so that 0=∧ za . 

On the other hand, by ≤  implies that ezyzb =∨≥∨  and hence 

ezb =∨ . Thus ba  .  

)  iiv Given ca   and cb  . Find tw,  such that ec t,0 =∨=∧ aw .  

      Also, there exist Lqp ∈  ,  such that . , 0 ecqbp =∨=∧  Now we have that  

      

( ) ( )

( ) ( )

0         

00      

    

=

∨=

∧∧∨∧∧=

∨∧∧

bpwapw

bapw

 

and 

 
( ) ( )

.  

 

  )(

e

ee

zqzt

zqt

=

∨=

∨∨∨=

∨∨

 

On the basis of these equations, we conclude that cba ∨ .                       ∎ 
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1.2 Algebraic frames 

Let Y  be a subset of a topological space X ; then a cover of Y  is a collection 

of subsets of X  whose union contains Y . Classically, a topological space X is 

compact if each open cover of X  has a finite subcover. (See, for example, 

Willard [ ]16 .) That is, for every arbitrary collection { } AiiU ∈  of open subsets of X 

such that 
Ai

iUX
∈

= , there is a finite subset B of A such that 
Bi

iUX
∈

= . We 

now have  

 

Definition 1.2.1 (Martinez [10]) 

Let L  be a frame.  

)  i An element Lx∈  is said to be compact if whenever ≤x ⋁ S  for any    

LS ⊆  it holds that ≤x ⋁ F  for some finite subset F  of S . A frame L  is said 

to be compact if its top element e is compact. The set of all compact 

elements of L  will be denoted by 𝒞 ( )L . In addition, a frame L  is algebraic if 

every element of L  is a join of compact elements. 

)  ii An element x  of a frame L  is said to be regular if  

=x ⋁{ }xyLy   ∈ . 

A frame L  is said to be regular if each Lx∈  is regular. 

 

Pseudo-complementation and complementation are related as follows: 
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Proposition 1.2.2 (See also Birkhoff [4])  

In a frame L , the pseudo-complement is complemented if and only if for any 

Lyx ∈, , it holds that ( )*** yxyx ∧=∨ .  

 

Proof:  

( )⇒ : Since xyx ≤∧  and yyx ≤∧ , it follows from Lemma 7.1.1  that        

( )*** yxyx ∧≤∨ . It remains to show that ( ) *** yxyx ∨≤∧ .  

By assumption, the element ( )*yx ∧  is complemented and so    

( ) ( ) eyxyx =∧∨∧ *** . 

Therefore, we need only show that 

( ) ( ) eyxyx =∧∨∨ ****  

to prove that ( ) *** yxyx ∨=∧ . To this end we have 

( ) ( ) ( ) ( )

( )[ ]

( ) ( )[ ]

( )[ ]

e

xe

yxy

yxye

yxyxx

yxyx

yxyxyxyx

=

∨=

∨∨=

∨∨∧=

∨∨∧∨=

∨∨∧=

∨∨∧≥∨∨∧

                                    

                                    

                                   

                                 

                                 

                                 

*

**

**

***

**

******
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( )⇐ :  Suppose ( ) ( )**** yxyxyx ∧=∧=∨ , for any Lyx ∈, . We need only show 

that exx =∨ *** . In the equation ( )*** yxyx ∧=∨ , we set *xy =  and find that 

( )

( ) ( )

( )

.              

0              

              

assumptionBy                   

              

*

**

*

**

******

e

xx

yx

yx

xxxx

=

=

∧=

∧=

∨=

∨=∨

 

 and so the pseudo-complement *x  is complemented.                                ∎ 

 

We need the following result to prove one of our main results, namely  

Theorem 1.2.6. 

 

Lemma 1.2.3  

If zy ≤  and xz   in L, then xy  .  

Proof: 

Suppose that zy ≤  and xz  . Then xyxze ∨≤∨= ** , whence exy =∨*   so 

that xy  .                                                                                            ∎   
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The following result gives a necessary and sufficient condition for the 

regularity of an element in an algebraic frame. 

 

Proposition 1.2.4 (Martinez [12]) 

An element x  in an algebraic frame L  is regular if and only if every compact 

element xc ≤  satisfies xc  .  

Proof: 

( )⇒ : Suppose that Lx∈  is regular and that xc ≤  is compact. We must show 

that xc  . By regularity, we have   

=x  ⋁{ }xaLa   ∈ . 

But xc ≤  is compact with ≤c ⋁{ }xaLa   ∈ , so compactness implies that  

≤c ⋁ { },n,,x,       i   aL a ii  21=∈ . 

From this observation, it follows that xaaa n ∨∨∨ 21  and so Lemma 3.2.1  

ensures that xc  .                                                         

( )⇐ : Conversely, suppose that any compact xc ≤  satisfies xc  . Since L  is 

regular, we must have that 

=x  ⋁{ ∈∈ c  Lc  𝒞 ( )L }. 

But each ∈c  𝒞 ( )L  with  xc ≤   satisfies xc   by hypothesis, so 

=x  ⋁{ ∈∈ cx, cL c     𝒞 ( )L }, 

 making x  regular as was to be proved.                ∎ 
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Definition 1.2.5 (Martinez [12]) 

)i  A frame L  is said to have the finite Intersection Property (FIP) if for  

    ∈ba,  𝒞 ( )L  it holds that  ∈∧ ba  𝒞 ( )L . 

)ii  An element p  in L  is said to be prime if whenever pyx ≤∧  and ep <  

     implies that px ≤  and py ≤ . The collection of prime elements of L  is 

     denoted by ( )LSpec  and is called the spectrum of the frame. A typical   

     Zorn’s Lemma argument guarantees that when primes exist then so do 

    minimal primes. We denote the collection of minimal primes of L  

     by ( )LMin . 

)iii  An element La∈  is said to be a d -element if it is expressible in the form 

=a ⋁ { ∈≤ c  a,c    **c 𝒞 ( )L  }. 

)iv  In an algebraic frame L  with the FIP , we denote by )(LMax  the set of all  

     elements ex <  in L  that are maximal and by )(LMaxL  the set of all meet of 

      maximal elements. Moreover,  

( ) ( ){ }xmLMaxmxMax ≥∈Λ=     *  

)v   Let L  be an algebraic frame. Then L  is said to have the Compact  

     Splitting Property (CSP) if each compact element of L  is complemented. 
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Theorem 1.2.6 (Characterization of Algebraic Regular Frames) 

In an algebraic frame L , the following are equivalent. 

)  i L is regular. 

)  ii Each compact element ∈x 𝒞 ( )L  satisfies exx =∨ * , that is each compact 

element is rather below itself. 

)  iii  L has the FIP and each prime element is minimal. 

 

Proof: 

) ) :iii ⇒ Assume that L  is regular and take a compact ∈x 𝒞 ( )L .   To see  

that exx =∨ * , we need only show that xx  . To this end, it follows from 

regularity that (since L  is algebraic) 

=x  ⋁ { ∈∈ iii xxxLx ,   𝒞 ( )L }. 

 Since x  is compact, we must have that   

=x  ⋁{ ∈ix 𝒞 ( ) ,n,, ix xL i  2 1    , = }. 

 Since each xxi    for  ,,,2 ,1 ni =  the observation in first part of the      

proof of Proposition 4.2.1  ensures 

xaaax n ∨∨∨= 21  

which means that   

( ) exxaaax =∨=∨∨∨∨ **
21  . 
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) ) :iiiii ⇒  Assume that xx   and take ∈yx, 𝒞 ( )L .  

We will show that ∈∧ yx 𝒞 ( )L . To this end, we assume (without loss of    

generality, (since L  is algebraic)) that 

≤∧ yx  ⋁ ix  ( ix 𝒞 ( )L ). 

Since ( ),yxxx ∧∨=  we have that 

xx ≤  ⋁ (⋁ ix  ( ∈ix  𝒞 ( )L ). 

But  ∈x 𝒞 ( )L , so (by re-arrangement if necessary) we find that 

xx ≤ ⋁ (⋁{ },n,, ixi 21 = ). 

And since xyx ∧  we must have that ≤∧ yx  ⋁{ },n,,ixi 21  = , which proves 

that ∈∧ yx 𝒞 ( )L .  

) )iiii ⇒  Suppose that L has the FIP and that each prime element is minimal. 

This is equivalent to the Compact Splitting Property (Martinez and Zenk [10 , 

Definition & Remarks ( )i  1.2 ]), so for each compact element x  we will have 

xxx =** . Now given Lx∈ , we have that ( since L  is algebraic) 

≤x  ⋁ ix ( ∈≤ ii xxx  , 𝒞 ( )L ). 

It follows then that ,xxx ii ≤  hence xxi   (Lemma 3.2.1 ), showing that x  is 

regular. Consequently, L  is regular and )i  follows.                    ∎ 
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Definition 1.2.7 (Martinez [12])  

 

Let L  be an algebraic frame. We say that L  has a disjointification (or simply,    

That L  is a  frame with disjointification) if for each pair of compact elements 

Lba ∈,  there exists disjoint ∈dc, 𝒞 ( )L  such that  

)

) bcdabaii

bdaci

∨=∨=∨

≤≤

  

and  ,  and    
 

 

Definition 1.2.8 (Banaschewski [1]) 

A subset LF ⊆  with F∉0  is called a filter if the following conditions hold: 

)

)

) .   whereany for    

.,r    wheneve,  

. 

FbbaFaiii

FbaFbaii

F ei

∈≥∈

∈∈∧

∈

 

 

Definition 1.2.9 (Martinez [12]) 

Suppose that L  is an algebraic frame with the FIP . For ( )LSpecp∈ , define 

( ) =pO ⋁{ ∈aa     * 𝒞 ( )L , a≰ p }. 
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Theorem 1.2.10 (Martinez [12]) 

Suppose that L  is an algebraic frame with the FIP . Let ).( LSpecp∈  

)a   If qp ≤ , then ( ) ( )pOqO ≤  

)b  ( )pO  is a −d element. 

)c   ( )LMinq∈  and pq ≤  imply that ( ) qpO ≤ . 

)d   If ( ) qpO ≤  and q  is a minimal element over ( )pO  then pq ≤ . 

 

Proof: 

)a  Suppose qp ≤ . Then 

( ) =qO  V{ ∈aa     *  𝒞 ( ) aL    , ≰ q  }  

      ≤V{ ∈aa     *  𝒞 ( ) aL    , ≰ p  } 

           ( )pO= . 

)b  ( )pO  is a d - element since in the definition above *a  could be replaced by   

    ( ) ***a   (by Lemma 7.1.1 ). In its new form, then, ( )pO  is a d - element.  

)c  Assume that ( )LMinq∈  and pq ≤ . Note that in the definition of ( )pO    

    the join in question is over an upward directed set.  Thus if ( )pO ≰ q ,  

    there exist disjoint compact  elements a  and b  such that a≰ p and b≰ q .  

    But then a≰q  as well because qa ≤  would imply pa ≤ ,  a contradiction,  

    so ( ) qpO ≤ .  

)d  Suppose ( ) qpO ≤  and q  is minimal over ( )pO . Suppose also that there is  
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    a compact element qc ≤  such that c≰ p . For each pair of compact   

    elements a≰ q and b≰ p , we have that ba ∧<0 . This implies that such  

    a and b  generate a filter F  of compact elements, which is contained  in   

    the ultra-filter U (say). If we set  

=m  V{ }Uaa ∈    * , 

 we find a minimal prime m  satisfying ( ) qmpO ≤≤ . By assumption, since   

   UFc ⊆∈ , we therefore conclude that pq ≤ , as required.    ∎ 

 

Returning to regular elements in L , we denote by ( )LReg  the collection of all 
regular elements of L  and note that there is a natural inclusion ( ) LLl →Reg:  
such that ( ) rrl = , for each ( )Lr Reg∈  and ( )LReg  is a sbframe of L . There is 
then a right adjoint ( )LLl Reg:* →  of  l  defined by  

( ) =xl*  V ( ){ }xyLy ≤∈     Reg . 

 

Proposition 1.2.11 

For an algebraic frame L  with the FIP it holds that ( ) qxl =* , for each Lx∈  

where   

=q ⋁ { ∈∈ x,  yyLy    𝒞 ( )L }. 

Proof:  

By definition, each y  in the definition of ( )xl*  is a regular element. But then 

Proposition 4.2.1  implies that every compact element xy ≤  satisfies xy  , 

hence ( ) qxl ≤* . 
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For the reverse inequality, suppose that ∈z 𝒞 ( )L   and qz ≤ . Then there are 

finitely many ∈nyyy ,,, 21  𝒞 ( )L  such that xyi   for ni ,,2,1 =  and 

 xyyyx ∨∨∨≤ 21  so that xz   by Proposition .4.2.1  This means that xz ≤  

is  a compact element satisfying xz  , so (by the same result) z  must be 

regular, hence ∈z Reg ( )L  and so  ( ) qxl ≥* .                      ∎ 

 

Theorem 1.2.12 

In an algebraic frame L , if   interpolates then the subframe Reg ( )L  is 

regular. 

 

Proof:  

Suppose that ∈x  Reg ( )L . We will show that there exists an element Ly∈  

satisfying xy  . Since L  is an algebraic frame, we may (and do) choose 

∈z 𝒞 ( )L   such that xz ≤ . By Proposition ,4.2.1  we know that xz  . 

 But   interpolates, so some element Ly∈  exists such that xyz  . In 

addition, we find that   

( ) xyylz  ≤*  

showing that  

=x  ⋁{ ( ) xyyl   *  interpolates}. 

Hence Reg ( )L  is regular.                                                                   ∎ 
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In relation to regular elements in L , we have 

 

Theorem 1.2.13 

An element Lx∈  is regular if and only if whenever px ≤  then ( )pOx ≤ . 

 

Proof: 

( ) :⇒  Suppose that Lx∈  is regular such that px ≤ , where ( )LSpecp∈ . 

Suppose, for a contradiction, that x  ≰ ( )pO . Then regularity of x  ensures 

the existence of some compact Ly∈  such that xy   (compactness stems 

from the fact that L  is algebraic) and x≰ ( )pO . By definition, we also have 

eyx =∨ *  whereas y  ≰ ( )pO  implies that ( )pOy ≤* , a contradiction to 

y  ≰ ( )pO . Hence  ( )pOx ≤ .  

( ) :⇐  Conversely, suppose that whenever px ≤  then ( )pOx ≤ . Since L  is 

algebraic, we pick some ∈y 𝒞 ( )L   such that xy ≤ . We claim that 

ey xxy * =∨ i.e.,   .  For, if eyx <∨ *  were true, then there would be a prime 

element Lp∈  such that pyx <∨ *  and so y≰ ( )pO , a contradiction to 

( )pOxy ≤≤ . We also have that px ≤  (as pyx ≤∨ * ) so that ( )pOx ≤ , which 

does not make sense either. Therefore, we must have eyx =∨ *  or xy  , as 

desired.                                                                                            ∎ 

 

 

 



23 
 

1.3 Relative notions of regularity 

 

Definition 1.3.1                            

Given an algebraic frame L  in which the FIP  holds, we define the following 

concepts relating to regularity: 

)i  satisfies ( )1Reg  if L  is regular. 

)ii   satisfies ( )2Reg  if each −d element is regular. 

)iii   L  satisfies ( )3Reg  if each pseudo-complement in L  is regular. 

)iv   L  satisfies ( )4Reg  if, for each compact x , the pseudo-complement 

     *x   is regular. 

 

Remark 1.3.2   

Since every regular element is a −d element and each pseudo-complement 

is regular, it easily follows that ( ) ( ) ( ) ( )4Reg3Reg2Reg1Reg ⇒⇒⇒ . 

In the following result, we characterize the equivalent conditions )2(Re g  and 
).3(Re g  

 

Observation 1.3.3 

( ) ( )3Reg2Reg ⇔  

 

Proof: 

We need only show that Reg(3) ⟹  Reg(2). Suppose then that Reg(3) holds 

and take a d -element Ly∈ , say 
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y = ⋁ { ∈≤ xyxx ,  ** 𝒞 ( )L }. 

By Reg ( )3 , the pseudo-complement *x , and in particular **x ,  is regular; so 

there exists a Lz∈  such that that **xx  . But each **x  satisfies yx ≤** , so 

Lemma 3.2.1  ensures that yx  ; thus y  is regular and Reg ( )2  follows.   ∎ 

 

Proposition 1.3.4  

Suppose that L  is algebraic with the FIP. Then L  satisfies Reg ( )2  if and only 

if every **x  is regular for every compact Lx∈ . 

 

Proof: 

Let L  be algebraic with FIP . 

( ) :⇒  Suppose that L  satisfies Reg ( )2  and let ∈x 𝒞 ( )L . We must show that 

exx =∨ ***** . By Proposition ,4.3.1  if ∈x 𝒞 ( )L  then **x  is regular. Thus 

=≤ **xx ⋁{ }xyLy   ∈ . 

Since x  is compact , nyyyx ∨∨∨≤ 21  with **xyi   some ni ,,2,1 = . Since 

≤xxyi ,** ⋁ 1=i
n **xyi  so that .**xx   Hence exx =∨ *** . 

( ) :⇐  Conversely, suppose that every **x  is regular for a compact Lx∈  and 

let y  be a d-element so that 

y = =y ⋁{ ∈≤ zy zx   , ** 𝒞 ( )L }. 

 

By assumption, each **z  in the equation is regular (as each z  is compact). 

Therefore, the d-element y  is a join of regular elements, so (by definition)       

y  must be regular.                                                                                 ∎ 
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Lemma 1.3.5 

 

Suppose that L  is an algebraic frame with FIP . Then L  satisfies Reg ( )2  if 

and only if every  **x  is complemented for each compact Lx∈ .  

 

Proof:  

Let L  be an algebraic frame with FIP . 

( ) :⇒  Suppose that L  satisfies Reg ( )2  and let ∈x 𝒞 )(L . We must exx =∨ ***** . 

By Proposition 1.3.4, if ∈x 𝒞 )(L , then **x  is regular. Thus                         

=≤ **xx ⋁{ }**  xyLy ∈ . 

Since x  is compact, nyyyx ∨∨∨≤ ...21  with **xyi   for some .,,2,1 ni =  Since 

,**xyi   **

1
xyx i

n

i
V 
=

≤  so that **xx  . Hence .** exx =∨  

 

( ) :⇐ Take a d-element Lx∈  and assume that the condition is satisfied. Then 

we have that  

=x ⋁{ ∈≤ yx yy    , ** 𝒞 ( )L  }, 

with each **y  complemented. Then ,*** eyy =∨  so that  

xyy ≤**  and thus xy  . Hence =x  ⋁{ }xyLy   ∈ , which shows that, x  is 

regular.                                                   ∎ 

 

Combining the above two propositions, we have the following 

characterisation. 

 

Theorem 1.3.6 

In an algebraic frame L  with FIP , the element **x  is regular if and only if it 

is complemented, for every compact Lx∈                                                ∎ 
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Theorem 1.3.7 

Let L  be an algebraic frame. Then L  satisfies Reg ( )1  if and only if it has the 

Compact Splitting Property. 

 

Proof:  

( ) :⇒  If L  is regular, then each element of L  is a d-element. This means that          
**cc = , for each ∈c 𝒞 ( )L . Moreover, Reg ( )2  holds and, therefore, Lemma .5.3.1  

Then it is clear that each compact element is complemented. Hence L  has 

the CSP. 

( )⇐  Follows from Theorem 1.2.6.                ∎                                     

                         

We will now state without proof the following result: 

 

Lemma 1.3.8 (Martinez and Zenk [10 , Lemma 2.2 ]) 

Suppose that L  is an algebraic frame possessing the FIP . Then ( )LSpecp∈  is 

minimal if and only if 

 =p ⋁{ ∈ c c* 𝒞 ( ) c          ,L ≰ p }.        

                                              

Theorem 1.3.9 (Knox and McGovern [8, Lemma 3.1])  

Suppose L  is an algebraic frame. 

)  i The frame L  satisfies Reg ( )4  if and only if for any disjoint ∈ba, 𝒞 ( )L ,     
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    eba =∨ ** . 

)ii  If L  has the FIP and satisfies Reg ( )4  then eqp =∨  for all distinct  

    ( )LMinqp ∈, . 

 

Proof:  

)  i Suppose Reg ( )4  holds and let a  and b  be compact elements with  

0=∧ ba . Then since  *a  is regular, we have from Proposition 4.2.1   that  
*ab  , hence eba =∨ ** . Conversely, suppose the condition holds and let 

∈x 𝒞 ( )L . We need to show that *x  is regular. To this end, take *xy ≤ . In view 

of Proposition 4.2.1 , we need only show that *xy  , that is, that eyx =∨ ** .  

 

But this follows from the fact that 

Since ∈y  𝒞 ( )L  with 0 , ** =∧≤∧≤ xxxyxy . Thus 0=∧ xy . Since ∈yx,  𝒞 ( )L  are 

disjoint, by the hypothesis exy =∨ ** . Thus *xy   so that by Proposition 

x  ,4.2.1 is regular. 

 

)  ii Suppose that L  has the FIP  and satisfies Reg ( )4 , and consider distinct   

     minimal primes p  and q . By Lemma 8.3.1 , 

 

=p  ⋁ { ∈c  *c  𝒞 ( )L , c  ≰ p  } and =q ⋁ { ∈c  *c  𝒞 ( )L , c  ≰ q  }. 

Thus there exist disjoint compact elements a  and b  such that qb ≤*  and 

pa ≤* ,  so that  qpbae ∨≤∨= ** , hence  eqp =∨ , as claimed.              ∎ 
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Definition 1.3.10 (Knox and McGovern [8]) 

)  a An element Lx∈  is said to zero-dimensional if it is a join of   

    complemented elements, that is, 

=x  ⋁ c  ( c  is complemented). 

)  b  A frame L  is said to be zero-dimensional when every element is zero 

dimensional. Equivalently, L  is a zero dimensional if every compact 

element is complemented.  

 

Theorem 1.3.11 

A compact algebraic frame L is regular if and only if it is zero-dimensional. 

 

Proof:  

This follows from the equivalence of each of these statements to the CSP. 

See Martinez and Zenk [10, Theorem 2.4].                      ∎ 

 

Definition 1.3.12 (Knox and McGovern [8]) 

If x ∈ 𝒞(L) has the property that x* = 0, then x is called a unit and the frame 

L is said to be possessing a unit. 
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Proposition 1.3.13 

Suppose that L is an algebraic frame possessing a unit, say u ∈ L. If L 

satisfies Reg(4), then every complemented element is of the form a** for 

some a ∈ 𝒞(L). 

 

Proof: 

Suppose Lx∈  is a complemented element and let *xy = . Now,  

( ) ( )uyuxu ∨∨∧=  

and since L  is algebraic we can write each of the components of u  as a join 

of compact elements. Since u  is a unit, it is compact and thus we can write  

tsu ∨=  where , , ytxs ≤≤  and ∈ts,  𝒞 ( )L . We claim that xs =** . Clearly, xs ≤** . 

Since 0=∧ ts  it follows that *st ≤ , thus *** st ≤ . Again, 

( ) ( ) ( )

( ) ( )

0                   

00                  

                    ****

****

=

∧=

∧∧∨∧∧=

∨∧∧=∧∧

ttssts

tstsuts

 

from which it follows that  0* =∧ ts , thus  *** ts ≤ .  We therefore conclude 

that  *** ts = . By assumption, L  satisfies  Reg ( )4  and since both  s  and t  are 

compact it follows that ets =∨ ** , thus **s  and **t  is a complementary pair. 

Since xsxstxx =≤=<≤ ******   , .                                                                 ∎ 
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Chapter  2 

Yosida frames 
 

In this chapter, we study the relationship between complementation, 

completeness, Boolean Algebra, and subfitness in frames. We introduce 

Yosida frames and study how they relate to finite subfitness. Some of the 

results we prove are: 

)  i Yosida frames are precisely those algebraic frames with the Finite  

    Intersection Property that are finitely subfit (Theorem 9.2 ). 

)  ii A semi-simple algebraic frame L  with the Finite Intersection Property and  

     disjointification with ( ) 1dim ≤L  is a Yosida frame (Theorem 11.2 ). 

)  iii Suppose that L  is an algebraic complete lattice and j  is a closure  

     operator. Then 𝒞 ( )jL j= 𝒞 ( )L  (Theorem 6.2 ). 

)  iv In an algebraic frame L  with the Finite Intersection Property, it holds  

     that ( ) ( )LLdom dim=  (Theorem 13.2 ). 

 

Definition 2.1 (Martinez and Zenk [11]) 

An algebraic frame L  is a Yosida frame if every ∈x 𝒞 ( )L  is a meet of maximal 

elements, thus, L  is a Yosida frame if ( )LLL max= . 
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Notation: An element Ly∈  is a complement of an element Lx∈  if 0=∧ yx  

and eyx =∨  in which case y  is denoted by x~ . We recall that a frame in 

which every element has a complement is called a complemented frame.  

In addition, a Boolean algebra is a distributive lattice in which every element 

is complemented and a complete Boolean algebra is a Boolean algebra which 

is complete as a partially ordered set. See Johnstone [ ]6 . 

Note that one of the important properties of complementation on a Boolean 

algebra L  is the fact that 

                                 ~ zyxzyx ∨≤⇔≤∧ for any .,, Lzyx ∈  

 

Proposition 2.2 

Each complete Boolean algebra is a frame. 

 

Proof: 

Suppose that L  is a complete Boolean algebra. Since L  is a complete lattice, 

we need only show that  

∧y ⋁ =X ⋁{ }Xxxy ∈∧    

for any Ly∈  and LX ⊆ . Since ∧≤∧ yxy ⋁ X  for any Ly∈  and Xx∈ , we 

must have that 

⋁{ } ∧≤∈∧ yXxxy     ⋁ X . 
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On the other hand, for each Ly∈  we find that  

≤∧ yx V ( )xy ∧  

∨≤⇒ yx ~ [ V{ }Xxxy ∈∧      ] 

⇒V ∨≤ yx ~ [ V{ }Xxxy ∈∧      ] 

So that 

∧y V ∧≤ yX ( ∨y~ [V{ }Xxxy ∈∧     ]) 

       ( )∨∧= yy ~ ( ∧y [V Xxxy ∈∧     ]) 

∨= 0 ( ∧y [V{ }Xxxy ∈∧     ]) 

∧= y [V{ }Xxxy ∈∧     ] 

≤V{ }.| Xxxy ∈∧  

Thus 

∧y V ≤X V{ } ∧≤∈∧ yXxxy     V X  

 

So that 

∧y V =X V{ }.| Xxxy ∈∧  

 

                                                                                                                                                           ∎ 
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Proposition 2.3 

The map LLj →:  on a frame L  defined by ( ) **xxj =  is a nucleus. 

 

Proof: 

)  i  Since **xx ≤ (Lemma 7.1.1 ), it follows that ( )xjx ≤ . 

)  ii Note that  

( ) ( ) ( ) ******  that    so          xyxyxxxyx ≤∧∧≤⇒≤∧  

    and, similarly, ( ) **** yyx ≤∧  hence ( ) ****** yxyx ∧≤∧ . It remains to show   

    that ( ) ****** yxyx ∧≥∧ . But this follows from the calculations:  

 

( ) ( ) ( ) ( )

( )[ ] ( )[ ]

( ) ( )[ ] ( ) ( )[ ]

( )[ ] ( )[ ]

( ) ( )

.0                                  

                                 

00                                 

                                 

                                 

******

******

************

********

*********

=

∧∧∧=

∨∧∧∧∨=

∧∨∧∧∧∨∧=

∨∧∧∨∧=

∨∧∧=∧∧∧

xyyx

xyyx

yyxyyxxx

yxyyxx

yxyxyxyx

 

    Thus ( ) ****** yxyx ∧≤∧  so that ( ) ****** yxyx ∧=∧ . Therefore, 

( ) ( ) ( ) ( )yjxjyxyxyxj ∧=∧=∧=∧ ****** . 

 

 



34 
 

) iii To prove that ( )( ) ( )xjxj = , we have  

( )( ) ( )

( )

( ).               

1.1.7 Lemma                              

              

**

****

**

xj

x

x

xjxjj

=

=

=

=

 

 

    Hence j  is a nucleus.                   ∎ 

 

Remark 2.4 (See Vickers [17]) 

For any yx,  in a frame L , we define 

 =→ yx ⋁ { }.    yaxLa ≤∧∈  

It is immediate that 

x ⟶ 0 = =→ 0x ⋁ { } *0    xaxLa =≤∧∈  

and  

( ) ∧=→∧ xyxx ⋁{ }yaxa ≤∧     

   =                 ⋁{ }yaxx ≤∧∧     a  

y≤ . 
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Observation: From this definition, we note that 

( ) ( ) =→∧→ zxyx ⋁{ }∧≤∧∈ ypxLp     (⋁{ }zxtLt ≤∧∈     ) 

=⋁{ }zysxLs ∧≤∧∈      

      ( )zyx ∧→= , 

 

which helps in the proof of the following 

 

Proposition 2.5 (Martinez and Zenk [9]) 

If the operator LLj →:  is a nucleus and ( )jFixjLy =∈  then jLyx ∈→ . 

Proof: 

Suppose that LLj →:  is a nucleus and take jLy∈ . Then ( ) yyj = . We must 

prove that ( ) yxyxj →=→ . Since ( )yxjyx →≤→ , we only need to show that 

( )yxjyx →≥→ . But this follows from 

( )

( ) ( )

( ) ( )( )

( ) ( )( )

( ) .

                       

yxyjx

yjxyx

yjyxyjx

yjyjy

yjy

→≤→⇒

→∧→=

∧→=→⇒

=∧⇒

=

 

                                                                                                          ∎ 
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Theorem 2.6 

Suppose that L  is an algebraic complete lattice and j  is a closure operator. 

Then 𝒞 ( ) jjL = 𝒞 ( )L . 

Proof:  

)  i To show that 𝒞 ( ) jjL ⊆ 𝒞 ( )L , take ∈x 𝒞 ( )jL . Then x  is compact and ( )Ljx∈ ,    

      thus ( ) xxj = . We have ( ) =xj ⋁ ( )aj , where ∈a 𝒞 ( )L  and xa ≤ , so that   

   jx∈ 𝒞 ( )L . 

) ii On the other hand we will show that j 𝒞 ( ) ⊆L 𝒞 ( )jL . Take jx∈ 𝒞 ( )L . Then   

   ( )yjx =  with ∈y 𝒞 ( )L . To see that jLx∈ , we note that 

 

( ) ( )( )

( ) ( )

.        

operator closure is                                     

x

jyj

yjjxj

=

=

=

 

 

To see that x  is compact with this property, suppose that iIi
xVx

∈
≤ . Since 

( )yjx =  and ( )yjy ≤ , we must have that iIi
xVy

∈
≤ . But ∈y 𝒞 ( )L , we must have 

iFi
xVy

∈
≤  for some finite IF ⊆ . We then take { }Fixx i ∈∧      and note that 

≤x ⋁{ }Fixx i ∈∧     ; thus x  is compact.           ∎ 

 

Prime elements in L  are related to ( ) ( ){ }xjLxjLjFix =∧== x     as follows: 
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Proposition 2.7 

For a frame L  and a nucleus LLj →:   it holds that 

( )( ) ( ) ( )LSpecjFixjFixSpec = . 

Proof:  

Let ( )( )jFixSpecp∈ . Then p  is prime in L .To see this, suppose that Lyx ∈,  

and pyx ≤∧ . Then ( ) ( ) ( ) ( ) ppjyxjyjxj =≤∧=∧ . Since ( )( ) ( )xjxjj =  and 

( )( ) ( )yjyjj = , both ( )xj  and ( )yj  are elements of ( )jFix . Since p is prime in 

( )jFix  and ( ) ( ) ,pyjxj ≤∧  we have ( ) pxjx ≤≤  and ( ) pyjy ≤≤  so that px ≤  and 

py ≤ . Hence ( )LSpecp∈ . Thus ( ) ( )LSpecjFixp ∈  so that  

( )( ) ( ) ( )LSpecjFixjFixSpec ⊆ . 

On the otherhand, if ( ) ( ),LSpecjFixp ∈  then ( ) ppj =  and p  is prime in L . 

Now let ( )jFixyx ∈,  and pyx ≤∧ . Since p  is prime in L  we immediately have 

that px ≤  and py < . Consequently, ( )( )jFixSpecp∈ . Thus 

( ) ( ) ( )( )jFixSpecLSpecjFix ⊆ .        ∎                                                                                                                                                                                                                                                                         

 

Definition 2.8  

Following Martinez and Zenk [ ]11 , we say that a frame L  is subfit if whenever 

yx <   in L  there exists a  Lx∈  satisfying ezyzx =<<∨  An algebraic frame 

L  is said to be finitely subfit if whenever yx <  in L  with both ∈yx, 𝒞 )(L  there 

exists a Lz∈  satisfying  ezyzx =∨<∨ .  

In relation to finite subfitness, we have the following characterization 
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Theorem 2.9 (Yosida Characterization Theorem) 

An algebraic frame L  with the Finite Intersection Property is a Yosida frame 

if and only if it is finitely subfit. 

Proof: 

( ) :⇒ Suppose that L  is Yosida frame and take ∈yx, 𝒞 ( )L  such that yx < . By 

definition, we have =x ⋀ ( ){ }LMaxzLz ∈∈ :  and so there exists some 

( )LMaxm∈  for which mx ≤  and  emy =∨  which shows that such m  satisfies 

finite subfitness.  

( ) :⇐ Conversely, suppose that L  is finitely subfit and take ∈yx, 𝒞 ( )L  with      

yx < . Then by finite subfitness, we find Lz∈  satisfying ezx =∨  and ezy =∨ . 

We also have that  

( ) ( ) eexzyxzxy =∨=∨∨=∨∨  

But then y ≮ yx ∨ , so by compactness of ∈y 𝒞 ( )L  and appealing to Zorn’s 

Lemma we infer that zx ∨  is maximal with respect to the conditions 

( ) ezxyezxx =∨∨<∨≤  and  . 

For, suppose that Lk ∈  satisfies the condition that ekx <≤   and eky <≤ . 

With kzx ≤∨ , we claim that zxk ∨= .  This follows from the calculations:  
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( )[ ]

( ) ( )[ ]

( ) ( ) ( )

( )[ ] ( )[ ]

( )

.     

                  

     

 since                    

     

    

zx

ezx

zxyzxk

kkxzxyk

zxkyk

zxyk

ekk

∨=

∧∨=

∨∨∧∨∨=

≤∨∨∨∧=

∨∧∨∧=

∨∨∧=

∧=

 

This argument is enough to conclude that for each compact element   

∈x  𝒞 ( )L|  it holds that =x  Max*(x) and, therefore, L  is a Yosida frame.       ∎     

                                                                                       

To prove another characterization of Yosida frames, we need to define the 

dimension of an algebraic frame L which is given in (Martinez [ ]10 ). 

A chain of primes kpppp <<<< 210   is said to be of length k, and the 

dimension dim ( )L  of L  is the maximum of the lengths of chains of primes. In 

addition, we mention without proof the following (Martinez [ ]11 ). 

 

Theorem 2.10 (“Prime-free” Criterion for dim ( ) kL ≤ ) 

In a Yosida Frame L , dim ( ) kL ≤  if and only if for each chain 

1210 +<<<< kpppp    of nonzero compact elements of L  there exists 

∈+1321 ,,,, kqqqq   𝒞 ( )L  such that  
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0   and   ,210each  for    11011 =∧∧==∨ +++ kiii qqp,k,,, ipqp  . 

Recalling Martinez [ ]11 , we say a frame L  is semi-simple if ⋀ ( ) 0max =L  which 

we need in the following 

 

Theorem 2.11  

If L  is semi-simple algebraic frame with the FIP  and disjointification with          

( ) 1dim ≤L , then L  is a Yosida frame. 

 

Proof: 

In view of the Characterization Theorem 9.2 , we need only prove that L  is 

finitely subfit. Assume then that ∈yx, 𝒞 ( )L  with  yx < . 

Note that if  ey = , then L  is finitely subfit and the result follows. 

 

We therefore assume without loss of generality that ey < . Then, by the 

“Prime–free” Criterion Theorem, we find compact elements ∈tz, 𝒞 ( )L  

satisfying: 

etyyzxtzx =∨=∨=∧∧   and    ,0 . 

 

If etx <∨ , then L  is finitely subfit and the result follows. Therefore, we 

assume that etx =∨ . Then (easily from the above equations) 
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( ) ( )

( )

.             

              

              

y

zx

ezx

txzxtzx

=

∨=

∧∨=

∨∧∨=∧∨

 

Thus ( ) 0=∧∧ tzx  and ( ) ytzx =∧∨  making tz ∧  a complement of x  in y↓ .   

 

 

On the other hand, we also have that  

( ) ( ) ( )

( )

y

yx

eyx

txyxtyx

=

∨=

∧∨=

∨∧∨=∧∨

                  

                  

                  
 

and, similarly, 

( ) ( ) ( )

( )

.0                 

0                  

=

∧∧=

∧∧∧=∧∧

yx

txyxtyx

 

Since complements are unique (if they exist), it follows that tytz ∧=∧ . 

Since etx =∨  (by assumption) and 0=∧ tx , it follows that x  is 

complemented. Since ( ) { }x    ≥∈=↑ Lyx , it follows that    

⋀ ( )[ ]( ) xxMax =↑ , 

and so ( )x↑  is also semi-simple, hence x   is the meet of maximal 

elements. Since yx < , we conclude that maximal elements ( )[ ]xMaxm ↑∈  
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exist with xm ≥  such that y ≰m , giving rise to emy =∨ . Thus, L  is 

finitely subfit.                ∎                                                                             

 

 

Definition 2.12 (Martinez [10]) 

 

)  a Suppose that L  is an algebraic frame and kaaaa <<<< 210  is a chain of  

   compact elements of  . We say that it is a  dominance chain of length   if      

   there is a prime element   of   such that, in p↑  , 

 <∨<<∨< papap k0  

The dominance of L , denoted dom ( )L , is the join of the lengths of 

dominance chains of L . 

 

)  b A chain  <<<<< naaaa 210  is an ascending dominance chain if there is  

    a prime element  p  such that 

papap k ∨<<∨< 0  

If  kpppp <<<< 210   is a chain of primes, we may find, for each 

ki ,,2,1,0 = , a compact element ai  such that  1+< ii pa   for each  

1,,2,1,0 −= ki  , and ia ≮ ip  for each ki ,,2,1,0 = . Without loss of generality we 

may assume that kaaaa <<<< 210 . It is easy to see that 

0000 papap k ∨<<∨<   

and so    

kaaaa <<<< 210  

is a dominance chain. Thus, ( ) ( )LdomL ≤dim .   

 

We now provide a condition for the reverse inequality to hold. 
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Theorem 2.13  

If L  is an algebraic frame with disjointification, then ( ) ( )LdomL =dim . 

 

Proof: 

We only need to show that ( ) ( )LLdom dim≤ . To this end suppose that  

kaaaa <<<< 210  is a dominance chain. As pap i ∨< , we may select a prime 

ppi ≥  which is maximal with respect to ii ppa ≤∨−1   and pai ∨ ≰ p  (for each 

ki ,,2,1 = ) and pa ∨0 ≰ 0p  . Since p↑  is a chain, we have 

papppapp kk ∨<≤<≤∨≤≤ 100 . 

In particular, kpppp <<<< 210 , which proves that ( ) ( )LLdom dim≤ , as 

claimed.                                                                                                ∎ 
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Chapter 3 

Coherent normal Yosida frames 
 

This chapter is concerned with the relationship between normality, 

codenseness and coherent frames. We also show how normal subfitness 

relates to regularity. Some of the results we prove in this chapter are the 

following: 

)   i A normal subfit frame is regular (Proposition 6.1.3 ) 

)  ii The following statements are equivalent for a normal coherent frame L           

     Theorem 11.1.3 ) 

 ) SLLa =   . 

 )  b L  is subfit. 

 )  c L  is regular. 

 )  d L  is a zero- dimensional. 

 )  e  Every compact element of L  is complemented. 

 

3.1 Normality in Yosida Frames 

 

Motivating Example: 

 

Recall that a topological space ( )τ,X  is normal if whenever BA,  are disjoint 

closed subsets of X  with XBA =  then there exists disjoint open subsets 

VU ,  such that UA ⊆  and VB ⊆ . It follows then that A,  X-BX −  are open 

subsets of X  satisfying  

X-BA,  AXB ⊆−⊆  and   ( ) ( ) XBXAX =−−  . 



45 
 

In particular, it holds (easily) that for the open subsets B-X  ,AX −  the 

disjoint open subsets VU ,   satisfy 

( ) ( )BXVXAXU −==−   

 which paves way for the following Pointfree version of normality. 

 

Definition 3.1.1 (Banaschewski [3]) 

 

)  a A frame L  is normal if whenever eyx =∨  in L  then there exist Lts ∈,   

     such that  tyexs ∨==∨  and 0=∧ ts .   

 

)  b Given a distributive lattice B , with top e  and bottom 0 , we call a subset 

Bj ⊆  an ideal of B  if it satisfies the following two conditions (see  

Johnstone [ ]6 : 

) jyxi ∈∧   for all jyx ∈, . 

)  ii If yx ≤  and jy∈  then jx∈ . 

For an algebraic frame L  with the FIP , normality and ( )pO  for ( )LSpecp∈  are 

related as follows: 

 

Theorem 3.1.2 

Suppose that L  is normal and let ( )LMaxnm ∈., . 

)a  If nm, are distinct, then ( ) ( ) enOmO =∨ . 

)b  ( )mO  is regular. 

)a  By normality, we have ma ≤  and nb ≤  with 0=∧ ba  and embna =∨=∨ .    
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Clearly, a≰ n , which means that ( )nOb ≤  so that ( ) mnOmbe ∨≤∨= . Since e  is 

the top element, we must have ( ) enOm =∨ . Now, if ( ) ( ) enOmO ≤∨ , there is a 

maximal ( ) ( )nOmOq ∨≥ . Then mq = , and similarly, nq = , making nm = ,  

     a contradiction to the fact that nm,  are distinct, hence ( ) ( ) enOmO =∨ . 

)a   If ( )LSpecp∈  and ( ) pmO ≤ , then np ≤ , for a suitable maximal n . By )a  it  

     follows that mn = , and thus, ( ) ( )pOmO ≤ , which proves that ( )mO  is  

      regular.          ∎ 

  

Definition 3.1.3 (See also Banaschewski [3]) 

A frame L  is said to be coherent if and only if it is an algebraic frame and 

satisfies the finite Intersection Property.  

There is one- one relationship between coherent frames and distributive 

lattices in the sense that 

 

Theorem 3.1.4 (See Siweya [15]) 

)i   If L  is a coherent  frame, then 𝒞 ( )L  is a distributive  lattice with top e  

     And bottom 0 . 

)ii   Given a distributive lattice B  with top e  and bottom 0 , then the lattice    

      ( )BJ  of all ideals of B  is a coherent frame. 

In fact, we can say more and do better about this relationship as follows:  

Now, denote by Ɗ the category of all distributive lattices with top e  and bottom 
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0  and by  𝒞h𝔽rm the category of all coherent frames and   coherent frame 

homomorphisms.   

 

Theorem 3.1.5  

There is a categorical equivalence  

Ɗ J→←


 𝒞h𝔽rm between categories Ɗ and 𝒞h𝔽rm.  

Proof:   

For J:  Ɗ→𝒞h𝔽rm, if ObB∈ (Ɗ) then ( )BJ  is the lattice of all ideals of B  which 

is known to be coherent by the Theorem 4.1.3 . For a Ɗ-morphism  DB f→  

we have that   

( ) ( ) ( ) ( ),DJBJDBJ fJf →=→  

a frame morphism between coherent frames, where   

( )[ ] ( ) IibfJIibfJ ii ∈=∈     ][     

Here Iibi ∈    denotes the ideal of B  that is generated by                    

BIibi ⊆∈     Since ( )∈ibf D, it follows that ( ) Iibf i ∈     is the ideal of D that 

is generated by ( ){ } DIibf i ⊆∈    . 

On the other hand, given a 𝒞h𝔽rm-object of L  we define 𝒞 ( )L  to be the 

distributive lattice (with top e  and bottom 0 ) consisting of all compact 

elements of L . If ML f→  is a 𝒞h𝔽rm-morphism, then 

𝒞 ( ) =→ ML f 𝒞 ( )  → )( fCL 𝒞 ( )M  where for each ∈x 𝒞 ( )L  we have   

(𝒞( f )) ( ) =x 𝒞[ ( )xf ] 
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which is compact. To complete the proof, given a Ɗ-morphism  DB f→  we 

find that 

 

( ) ( ) ( ) ( )
)(                           

],[][][
fJC

DJCBJCDBJC fJf

=
→=→

 

so that 𝒞oJ = IƊ , the identity functor on the category Ɗ. On the other hand, if 

ML f→  is a 𝒞h𝔽rm-morphism, then  

J[𝒞 ( )  → )( fCL 𝒞 ( )M ] = Jo𝒞 ( )  → )(o fCJL [Jo𝒞] ( )M  

= [Jo𝒞](f) 

giving rise to Jo𝒞 = I𝒞h𝔽rm , the identity functor on 𝒞h𝔽rm. Then the 

equivalence follows.                                                                               ∎                                                                                

 

In the following result, we provide a “weak partial converse” to the result of 

the well known teacher J. Isbell [5 , Theorem 3.2 ]).  

 

Proposition 3.1.6 (Banaschewski [3 , Lemma 1.1 ]) 

 

Any normal subfit frame is regular. 

 

Proof: 

Let L  be a normal subfit frame and take Lx∈ . Suppose, for a contradiction, 

that  

=z ⋁     xyLy ∈∈  
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Now, if xz <  then by subfitness there is some  Lw∈  for which   

wxewz ∨=<∨ . Since L  is normal, there exists a disjoint pair Lts ∈,  such 

that   

twesx ∨==∨ . 

But then 0=∧ ts  and  esx =∨  is the same as xt    and so zt ≤  (by Lemma 

( )v7.1.1 ), giving rise to  

wzwte ∨≤∨=  

Hence ewz =∨ , a contradiction.                                                             ∎ 

 

In the following result we show that normality is preserved by condense 

homomorphisms. 

 

 

Proposition 3.1.7 (Banaschewski [3]) 

Any codense image of normal frame is normal. 

 

Proof:  

Suppose that LML →:  is a codense onto frame homomorphism and that M  

is a normal frame. We will show that L  is also normal.  

To this end, take Lyx ∈,  such that eyx =∨ . Since  M  is onto, we pick  

Mnm ∈,  such that  f ( ) ( ) ynfxm == , . By eyx =∨  we have that 

( ) ( ) ( ) eyxnfmfnmf =∨=∨=∨ , 

so codenseness of f  ensures that  enm =∨   in M . By normality of M , there 

exist disjoint Mts ∈,  such that: 

tnesm ∨==∨ . 
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In particular, we also find that  

( ) ( ) ( ) ( ) ,00ftsftfsf =∧=∧  

and  

( ) ( ) ( )

( )

( )

( )

( ).              

              

              

              

              

tfy

tnf

e

ef

smf

sfmfsfx

∨=

∨=

=

=

∨=

∨=∨

 

 Thus, ( )sf  and ( ) Ltf ∈  satisfy the normality condition and L  is therefore 

normal.                                                                                                 ∎ 

 

Definition 3.1.8 (Banaschewski [3]) 

In a compact frame L , an element Lx∈  is said to  be a-small for any La∈   

if whenever eyx =∨ , then eya =∨  for all Ly∈ .  

 

Remark 3.1.9 

We observe that the set xLxJ |{ ∈=  is a -small} is an ideal and ∨ J  is also a- 

small containing the element La∈ . In fact, it is the largest a-small element 

of L , which is denoted by ( ) =aS ∨ { xLx |∈  is a -small}. The resulting map 

LLs →: , given by ( ) )(aSas = , is a codense nucleus such that, for 
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( ) SLL:s  , →= sFixSL  is the unique smallest codense quotient of L  

(Banaschewski [3]). 

 

 

Proof:  

We show that { }small a is      xLxJ ∈=  is an ideal for each La∈ . Note that  

( )

( ) ( )

( ). zx

zyyx

zyxe

∨≤

∨∧∨=

∨∧=

 

Thus . ezx =∨  Since x  is a -small, .  eza =∨  Thus  yx ∧ is a -small. 

 

)  b Suppose that yx ≤  and . Jy∈  We claim that x  is also a-small. To this 

end, suppose that ezx =∨ . We will show that eza =∨ . But this follows from 

the fact that 

ezyzyzxe =∨⇒∨≤∨=  

and since y  is a-small, we must have eya =∨ . On the basis of )a  and )b , we 

conclude that J  is an ideal.                                                       ∎     
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Proposition 3.1.10 

A compact frame L  is normal if and only if SL  is regular. 

 

Proof:  

( ) :⇒ Suppose that L is compact and normal. Then SL is subfit (Banaschewski 

[3 , Lemma 2.1 ]) and since  SLLs →: is a codense quotient of L , it 

follows from Proposition 7.1.3  that SL  is normal. But a normal subfit 

frame is regular, so Proposition 6.1.3  ensures that SL  is regular. 

( ) :⇐  Conversely, suppose that L  is compact and SL  is regular. We must 

show that L  is normal. To this end, pick Lyx ∈,  such that eyx =,   in L .  

Applying LLs →: , we have  ( ) ( ) eysxs =∨  in  SL . 

Note that SL  is compact since s  is codense, so there exist ( )xsp   and 

( )ysq   in SL , by regularity, such that eqp =∨  in SL  which implies that  

( ) ( ) ( ) eqspsqps =∨=∨ . 

 

But s is codense, so we must have eqp =∨  in L . Now, if SLtu ∈,  are 

such that   

( ) ( ) SLinetystqeuxsup        and  0  ,  ,0 =∨=∧=∨=∧  

from which it follows that  
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( ) ( ) ( )

( )

( )

( )

( ) ( )

( )tys

tsys

tys

tys

e

uxs

usxsuxs

∨=

∨=

∨=

∨=

=

∨=

∨=∨

           

           

           

           

            

             

 

and, by codenseness of s , we arrive at   

tyeux ∨==∨  

On the other hand, we also have  

( )

( ) ( )

( ) ( )

,0         

00        

        

         

=

∨=

∧∧∨∧∧=

∧∨∨=

∧∧=∧

tuqtup

tuqp

tuetu

 

proving that L  is normal as desired.                                                     ∎                                          

 

Our main result is  
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Theorem 3.1.11  

The following statements are equivalent for a normal coherent frame L  

) L  SLi = . 

) Lii    is subfit. 

) Liii     is regular. 

)      Liv  is a zero-dimensional. 

)     v Every compact element of L  is complemented. 

 
 

Proof: 

) ) :iii ⇒  Since SL  is known to be subfit (Banaschewski [3 , Lemma 2.1 ]), it 

follows that if SLL =   then L   is subfit as well. 

) ) :iiiii ⇒  Suppose that L  is subfit. Then regularity of L  is immediate since L  

is normal (Proposition 7.1.3 ) 

) ) :iviii ⇒  Suppose that L  is regular. By coherence, every element of L   is a 

joint of compact elements. Given a compact element Lx∈  , we have that 

(by regularity)  

=x ⋁{ }xyLy      ∈  

since x  is compact, =x  { }xyLyV ii

n

i
|

1
∈

=
. 

However, xyi   for each ni ,,2,1 =  gives =x  { }xyLyV ii

n

i
|

1
∈

=
x  so that xx  . 

Hence exx =∨ *  which shows that x  is complemented and hence L  is zero 

dimensional. 
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) ) :viv ⇒  Suppose L  is zero-dimensional and take a compact element  Lx∈ . 

By coherence and zero- dimensionality of L , the compact element Lx∈  is a 

join of finitely many complemented elements, so it is complemented. 

) ) :iv ⇒  Suppose every compact element of L  is complemented and let yx <          

in L . Since L  is coherent, there is a compact yz ≤  such that .az ≠   Now, we 

have (since z  is complemented)  

ezyezzzy =∨⇒=∨≥∨ *** . 

But ezyzx =∨<∨ ** , so we must have ( ) xxs = , establishing the result that 

SLL = .                                                                                          ∎    
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